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TRANSLATOR'S PREFACE. 



The first edition of Professor Kitter's work, of which the 
following is a literal translation, waa published in 1862' to 
advocate the use of the " Method of Moments " in calculating 
the stresses in hridgea and roofs. Thb " Method of Moments " 
is ia reality but an application of Bankine's " Method of Sec- 
tiona." The adaptation of the method to various cases ia 
explained and illustrated by means of numerical examples 
compristng several of the forms of bridges and roofs in general 
use as well as others not ofteu met with. 

Some interesting problems are discussed in the Eleventh 
Chapter, and are possibly ngt generally known in this country. 
It is reqnired to determine the form a structure should have to 
fulfil given conditions ae regards the streBses, These problems 
give a considerable insight into the manner in which the 
stresses are distributed amongst the various bars of a structure, 
and show also that comparatively small changes in the form 
may produce great changes in the stresses. The efiect of 
changes of temperature on the deflection and on the stresses in 
a " composite structure " is treated at some length in the Four- 
teenth and Sixteenth Chapters. The theory of loaded beams is 
only touched upon — in fact, only those cases are considered which 
are required in the various examples. 

The Sixteenth Chapter contains a very instructive example 
of a composite structure consisting of a pair of braced girders 
combined with suspension chains. It should be observed, 
however, that Herr Hugo B. Buschmami, in a pamphlet ' On 

Tbe labstanee of the flnt tvo ohaptera vw pnUiehed pivviotuly in tlie 
' Zeitschriftdes Arcliitecten-undIngeD[eiii-VereinsfuT daa Kooigreicb HaimoTer,' 
ToL vii, No. 4. 



Y TIlAXSLATORB PBEFAOS. 

the Theory of Con<Liti(;d Girder and Suspension Bridges,' 
takes exception to tlic inanner in which the equations (5S 56 
to 61) giving tlie stresaes in the girders produced by the 
movinfj load are MiTivoJ at. In the preface to the third edition 
Professor RittiT Hiy<: " Hert Buschmann maintaina that these 
equations dcjicud on ;irljitrary assumptions, and thinks to prove 
their unsonndness liy irraarking that under certain conditions 
of loadinfT, namely, "Inn both ends of the girders are loaded, 
they give a negative.' bending moment at the centre of the 
girders, or, in other wur-h, the girders would be bent upwards. 
Thus the radii of cni'vatiirofor the central part of the suspension 
chains woiihl be increased, and this requires a diminution of the 
length of these ehniii?, ivhich is evidently absurd; This con- 
clusion is, however, incorrect Herr Buschmann overlooks the 
fact that exceedingly small changes in the form of the suspen- 
sion chains are under consideration, and that flicrelore not only 
the vortical but also the liorizontal displacement of each 
element of the chain must be taken into account. Witliout 
doubt if the chord of the arc wliost^ radii of curvature are 
increased did not alter, the length of this arc would be 
diminisho'l. But if at the same time the length of the 
chord increases, not only may the length of the arc remain 
unaltered, but it may even be lengthened ; and this is what in 
reality occurs, owing to the horizontal displacement of ciich 
point of the chains, not oniy in the case under consideration, 
but also for all positions of Iho loads." 

In sinie few instances Professor Hitter docs not agree with 
the more recent English practice, notably so in his estimate of 
the wind-pressure on roofs. Tiiese instances have been [loiuted 
out in notes added to the text and in an Appendix. 
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CALCULATION OF THE STBESSES 
IN BRIDGES AND EOOFS. 



FIRST CHAPTER. 

§ 1. — Pkklujinaby Rbmaeks. 
In lai^e bridges and roofe the design shonld be bdcK that the 
quantity of material employed Ib the smallest possible, not only 
because in snch cases the cost of materials is great in com- 
parison to that of labonr, bnt more especially becanse the dead 
load is thereby nnnecessarily increased, and the very snccees of 
the nndertakiiig may possibly depend on the smallness of this 
load. 

In a well designed strnctore, the maximnm safe resistance 
of the materia) shonld be called &rth in every part, and no- 
where should there be any unnecessary excess of material. 
This can also be stated thus : When the structure is placed in 
the worst conditions as to loading, the intensity of stress in 
every part should be equal to what is considered the safe re- 
sistance to the stress to which it is subject when nnder these 
conditions. 

This can be fulfilled in the case of bars which are under 
direct tension or compression, for then the stress b uniformly 
distributed over the whole sectional area ; but in the case of a 
beam nnder bending stress, it cannot be complied with, because 
the stresses are not uniformly distributed oyer the croBs-section. 

Therefore, in a good construction, the various parts should 
be, if possible, either in direct tension or compression, and 
bending stress shonld be avoided. 

These views are more or less carried out in practice, and 
the larger the structure, the nearer is the approximation. The 
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endeavour to save material has led from the massive beams of 
rectangular section to those of I and 11 section, and when 
further the solid weif was replaced by braces, those combinations 
of bars were arrived at in which only direct tension or com- 
pression exist. The iron roofs and the braced girders of 
modem times are examples of such structures. 

To comply rigidly with the above conditions, the joints 
should be made with siugle bolts (pin joints). If a bar be con- 
nected to another by a single bolt, it can turn freely about its 
end, but if the joint be made with rivets, the end of the bar is 
fixed, and will therefore be subject to a slight amount of bending 
stress. Thus, with rivetted joints, the material is not employed 
to the best account ; and, especially in the case of large, im- 
portant structures, there is the disadvantage that the maximum 
stresses are not accurately known, whilst if the structuie were 
theoretically correct, these stresses could be ascertained to the 
greatest degree of accuracy. It is worth noticing that the 
theoretical structures are also the easiest to calculate. 

In all the following examples it will be assumed that the 
joints are hinged, the connections being made by single bolts. 
It will also be supposed that these joints are the only points of 
loading. This distribution of the load can always be obtained 
in practice by using bearers to bridge over the space between 
the joints. Whether it is advisable to construct these bearers 
as separate parts or to fuse them into the main structure, is a 
question that will be considered further on. 

As regards the weight of the structure itself, it wiD be con- 
sidered as evenly distributed over the span, and in accordance 
with the above, concentrated at the joints; the degree of 
accuracy of this assumption will be tested in the sequel. 

[KoTE. — ^There is no doubt but that hinged connections made by means of 
single pins would be theoretically more perfect than rivetted joints, if a per- 
fectly uniform distribution of the stress were the only consideration. But it 
is found that in structures subject to vibrations, the pins in many cases shake 
loose, and the holes in the bars become elliptical, owing to the hammering 
action that takes place between the pins and the faces of the holes, and this 
action will always occur unless the pins are made a drawing JU in the holes. 
This is the case, for instance, in the central joints of a railway bridge, where 
(as will be seen) the stresses are constantly changing from tension to com- 



§ 1. — FKELDUNABT BBHABKS. 3 

presDon, and viee vtrta. It may be mentianed tbat Ikia action occaited in tlie 
Cmmlm Tiadnct, and that in consequence goaeet plates had to be added. Via ■ 
joints may howevei often be osed with adTantage, both with i^ard to economy, 
flimplidty of erection, tad appmnutce in Btmctures sabject to a purely dead 
load, or even to a lire load, if nnaccompaiiied by vibrations and rapid changei 
in the nature of th« streBMS, as, for instance, in the case of roofs. 

The objectioD> raised to rivetted joints by Professor Hitter apply in 
reality only to those aa nsually designed, for the anangement of the rivets ia 
a j(Hnt canbe racb that litUe or no bending stoeesoocnis in the ban oonnected. 
This was pointed ont by Professor Callcott Reilly in two papers read before the 
Institntjon of Civil Engineers.* Fremiaing the following definition — " The 
mean fibre of a bar is tbe line pflseii^ throngh the centres of gravity of all 
CToan ooctions, and ia oonseqnently one 9f the axes of gravity of the bar," 
tbe nilea according to which rivetted joints shonld be designed are thus stated 
by Professar Beilly : — ■ 

let. The mean fibres of any two or more membera of a tmss connected by . 
k group of rivets mnirt intersect at one point. 

2nd. The group of rivets connecting the bars must be arranged symtnetri' 
cally ronnd tiiis point of intersection of tbe mean fibres of the bars ; or in 
other wtwds, the resultant resisting force of the group of rivets must occur at 
the intersection of tbe mean fibres of the bars connected by tbe said group. 

8rd. The first row of rivets in each bar, that is, the row on the side 
towards whidi the stress is tianamitted, must be symmetrical with the rofan 
fibre of that bar. 

If the stress is uniformty distributed over tbe cron-sectioii of any bar, the 
resultant stress must lie in the mean fibre ; it u therefore evident that unless 
tbe mean fibres of the bars connected intersect in a pdnt, the stress, in some 
of them at least, will not be uniformly distributed. 

The resultant pull or thrust of a bar must evidently lie in the same straight 
line as the resultant resistance of tbe rivets connecting the bar. If, therefore, 
rule 2 be not complied with, the reeollant pull or thtnst will not pass throngh 
the me»n fibre, and evidently the stresses will not be uniformly lUstributed but 
will be uniformly varying, and therefore more intense on one edge (the edge 
nearest the resultant) than upon tbe other. In a similar manner the stress will 
not be uniformly distributed if the fiiat tow of rivets be not symmetrical with 
the mean fibre. 

To obtwn a theoretically perfect joint, every row of rivets should be sym- 
metrical with the mean fibre. Such an arrangement can, however, only ba 
obtdned when two bare cross at right angles. But the first row of rivets, ftir 
instance, relieves the part of tbe bar beyond of a oertun amonnt of stress ; 
therefore nnless the aeoond row of rivets be very much displaced, the greatest 
intensity of stress at the section through this row wilt not reach the intensity 
or stress in the bai' before the leading rivets. This is evidently, a fortiori, 
true of the 3rd, 4th, fcc, rows of rivets. The roles given above are therefore 
sufficient for practical purposes. 

' 'MinntesofProoeedin^'vrffciiiv.andxii*. 



-. .. «o uurvea no arrangement of the jo 
uniformly difltributed at every cross-section. This ii 
the bow of a bowstring girder is curved between the 
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portion of the top boom of such a girder, and the meai 
ars are indicated by dotted lines. The thrust in the I 
)t in the straight line joining A and B, and must 
ending stress, or, in other words, the stress will not be u 



§ 2. — Method op Momente 

The method adopted to calculate the stree 
uctures given in the following examples 
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§ 2. — METHOD OF HOHEHTS. 5 

The total load on this toof consisto of the five aingle loads, 
P, Q, B, B, T, which are to be considered as weighte hung to the 
top joints. These five loads produce the reactions D and E at 
the points of support ; the snm of these reactions must be equal 
to the whole load, and they can easily be detetmiaed by the 
ordinary rnl^ of statics. If, for instance, the q>an AB is 
divided by the verticals through the weights into six eqoal 
parts. 

Imagine tlie combination of bars divided into two parts 
by the tine L L, then each part (Fig. 2, for instance) can 
only be retained in equilibrium by applying to each bar 
at the point of section a force 
which represents the action of 
the other part. This force nmtt 
lie m ike direction of (he bar, for 
otherwise ihe bar would rotate 
round its end ; this force is, in 
fact, what is called the stress in 
the bar. Thos the stresses X, Y, Z 
in the three bars, which have 
been cot ihrongh, together with the remaining loads D, P, Q, 
are in equilibrium. All these forces lie in the same vertical 
plane, and they therefore mnst satisfy the three following 
conditicois of equilibrium : — 

1. The som of the vertical forces acting upwards must be 
equal to the snm of the vertical forces actiog downwards. 

2. The smn of the horizontal forces acting towards the right 
mnat be equal to the snm of the horizontal forces acting towards 
thelefL 

3. The sum of the statical moments of all the forces 
tending to torn the part of the roof represented l^ Fig. 2 
round any point from right to left, mnst be equal to the snm 
of the statical moments of those forces tending to turn it from 
left to right round the same point ; for the part of the roof 
under consideration can be regarded as a lever, and any point 
can be taken as the fulcrum. 
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^ These three ocmditions can be expressed more concisely by 
the equations 

where H and Y are the resolved parts of any force horizontally 
and vertically respectively, M the moment of a force round 
any point, and 1, denotes that the forces or moments have been 
added together algebraically, that is, the sign of each force or 
moment is taken as plus or minus according to the direction in 
which it acts. The three stresses X, Y, and Z will be contained 
in each of these equations, and by solving them the values of 
X, Y, and Z can be obtained. The stresses in all the members 
of the roof can be similarly ascertained by taking other 
sections. 

This method can always be applied, but it has two serious 
defects. The first is, that H and V contain the cosine and sine 
of the angles the bars make with the horizontal, and these 
angles must therefore be determined. The second is, and it is 
more serious than the other, that in order to ascertain any one 
stress all three equations have, as a rule, to be solved. 

There is, however, a very simple method, which can be 
applied to all cases, and which is free from the above defects. 
Apart from this, the method has the advantage of requiring 
only the application of the principle of the lever (in its more 
general form the law of statical moments), and can there- 
fore be easily understood by those who are acquainted but 
with the retj elements of mechanics. In fact only the last 
equation, that of statical moments, need be used, for if to 
obtain the stress in one bar moments are taken round the 
point of intersection of the other two bars, an equation will be 
arrived at containing only one unknown, the stress required, 
for evidently the moments of the stresses in the other two bars 
vanish. 

The lever arms of the various forces will have to be de- 
termined, and this can be done with sufficient accuracy from a 
drawing to scale. 

A general rule, framed from the above, can be thus stated : — 

Consider the dructv/re divided into two parts hy a section, 
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which ifpouU^ thmild only ovt tkrouffh three ban, and apply the 
forees X,Y,Zto these bara to mainiain equilSn-ium, those forces 
l&inff the dretset in the ban, Form the equation of momenta for 
eUherparto/theitrudWe, and if Xia to be determined the point 
o/interaacHon of Yand Zit to be duaen as the ponU round which 
to take moments, if Y the point of intersection of X and Z, and 
if Z the point of intersection of X and Y. 
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For instance, in the above example to defermine X, the 
point ronud which to take momeDts would be E, the intersection 
of Y and Z (Fig 3). The equation of momenta m 
Xi-P.CE + D.AE = 0, 



_P.CE-D.AE 



To determine T take moments roimd A, the point of inter- 
seotion of X and Z, thne : 

- Tj) + P . AC + Q. AE = 0, 
or 

Y_ P-AC + Q.AE 

V 

Aod to determine Z take momenta rooud H, the point of inter- 
section of X and Y, thne : 

-Zj-Q.EL-P.CL + D.AL = 0, 
or 

Z = -Q.EL- F .OL + D-AL 

This method can be directly apph'ed to all structures in 
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which it is possible to reach each bar by a section that does 
not cut through more than three bars. 

In some cases, however, in the truss shown in Fig. 4, for 
instance, there maybe bars which cannot be reached by sections 
cutting only through three bars ; such are the bars F G, D G, D E. 
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But even in such a case the method may be directly applied 
if all the bars cut through by the section (which may be curved 
or straight) intersect in a point except the one the stress in 
which is to be determined. 

For instance, to find the stress Y in the bar F G, take a 
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section afiy and form. the equation of moments about the 
point H for the part cut out (Fig. 5). 

-V.FH-Rr = 0, 

or 

Rr 
^" ~FH* 



§ 2.— METHOD OF MOMENTS. 9 

Id the afttae manner tKe streBS U in the bar D G can be asoei^ 
taioed by taking a section aSy and forming the equation of 
momenta roimd the point H for the part cat out, thus ; 

Uu-Rr = 0, 



Similarly the stresses in E J and L J can be fonnd. The re- 
maining bars can all be reached either by sections which only 
ont throngh three bars, or elae by sections which cat throogh 
four bars bnt the stress in one of which ia already known. In 
both cases the method of moments can be applied. 

Thus, when the stress IT is known the stresses X, Y, Z in 
the bars D F, D E, C B, can be found from the equations 

X.DB + Dtr-Q.NO-P.MO + W.AO = 0, 
T.AD + UI + Q.AN + P.AM = 0, 
-Z. + W.AN-P.MN = 0, 

obtained by taking moments round the points, E, A, and D 
respectively. 

This more complicated ex- ^a- 7. 

ample shows the advant^es of 
the proposed method. They be- 
come even more apparent when 
it is considered that only the 
banner will reqoire to make 
separate figures for each calcula- 
tion. The adept will easily form 
the equations &om the principal 
drawing. 

The general method haviDg now been explained, its applica- 
tion to various cases will be best seen by means of nnmerical 
examples. It will be sufficient to give the complete calculations 
for a few bars only, those which can be considered as the repre- 
sentatives of others similarly situated. For the remaining bars 
only the equation of moments and the results will be given. 

It ia of no consequence which direction of rotation is taken 
as the poaitiTe one, but to avoid errors aome direction should be 
chosen ; it will be considered in the se4|uol that rotation from 




This, it will be observed, is the reverse to the ui 

[Note. — A great deal of clerical labour can be 
the scale by which the lever arms are to be meas 
principally to structures divided into bays of equal 
be best in this case to make the length of each bay ui 
that the lever arms of the various loads are general, 
plan it will be seen has been adopted in several of the 
loads on the stnictore are placed at equal intervals 
between them should be taken as unity.] 



§ 3. — Calculation of the Stresses 

100 PEETt SPAN. 

BriUrsked of the Wdfmplaiz Barrael 

The weight of the roof coveriDg and £i 
11*3 lbs.t V^^ square foot of horizontal su: 

Fig. 8. 




50^ H F i^tf/^^->^ig7 



lbs. more per square foot must be addpH 
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load on each of the eight diviBions of the roof is therefore 
6000 lbs. It may be coosidei^d that one-half of the 6000 lbs. on 
each divisiwi ia applied at each of the two adjacent jointa, and 
this can be effected by means of bearers or common rafters.* 
The load on the aoTen central joints will therefore be 6000 lbs., 
and on each of the end joints 3000 lbs. Evidently the load on 
the end joints will be taken op directly by the abntments. The 
reaction at each abntment is altogether 24,000 lbs., and sab- 
tracting the 3000 lbs. <m the end joint, the preesore against 
the oombination of bars is 21,000 lbs. 




The atractnre ia therefore subject to the action of nine 
exterior forces; seven of 6000 lbs. each acting downwards on 
the central joints, and two of 21,000 lbs. each acting npwarda 
on the end joints. 

To find the stresses X, Y, Z, in the bars of the central bay 




(Fig. 9) let the roof be divided into two parts by a section a fi 

* Thu dutribation of the load nqoine the omnmcm mflera to be artloulBtad 
at each joiiit Tbc? are, howerer, geDeially contiiiiunia, and tbia slightly alten 
the diitribntlon of tlie load, for tben part of the load Ii tmumittad directly to the 
abotmentt by the oommon Tafters. It ia, howerer, tuoal In practice to adopt 
the above distribntioii, the enor being on the tide of tat^. Bee ' LectnrM on 
the Elements of Applied Meobanica,' by Morgan W. Orofton, P.B.S., ood 
' Initraotion in Comtrnotion,' fay Col, Wtay, B.B,— Teamb. 



X = - 32,300 lbs. , .^ 

Similarly to find T take moments round A 
section of X and Z, thus : 

= Y X 38*4 + 6000 x 12-5 + 6000 x 25 

T = - SS^900 lbs. 

And to obtain Z take moments round the p< 

= - Z X 15 + 21,000 X 37-5 - 6000 x 12- 

Z = + 37,500 lbs. , y ^ 

To find the stress in the vertical rod E 

Pio. 11. 




action 7 8 (Fig. 11), and the equation of i 
le point of intersection of the other two b 
Swill be 

= - V X 87-5 + 6000 x 126 + 6000 

lence 

V = + 6000 Iba. 

The equations for the similarly situated bars can be 

is: — :.,.,- 

= X, X 13-9 4-»«<WW V QT.K nfM^r^ . ^^ - 
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'0 = -T, X 254- 6000x12-5 (Tuning pout A). 
V,= +30001bB. i-^' 
■ = X, x 9-3 + 81,000 X 25 - 6000 x 12-5. 

X, = - 48,400 lbs. (TnmiBg pi^t H). " -' 
= T, X 9-8 + 6000 + lS-5 (TaniDg point A). 
T, = -8100ll». ^. - > 
=rZ, X S + 81,000 X 12-5 (Tnraing ptrfnt J> 
Z, = + 52,500 lbs. ; ' 

The strees in X, ia to be fonnd by means of the section X ft 
(Fig. 12), vhioh only intersects two bars. Id snch a case any ,' 



point in the other bar can be chosen as inrning point ' ;' 
Tfaoa taking moments roond D, - " 

= Z,X 18-6 + 21,000x50. ^" ' 

X, = - 56,500 Ibi. . . 

The central Tertical bar is the only one the stress in which 
cannot be foond directly. To obtain this Btrees, that in one of 



6^00 



^^<. 



the adjacent bars most be known. Thos it has been foond 
that X = - 32^00 Iba.; hence (Fig. 13) the equation of 
moments abont B to find the stress U is 



o=-Ux50- 



«5O_(_S2,300)xff7-2, 



U= + 18,000 Ibi. 



^ 



(9 



•k 61600 



•^ASOOO 

^ t; - 






§ 4. — ^Roop Truss op 32 Metr: 

^^ • 

The total load on the roof truss reprei 

issumed to be 32,000 kilos., or 1000 kilos. 

?*roceeding as in the previous example, it is 

»n each central joint a load of 4000 kil( 

pressure of 14,000 kilos, at each abutment. 

Fig. 15. 




liOOO 4000 



It will be seen th^t to find the stresses ii 
and Z, the variation of the method of moi 



(^r\(\ r^f R O 



.- - •* 
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Similarly the strees U can be found from the portion of the 
Toof shown in Fig 17, thus 

= 0x3-2-4000x4, or n=4-5000kik». 

Haring detennined tJ, the stress X can be found from 
Fig. 18 by taking moments ronnd E : 

- 4000 (1-28 + 5-28) + 5000 x 3-2, 
-M,725kilaB. 




Likewise T can be foond by taking moments round A : 

= - T X 6-4 + 4000 (4 + 8) + 5000 X 3-2, 
or X = 10,000 kiloK 

To determine the stress Z (Fig. 15), an oblique section pass- 
ing to the left of ihe point E (Fig. 18) must be drawn, and by 
taking momenta ronnd A, 

= Z X 8-616 + 4000 (4 + 8) + 6000 x 8'2, 
or Z = - 7428 kiloe. 



\/ 



The remaining nine bars of the left half of the roof can each 
be reached by a section intersecting only three bars, and the 



•■I' 
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BtreBses in them can tlinrefore be calculated in the maoner b1 

in the previous numerical example. The results of ^ese cal- 



Br shown ^1 




dilations arc given in Fig. 19, uid as the bars in compiessioQiJ 
have been drawn witli double lines, the signs have been 
omitted. 






SECOND CHAPTER. 

§ 5. — Appucatios of the Method op Moments to the 
Calculation of Bridqes. 

One great advantage of the method described in the preTions 
pages is that the stress in any particular bar can be found at 
once by means oi a single equation. Bat there is yet another 
advantage which adapts this method more particolarly to the 
calcalation of Bridges. It is this: that from the inspection of 
one equation of moments it is possible to ascertain what loads 
on the bridge increase the stress in any particular bar and 
what toads decrease it. Therefore to find the maximum stress 
in a bar it is only necessary to leave out of the equation those 
loads which diminish the stress. And to find the minimum 
stress (which in some cases will be compression) those loads 
which increase the stress most be omitted. It is unnecessary 
to add that the above has reference to temporary loads only. 

This does not apply to the previous esamples, for — as can 
be earaly ascertained— the removal of any of the loads does not 
increase the stress (either tension or compression) in any of the 
bars. In the case, however, of the stractores that are nsually 
adopted for bridges and also in some roof trusses (as will appear 
further on), it is of great importance to ascertain the effect of 
the variation of the loading,* for the greatest stress (either of 
tension or compression) may not occur when the structnre is 
fully loaded. 

[Thronghoiit, the term greatest stress is used irrespective of 
the sign of the stress, but the terms mazimnm and minimum 
depend on the sign, thus the minimnm stress may be the 
grestefit compression.] 

* For example, the tonpanury load produced on a bridge by a tnin, or in 
the caae ot noSs, by the movi of wind-premire, allied to one lide only. 
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In the girder shown in Fig. 20, for instance, the etress S is 
found by taking a section M N and forming the equation of , 

momenta roimd 

S,s-Dx + p(t + {) = 0; 
(•y sTilist.itiitiiig for U its value: 7^ + ^ + 7; 



-^-^*h 



Tlie member confuining P ia negative, and the memben \ 
containing Q and R iiro positive. Evidently then the load P ( 




diminishes the stress and the loads Q and R increase it. 
Hence the equation 

gives the greatest tension priKhiff'd, and the equation 



givPs the greatest compression. 

For simplicity it has been considered that P, Q, R are 
moving loads, and that the gird^T itself ha-s no weight. 



§ 5. — CALCULATION OS" BBIDOE8. 

The eqnations for T and U are 



T.OD-Pj + Dg = 0; I 
-D- + Dj=0; 
or sabstHating for D its value and solving 



"■^ + 05 + 1 



from which it appears that the greatest stresses in these bars 
occur when the girder is fully loaded. 

The equation to fiod the stress V is (Secticm a 0, Tnming- 
point O^) K.. 



-y{, + i)-<i{, + !)-H(,H.i)+w, = o. ■' 




or rabstitating for W its Talne : f B + 3 + !■ ' ' 






■'- ■ -f- + 


, -B(^-«(4^.P5 - , 




whence as before ^ ^ 




l+i 


-> .-,|.'k 


for the great«et tenaioB, and 


: 1- 1 



--C-fVM'-f) 



&I the greatest compression. 



20 liP.IDQEe AND ROOFS. 

W^.' \ The above is exprt-ssod by tbe following nile : — 
y^jf^ Connid^y thai the dmetnre is fuUy loaded and form the I 
X"^ equation of moments accordingly for the bar ike greateit stresses M i 
vhich are to he found. Arrange this equation so that the effM of J 
each had can he mn'!^ asoertained. TJien to fitid the i/reatest I 
tension leave out all the temporary hods Hiat diminish the siresB j 
and to find tlte least tension, or the greaieat compression, leave out 1 
all tlie temporary loads that ineream the stress. 

Or shorter thus : 7" the equation (fiving ilie greatest stress M i 
a har (either tejision or compresaum) the meinhers contatJiing tha i 
vioving loads must hai'i- the sayne sign. 

Tlie eqiifltion of iiiumenta for the fully loaded bridge gives 
the greatest stress only in one Oflse; when the iiiember3 con- 
taining; the moving' luiiila have all the same sign. 

The folbwiiig numerical example will illustrate the above J 
rule. 



n- 



■Parabolic Girijer* of 16 Metres Span with / 
Single System op Diagonals. 



The dimensions are given in Fig. 21. — The dead load on 
the briilge, designed for a single line of rnihvay, can bo taken at 
1000 kilos, per metre and the live load at 5000 kilos. p<;r 



metre. One half of this is carried by each girder, ami the 
length of each bay being 2 metres, 1000 kilos, dead load and 
5000 kilos, live load act on each joint (Fig. 22). 

To iind the streas X, take a section a ^ through the first 
bay and form the equation of moments for the part shown in 
Fig. 2;i round the point C. 

U = X, X j + Dx2. 
* Tliu3 ciiUcJ bfCHuao Ihc buw ia in the funn uf a polygon inscrilwl in n 
paraholii .—'I lu ss. 
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fiot when the bridge ie fully loaded, 
Therefor^ sabstitating this value of D, 

OaX, xi+I000(J + } + | + S + J + J + J)x2 



^1 i(i»o io»o loluo who im)o lojbo lojoo 



It will be obeerved that the seven membere of this eqoatifm 
due to the live load have all the same ago, and hence the 
greatest stress in the bar X, occnrs when the bridge is fully 
loaded. Solving : — 

X, (min.) = - tSOOO kiloB. ^ 

The stress Z, can also be obtained from Fig. 23 by taking 
moments round B. 



or sabstitating for D its valna 



- z, X 0-8 + 1000 (4 + 1 + 1 + 1 + 1 + 1 + i) X 2 
— <|(i + S + * + ^ + * + l + i)x2.- 






Here also the greatest stress occurs when the bridge is folly 
loaded, therefore 

Z^ (max.) = + 52500 kilos. "' 

To find the stress Y, take a section yS and form the 
equation of moments for the part shown is Fig. 24 round the 
point B. 

= - V, x2-8-DxO-8. 
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and substituting for D its Tolae 



= -V, >C2'S- 


5000 (i + i + » + ! + ! + S +*)>« »■ • 


Flc. 25. 
D .1000 


Here again it is evident that Vt 
ie greatest wlien the bridge is fully 
loaded. Hence 




V, (min.) = - 6000 kilos. ' 
Th6 Btr^seB X„ Y,, Zj can be found 
by catting off the part of the girder 
shown in Fig. 25. For X, take 
moments round E 




= S, JC 1 ■ 5 + D X 4 - I ODD X 2 - 5000 X 2. 


or substituting for D. 




0= X, X 


1-5 + 1000 ci + t + . + Bx* 

+ 5000(l + | + . + i)x4 
- 1000 X 2 - 5000 X 2. 



1 



The live load of 5000 kiios. acting at B is containeJ in (wo 
members of this equation. One, + 5000 x J X 4, is the effect 
■ produced by the [mrt of the load transmitted to the abutment 
A, and the other, - 5000 x 2 is the direct effect of tlie load. 
According to the rule these two members must be united iuto 
one, viz, 5000 (I x i — 2), the equation then takes the form : — 

= S, X 1-5 + 1000 |<j + ... + !)t + (;-x 4-2) i 
+ 5000 Ki + . - . + ?) 4 + (; X 4 - 2) f . 

It is easily seen that all the members multiiilied by 5000 
arc positive, hence the greatest stress occurs where the bridge 
is fully loaded, and 

X, (rain.) = - 48000 kiloa. 

To find Ya take moments round K and by substituting fur U 
its value 



r arranging the equalion according to Ihe rule, 

= Yj X 1'68- low j(i+ ... + v)0'S - (2'S - ;-i 
- 5000 (i + ... + ;:)0M + &OO0(2'8 - 
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Of the aeven members multiplied by 5000, and representiiig 
the effect of the moviitg load, 6 are n^ative and 1 is positive. 
Leaving out therefore the positiTe member (which diminishes 
the stress) 

= r,x 1-68-1000 l(i + ... + J)0-8-(2-8-J0-8)j 
- 5000 (J + . . . + I) 0-8, 



T^ (mu.) = + 6250 kiloa. 

Next leaving out the six negative membera, 

= Y,x 1-68 -1000 {<j + ... + J)08-<2-8-iQ8)I 
-|-SOOO(2-8-iO-8), 

whence 

T, (miD.) = - 62S0 Mloa, 

(It appears that Ya = when the bridge is fnlly loaded. 
This result will be explained forther on when treating of the 
theory of paiabdio girders.) 




0- ^i^ 



The stress Z, is fonnd by taking momente round B and 
arranging Uie equation as before. 

= - Z, X 0-885 + 1000 (1 + . . . + {) X 2 + 5000 (4 + . . . + i> X 2, 

from which it is evident that Z, is a maximum when the bridge 
is folly loaded. Hraice 

Z, (mai.) = + 5080O kiloe. 

To determine Yj take a section ij and form the equation of 
moments for the part shown in Fig. 26 with 8 as turning point. 
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Arrongiog thia equation 

= - V, X 8 - 1000 j rt + . . . + J) * - (6 - 1 . 4) i 

- SOOO<J+... + J)4 + 5000(«- jx4). 

Fii-st teayiiig (.uit thu poaitive member multiplied by 5000 

0= - V, X S-IOOO [(^ + ... + i)i-(6-iXi)\ 

-r>ooo(^+... + f)*, 
or 

V, (nun.) = - 7560 IdloB, 
Tlicii leaving out tlio Qegative members multiplied by 5000 

= - V, y a - 1000 1 (i + . . . + J) 4 - (Q - f X 
+ 5000 (« — J X 4). 

or 

V, Cnwx.) = + S60 kiloB. 

These examples sufficiently iUustrate the role, and the < 

caliiulations for the rfiiii:i!iiin<^ bars need not bo givon so Mly. 

The gcnctal equation of moments and tbc reaulta for ttjc romaiuLiig bars arc 
given below. 

= Xj X 1-875+ 1000HS + ... + -;)G + (S ,G-2> + -;.G -1)1 
+ 5000 1(1 + ■•■ + -;)6 + l.S .0-2) + (; .6 -4>J 
X,(rain,) = - 480110 kilos, 
= YjX5'47- 1000 )(; + ... + 5) 4 - (8 - -J . 4) - (6 - 7 . 4) ( 

- 5000(<;- + ... + ;) 4 + 5000(8- 5x4) + flO0«(G - ; . 4) | 
y i <nini.) = + 6850 kiloa. 
' I (luin.) = - 6850 kilua. 
(1 = -Z, X 1-474 + 1000 1(5 + ... + ;) 4 + (I .4-2)1 
+ 5000|(i + ... + ;)4 + (J .4-^)1 
Zj(mai.) = + ISUOO kilos. 
= - Vjx:iO-iooo|(; + ...+ ; 24 - |2m-s x2i)-(aG- ; .24>i 

-5000(; + ...+ 0^4 + 5000(28- ;. 24) + 500(1 (2(; - ; , '^1 1 
y ( (max.) = + 1500 kili)B. 
' \ (min.) = - 8500 kUna. 



kilns. 
0^ X.x2+ 1000 }{; + ... + ;)« + 

+ 5000 !(; + ... + ;) 

X, (mill.) - — 48000 kilos. 



(;-■ 



4) + (:. 
■l) + (; . 



-0)1 



■2- 1000 [(I +,.. + ;) 21 - lya - ; .21) ^ (2s _ ; . 
-(2i;- ; .2t)i 

+ 50O0 (.; + ... + ;> 24 + 5(HI0 1 (HO - j . 21) + (^8 

+ (26- :.24)| 
IX.) = + 70S0 kilns, 
u.) = — 7080 kilos. 
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1-873 + 10001(1 + .. 

+ 5000{(i + . 

) = + 48100 kilc«. 



+ j)6 + (|.6-2) + (i.e-*)| 
, + (>6 + (S.6-2) + (J.6-4)} 



Z, (mi 

(The following eqnatiom of moments are tbrmed with reference to the put of 
the gilder lying to the right of the section line) : 
= - V, x32 + 1000J(^ + ... + |)24-(32-(.M>-<80-f.2t) 

- (28 - 1 . 2t) (- 28 - 1 . 24) } 
+ 5000fi + ... + J)2* 

- 5000 ( (32 - 4 . 24) + <30 - J . 24) 
+ (28 -11.24) + (26 -1.24) I 

y f (max.) = + 1800 kiloe. 
* I (min.) = - 8800 kiloB. 
= - X, X 1-875 - 1000 1 (t + . .. + J) 6 + (J . 6 - 2) + (J . 6 - 4) t 
-600O{(i + ... + i)6 + (».6-2) + (i. 6-4)1 
X, (ndD.) = - 48000. 
= Y, Jt 21-88 + 1000 { (^ + . . . + J) 24 - (30 - 1 . 24) - (28 - g . 24) 
-(26-1.24)1 

+ 5000 (t + . . . + 1) 24 - 5000 { (30 - 1 . 24) + (28 - j . 24) 
-(26-i.24)[ 
1.) = + 6850 UhM. 
' \ (min.) = - 6890 kilos. 
= Z.xlM6-1000{(i + ... + 4>8 + {i.8-2) + Ci!.8-4) + (i.8-S)j 
-5000 j(4 + --- + «8 + <J. 8-2) + (|.8-4) + (l. 8-6)} 
Z, (max.) = + 48100 kUoa. 
=-V.x 10 +1000 {(! + ... + J)* -(10 -J. 4) 
-(8-|.4)-(6-i.4)i 
+ 5000 (J + . . . + t) * - 5000 [ (10 - } . 4) 
+ (8 -J. 4) + (6 -J. 4) J 
y f (max.) = + 1500 kilos. 
> I (min.) = - 8500 UhM. 
= -X,xI-5-10001(t + ...+Jl)4 + {}.4-2>I 
-5000I(t + ... + |)4 + (i. 4-2)1 
X, (min.) = - 48000 kilofl. 
« = Y. X 6 + 1000 f Ci + . . . + J) 4 - (8 - S . 4) - (6 - i . 4) i 

+ 5000 (i + . . . + J) 4 - 5000 { (8 - 1 . 4) + (6 - i . 4) I 
f (max.) = + 6250 KloB. 
\(mln.)= -6250kilos. 



^. 



Y, 



= a, X 1-84 - 1000 j (i + . . . + f) 6 + (5 . 6 - 2) + (i . 6 - 4) J 
-6000i(^ + ... + 4)6 + (f.6-2) + (J.e-4)) 
Z. (max.) =: + 48900 kika. 

= -V,X 4-8 + 1000 f (! + ... + f)O-8-(4-8-|.O-8)-(2-8-i.0-8>) 
+ 5000 (i + ... + 4) 0-8 - 5000 1 (4-8 - « . 0-8) 
+ (2-8 -J. 0-8) t 
Y ( (max.) = + 560 kUo^ 
■ I (min.) = - 7560 kilos. 
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= - X, X 0-875 - 1000 (i + , . . + i) 8 
-5000(1 + ... + J)2 
X, (mis.) = - 4SO0O Mtoa. 
= Y, X 1'92 + 1000 fa + ... + S) 0-8 
-(2-8 -5.0-8)1 
+ 5000(1 + ... + (1)0-8 
- 5000 (2-S - { ,0-8) 
Y { (nuw.) = + 5170 WIiw. 
' I (min.) = - M70 kilui. 
= 7, xl-*3 + 1000 !(* + ... + IH+ (J.* - 
-5000Hj + ... + |)4 + ((.4- 
Z, (DIM.) = + 50300 kilos, 
= - V, X 2 - 1000 X 2 - 5000 X 2 

V, (mlo.) = — 6O0O IdlM. 
= -X,X0-B73- 1000 (! + ... + 1)3 
-5000(1 + ... + !) 3 
X, (rabL) = - 48000 kilc«. 
= 7., xO'8-I00O{J + ... + |)a 
- 5000 (1 + . . . + S) 2 
Z, (raai.) = - 52500 kilos. 

These results are shown io Fig 27, 



§ 7. — Derivkd Foums. 
3 From the above calculations it is apjia- 
3 rent that the {greatest stresses iu the vertical 
' and diagonal braces occur when the bridge 
is partially loaded. It will he interesting to 
ascertain according to what law the girder is 
loaded when the greatest stresses obtain in tho 
braces. By noticing in each case what tem- 
porary loads are left out of the general equa- 
tion of moments it will be ebserved that any 
diagonal brace, Yj for instance, will be siilject 
to the greatest tensioil when all the joints 
lying to the right of it are loaded, and will be 
under the greatest eeniprcission when all tho 
joints lying to the left are loaded. This is 
reprosimteti in Fig. 28 by the words " Ten- 
sion " and " Compression." 

Evidently if this diagonal were iut-lincd 
upward to the right instead of to the left the 
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woids in fig. 28 would simply have to change places, and also 
if the girder be looked at horn behind (or else its image in a 
lookiDg-glasB) the diagonal Yg will appear in the same bay as 
T) in Fig. 28 ; thus the arrangemeDt of the moving load to pro- 
dooe the greatest stresses in Yg will be as shown in Fig. 29. 

If both diagonals are present in the same girder, as shown 
in Fig. 80, and are so constmcted as to be incapable of resisting 



oompression, they will come into play only when the loading is 
gnoh B8 to produce tension in them ; at other times they will be 
subject to no sttesa jost as if they were threads. In such a 

Fia. 29. 
Ttncdou. OompTGadoQ. 



girder therefore only the greatest tension given for the diagtmal 
bars ia the above example need be considered. Thus in Fig. 30 
the greatest tension in the diagonals of the third bay from the 



-4>^i>ib<ix^^^^ 



left will be for the brace inclined upwards to the left the same 
as that in Y, (as found in the previous numerical ezfunple), and 
for the brace inclined upward to the right the same as that 
in Y,. Similarly the greatest tension in the other diagonal 
bracea of Fig. 30 can be written down from Fig. 27. 

The vertical braces are always in compression in this case. 



immais ABD soors. 



i will i^pear at onoe from Fig. 31, fotM 
nv.c the dii^nab are incapable of resisting! 
iiiijiression tbere vould be nothing to op- I 
i^v. the Tertical downward force pmdncedj 



Fia. 31. 



.V 



by the vertical brace if I 
it wert' in tension. The f 
greatest compression in J 
the verticals will be the! 
same as given in Fig. 27, .! 
for only one of the dia- ' 
gonals in each bay is ia j 
tension at a time, and the other being there* ' 
fure slack can be considered as absent. 

Thus without any further calculations j 
the greatest Btreseea in a girder with crossed ' 
diagonals can be written down from those 
obtained in the previous example, and this 
is done in Fig. 3^. 

If the diagonals are so constructed that 
they can only take up comprtjssion (this is 
sometimes tlie case in woodou girders), 
it will appear by similar reasoning that 
for the diagonals, only tlie greatest com- 
pression, and for the verticals only the 
greatest tension, found in the previous ex- 
ample, will api)iy. As regards the minimum 
stress or compression in the vertic;ds, the 
load each vertical supports at the top joint 
can alune produce conipressiou in it, for 
the diagonals cannot do su, as they never 
can bo in tension. This load is cither 
1000 kil. or 1000 + 5000 kil., and there- 
fore the greatest compression in the verti- 
cals is 

V<iniii.) = - GOOO kilos. 



The greatest stresses in a girder of the above construction 
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are giren in Fig. 33, and the di^onala are shown in double 
lines to express their incapability to resist tension. 

In girders with a single Bystem of diagonals, varying, how- 
ever, from Fig. 27 in that the arrangement is symmetrical on 
each side of the centre, the greatest stresses can be written 
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down at once from the above, with the single exception of that 
in the central vertical brace. 

The stress in the central vertical of Fig. 34 evidently depends 
on the tension in the adjacent parts of the lower boom at its 
foot, and it must therefore always be in compression. This 
compression will reach its greatest value when the tension in 
the boom is a maximum, that is, when the bridge is fully 
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loaded ; and in this case each Tertical brace has a compreeeioD 
of 6000 kilos, to bear. Therefore, for the central vertical also, 

V (min.) = ~ 6000 kiloe. 

In Fig. 35 it is obrioos that the central vertical can only be 
in a state of stress when there is a direct load on the top JQint; 
this stress mnst therefore be compression, and its greatest 
value is evidently 

T (min.) = - 6000 kiloa. 

Lastly, if in the girder shown in Fig. 27 the signs of all 
the stresses be changed, the greatest stresses for a parabolic 
girder having the bow above, as shown in Fig. 36, will be 
obtained. In &ct, the whole of the reasoning and the eqaations 
are precisely the same, except that all the ngns must be 
changed, and that mazimnm must be pnt for minimum, and 
minimum for maximum. The derived forms shown in Figs. 37, 
38, 39, 40, can be obtained from Fig. 36, as before. 



§ 8.— Theoby of Fababolic Oibdebs. 

It appears from the above example that the stresses in a 
parabolic girder can be foond by the method of momenta, even 
when the Uieory of snch girders is not known. Two properties 
of these girders were discovered : the first is that the stress in 
the horiaontal boom is greatest when the bridge is fnlly loaded, 
and ia then equal throughout ; and the second, that when the 
bridge is fnlly loaded the stress in 
the diagonal braces is everywhere nil "°- **■ 

The last property is in reality con- i 

tained in the first, for when X = Xi x ( -if ■ ^ i 
(Fig. 41), T = O, or else the hori- *' t Ts"/ 
zontal forces at P would not be in ---.L--^^^ 

equilibrium. | "* ^ 

It will be useful to investigate the 



conditions upon which these properties depend. This knowledge 
ie not necessary to enable the calculations for any given parabolic 
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girder to bo mailc, but is required when the form of a girder 
is to be found whir^h will have these properties. 

Consider a chain attached to the two fixed points A and B 
(Fig. 42), and Jiangiiig in ite curve of equihbrium. Let the 
load be uniformly distributed over the spaa AB, and equal to 
q per unit of lenglli. Suppose that the chain is cut at its 



t 



lowest point S (where it is horizontal), and a horizontal 
force H applied at the point of section to maintain equili- 
brium. This force must be horizontal, since the part of the 

chaiii at S is lioi'izoutal. Let the chain be also cut at any 
other point P, apjdyin*^ a force T 1u maintain equilibrium. It 
iw evident that this force 
Fin. 43. must lie in the direction of 

J the tangent at the point P. 

The piece SP of the chaiii 
jj (Fig. 43) is held in equili- 
■A I " brium by three forces: viz., 

■^S' H, T and the resultant of 

the load on the part S P. 
Tbis last force is equal to qx, where x denotes tlie hori- 
zontal distance of P from S; and its point of application is 

at a distance - from cither P or S, since the load is uniformlv 

distributed over x. 

Taking moments round P : — 



Put since P is any point on the curve, this cqnation is true for 
the point A, thus substituting I for ,r, and /for y. 



§ 8. — THEOBT OF PABABOLIO QIBDEBS. 



Dividing eq. (1) by eq. (2). 



(3) 



This is the equation to a parabola, and it is evidently also 
applicable to the part S B of the chains ThoB the position of 
all points of the chain can be determined by this equation, by 
giving values to le and solving for y. 

It is evident from Fig. 43 that the horizontal component 
of T is everywhere equal to H, it is so therefore at the points 
of attachment A and B ; it ia also evident that the vertical 
component V of T is qa, and therefore equal to q.l at A and B ; 
and, lastly, that 

If the manner of loading ia altered, some points of the chain 
Via. 44. 




may still remain on the parabola, and for these points equation 
(3) will hold good. This is the case, for instanoe, when the loads 
on each side of S are concen- 
trated at points, eo long as the 
load at each point is equal to 
the sum of half the distributed 
load on the two adjacent bays 
(Fig. 44) ; for the part SP of 
the cham (Fig. 45) will still be 
subject to the vertical load q.x 
(the resultant of the four con- 
centrated loads shown' in the figure), and the point of applica- 
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Thu chain can he loaded as above by employing Tertical 
Biruts to tninafer tbo imiformly distrilmted load (Pig- 44). The 
nnloaddd portiuns of tlie chaic are evidently Btraiglit, Hnd the 
iiji-m of cqtiilibiium « ill therefore bo thut of a polygon inscribed 
in a parabola. The ubove is even true if the vertex is not a 
loiided point ; for consider the part P P, of the chain cut out, 
and eqnilibrium maintained by the forces T,T, (Fig. 46). Taldng 
moments round P, 




and this equation will not be altered if, instead of S and Q, 
other points, suob as S, and Q, (Fig, 47), are taken as loaded 
points. 




If tlie two points A and B cannot offer any horizontal re- 
sistance but only vertical reactions, other means to resist the 
horizontnl jmll H must be adopted, for instance, intrwlueing 
a horizontal boom. Thus a parabidic girder of the form shown 
in Fig. 48 is obtained, whieli can carry a loud, unilorinly disfri- 
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bated over tho whole span, witfaoat requiring an^ diagonal 
braces. The conditions, therefore, that must obtain, in order 
that the girder may have the properties mentioned above, can 
be briefly stated Uins : — 

The /set of the wriuxda mttst lie in a parabola, the axis of 
mhieh it vertical and fas»e» through the centre of the apcm. 



Ill [\71 I i 



The whole of the above reasoning remains tme, if the girder 
be turned nptdde down and all the forces Teversed (Fig. 49) ; it 
need nol^ therefore, be repeated. 

This subject will be further considered ander the head of 
"Sickle-shaped Trusses" (Bowstring-roofe). 
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THIBD CHAPTER. 

§ 9. — Application op the Method op Moments to the 
Calculation op the Stbesses in Braced Girders 
HAVING Parallel Booms. 

The method of moments can also be employed in calcnlating 
ordinary braced girders divided into rectangular bays. It is 
hardly necessary to observe that the equation of moments 
remains true although two of the three bars cut through are 
parallel, their point of intersection being therefore at an infinite 
distance, and consequently the lever arm of the stress in the third 
bar being also infinite. All the lever arms in the equation of 
moments are, however, infinite, and thus divide out of the 
equation, enabling the required stress to be determined.* For 
example, in the girder shown in Fig. 50, the stress Y in the 
diagonal F G is to be found by taking a section a /8, applying 
the forces X,Y, Z to maintain equilibrium, and forming the 

Fio. 50. 




equation of moments for one of the parts of the girder 
(Fig. 51) with reference to the point of intersection of X and 

* In this case these infinities are all equal ; they can therefore be considered 
as a common factor, but generally it is a mathematical fieillacy to treat infinite 
fiftctors in this manner. — Tbaks. 
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Z. This point, which is at infinity, can be considered as lying 
on the central horizontal line of the girder, and since X and Z 
pass through it their lever arms are nil, but the lever arms of 
all the vertical forces are evidently infinite. jS'ow, if O were 
the point of intersection of X and Z, at a distance x from the 
point where a cuts T, the lever arm of T would be z . sin ^, 
and if O be considered to move off to infinity, m becomes 
infinite, and the lever arm of Y is oo ■ «tn i^. 
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Therefore, the equation of moments is ,^ , 

= T.».M*-D.tt. + (| + i)(o+<p + j)a. + 0> + 9>. =• '• 

ot dividing out by co . > -^ 

= T.ito*-D + g + |) + 0> + 9) + (p + j). * 

Here T . sin is the vertical component of T, beoce the 
above equation is merely the expression of the law that for 
equilibrium the sum of the vertical forces must be zero. 
Thus the principal* object of the method of moments (to 
obtain an equation containiug only one unknown) is, in this 
special case, arrived at by resolving the forces vertically. This 
shows the general applicability of the method of moments ; 
for even in special cases like the present, in which a shorter 
way of obtaining the required result exists, it can be nsed, and 
even points to the shorter method. 
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Substituting the value of D in the abore eqnatioQ, viz. : 

and arranging it according to the rule, to ascertain the effect 
of the moving load : 

U = Y.ain*-j-|i + | + l + | + S-tI-|)-a-J>J 

The maximum value of ¥ can now be obtained by Ifiaring out 
the positive member [jioduced by q, and the minimum value 
by omitting the uei;ative member. 

There is no difliculty in determining the stresses X and Z 
(Fig. 51). Let X be the length of a bay, and 7* the height of 
the girder, take momi-nts first round (i and then round F, 



II = X A + (;) -f .,) 1 1 :. + ! + 1 + i -f J) ■ 3 A + (5 ■ 3 * - *) 

From whitrh it is evident that these bars are in the greatest 
state of stress when th<3 bridge is fully loaded. 




Lastly, to find the stress in the adjacent vertical to the right, 
take n section y S (Fig. !32). The point about which to take 
moments is at infinity, and 
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Tbe only difference between this equation and the one pre- 
viously obtained for Y . sin is that — Y is written instead of 
Y.sin 0. Hence it is obTious that 

0=-T-pU + i + » + t + *-(i-l)-Ci-l)f 

-9(i+ »+* + »+*) +?!a-i)-a-jn ■ 

The raluea T.ain ^ and — T are therefore identical ; hence 
by first finding V, Y can be ascertained by dividing by 
( — sin 0). This is expressed in the following rule: the re- >f, 
solved parts verUcdUy of the ttreaaes in a diagonal and mrtical " i 
meeUnff ai an utUoaded joint are of equal magnitude, but of U 
unlike aign. 



§ 10. — Braced Gibdeb, of 16 Metres Span, cohfobed of 
Single Bioht-anglg Trusolbbl 
Apart from the difference of form, the dimensions of this 
girder are ihe same as those of the parabolic girder, already 
calculated (p. 20), that is, the span (16m.) and the depth (2m.) 
are the same. The loads are also the same, viz., 1000 kilos, 
dead load and 5000 kilos, live load, on each bay. It is also 
assumed that the line of railway is on a level with tbe upper 
boom ; these loads, therefore, act at tbe upper apices (Fig. 53). 
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Calculation of Y,, and Zi. 

Since Y, and D are tbe only vertical forces acting at A. 
(Fig. 54): 

V, + D = 0, ur Vo = - D. 



•^-xxc., «xiice z., la the only horizontal 
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Two yertical forces act at S mv 'i^\ • 
point (the ereateflf „ai„ i^ V ^* °^^' "^ 
Therefore, ^ "^"^ °^ ^^«h « 300C 

V, (min.) = ^ 3000 IriloB. ' 

And since X, is the only horizontal force at S : 

x, = o. 



Oalculatwn of X. Z V v 



Therefore, 
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The equation of moments aboat the point D ia 
- Z, X 2 + aOOO + 5000) (4 + . . . + J)2. 
Z, (max.) = + 21000 kilos. 
Besolving the forces Tertically : 

0=-V,-1000(i + ... + 4)-5000(i + ... + J), 

or, 

V, (min.) = - 21000 kUo*. 

The diagonal Y, makes an angle of 45° viih the horizontal. 
Therefor^ the resolved part of T, vertically is Y, . sin 45", 

or Yj . -y= • Hence, by the role : 



kY, = +21000 X '^2, 
Y, (max.) = + 29700 kiloB. 



■I 



2300 '*9"» 

1*11 5 
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-n 

OalevUim of X„ Z„ V^ Y,. 
(SeelimyS. J^^. 56.) 

Taking moments almut E : 

= X,)< 2 + (1000 + 5000)1(4+.. . + !)« + (J. <-S)l. 



X,(min.) = 



. , *vwv t t + • • • + 1 "■ < 

-5000(t + ... + f) + i 

By leaving out of this equation, first 
positive members, multiplied by 5000 : 

V, (max.) = — 1875 kilos 
V, (min.) = - 15625 kilo 

Then multiplying these values by y 
sign: 

Y, (max.) = + 22100 kUoe 
T, (min.) = + 2650 kUoe. 

In a similar manner the stress in the remaining bs 
the foUowing eqnations : 

= X, X 2 + (1000 + 6000) { (i + ... + 1) 6 + (f . 
X, (min.) = - 45000 kUos. 

} = - Z, X 2 + (1000 + 5000) { (i + ... + {) 6 + (f 
Z4 (max.) = + 45000 kibs. 

)=_V,-1000{i + ... + |-(l-*)-(l-i)} 

- 6000 (i + ... + {) + 5000 { (1 - 1) + (1 

y ( (max.) = + 375 kilos. 

• I (min.) = - 10875 kilos. 

Y ( (max.) = + 15400 kUoe. 

' I (min.) = - 530 kilos. 

= X4 X 2 + (1000 + 5000) { (i + . . . + I) 8 + ({ . J 
+ (|.8-.4) + (J.8-.6)} 
X« (min.) = - 48000 kilos. 
= — Z, X 2 4. tinnn i cn/x^^ ' - 
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The following sqnatioiia aro fbrmed with leTemnce to the part of the girder 
r situated to the right of the aeotioD line : 

_. - -S.x2-(1000 + 5000)|(4 + ... + |)e + (}.6-2) + Ci.6-4)J 
Z-f> X, (toia.) = - 45000 taloB. 
|M> = z, X 2 - (looo + 5000) f (i + ■ ■ ■ + i) e + (i . C - 2) + (J . e - 4) } 
Z, (max.) = + 4M00 kilos. 
I i 0=-V.+ 1000ti + ... + J-(l-|)-(l-S)-{l-j)i 
11*^ + 5000 (4 + . .- 4- « - BOOO ( CI - I) + (I - 8) + (1 - J) J 

y f (mux.) = + 6750 MIob. 
* I (min.) = - 3250 kilos. 
Y / (mai.) = + J600 kilofl. 
' \ (min.) = - 9550 kUoB. 



0= -X, X 



- (1000 + 5000) ( (i -i 



.. + §)* + (;. 4-2)1 



= Z, X 2 - (1000 + 5000) J (J + . . . + J) 4 + (1 . 4 - 2) j 

Z, (mai.) = + 36000 kilos. 
O=-V.+ lOO0U + ... + S-{l-!)-{l-J)| 

+ 5000 « + . . . + i) - 5000 t (1 - » + (1 - i> i 

y /(max.) = + 10873 kiloa. 

• \ (min.) = — 375 kilos. 

Y I (max.) = -f- 530 kiioa. 

* I (min.) = - 15400 kUoe. 

!= - X, X 2 - (1000 + 5000) (I + ,.. + ;), 2 

X, (min.) = — 21000 kLIoa. 
= Z, X 2 - (1000 + 5000) (J + . . , + J) , 2 

Z, (mu.) = + 21000 kUoB. 
= -V, + 1000IJ + ... + I-{l-5)i+SOOO{i + ... + S)-5000(I-J) 

y ( (max.) = + 15625 kilos. 
' \ (min.) = + 1875 Wloe. 

Y / (max.) = - 2650 kilos. 
' I (min.) = - 22100 kiloa. 



The diagonal T^ does not meet any vertical at an unloaded 

joint, for the joint E (Tig. 63) cannot be considered unloaded on 

' account of the reaction of the abutment. The lule for finding 

T is therefore not applicable in this case. The vertical forces 

Ys 



acting at K are the resolved part of Tj or 



V2 



the reaction 



. W of the abntment and the stress in the last vertical, which 
has already been found = 3000 hilos. Hence for equilibrium : 
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Y, therefore obtains ita greatest oe^tive ] 

viiliip when W is a maximum, that U, 

§ tlie Ijridge is fully loaded, in nhich case ] 

V ,„ 48000,., , , , 
\V = — ^ — kilos. ; ood, therefore, 

= Y, Cmin.) = - 21000 x */2 = - E9700 kUm. 

" Tlie reenlts obtained are shown in Fig. 67. 

= § II. — Derived Forms. 

If the above equations be examined, to j 
lisorrlain what positions of the live load , 
produce the greatest streBs in the diagonal 

= bmc(?s, it will he found ihnf the law nlroady 

~ found for iiaraboHe {ilnieis (p. 20) liotds 
good, or the stress in any diagonal is a 
maximum or a minimum wlicn the joints on 

» one side only ure loaderl. 

^ The stresses in a girder in whicli the dia- 
gonals Bio])o upwards from left to right 
{instead of from ri<:lit to left) can ciideutly 

= be obtaincil by looking at tlie girder of 

^ Fig. 57 from behind." 

If the diagonals are to lie tension-braces, 
and unable to resist compression, flie follow- 

^ iiig alterations will have to be made in the 

= arrangement of the original girder; in the 

V bays where tlie diagonals are ainays in 
compression, they must be changed for 
diagonals sloping in iho opposite dircc- 

3 tion, and in the bays where the diagonal 

braces are subject alternately to tension and 

to compression, two diagonals must be iu- 

trndnceil. 

Figs. Tj? and ">!) represent two girders having opposite 

,'onal sy.-loms. and the kind of stress in e;K'h braee is denoted 
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45 



by the sign +, signifying termon, and — ecmpreasion. Carrying 
out the above alterations. Fig. 60 is obtained, in which the dia- 
gonals are never in compression, and the greatest numerical 
value of the tension in them can at once be written down by 
means of Figs. 58 and 59, taking the values from Fig. 57. 



Fia. 58. 




A vertical brace can only be in tension when the diagonals 
meeting it at an unloaded joint are in compression. This can 
never occur in Fig. 60 ; and the verticals can, therefore, only 
be in compression ; consequently, only the values of V (min.) 



Fig. 59. 




need be considered, and for the left-hand side of the girder 
these values must be taken from Fig. 58, and for the right- 
hand side from Fig. 59. 

The stresses in the horizontal bars X and Z are greatest when 









Fig, 


60. 
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the girder is fully loaded, and when this is the case it is easily 
seen that, in the left half of the girder, the diagonals sloping 
upwards from right to left will be in tension, and in the right 
half those sloping from left to right. Evidently, therefore, the 
stresses in the booms can be obtained from Fig. 58 for the left 
half,-and from Fig. 59 for the right half of the now girder. 






lililDQES ASD KOOF8. 

Thne, without further calculation, the ■ 
sitri:;a866 in a girder of the form shown io • 
a Fifr. GO can be obtained. These strea 
have been given in Fig. 61. 

If the diagonals can only resist com- 

pnsaion (aa is often the case in wooden 

§ si luctarea), the streBses can be obtained 

T. by an exactly similar prooesu from Fig, 57. 

These stresses are shown in Fig. 62. 

If the line of railway is carried on the ' 

Jower apices, instead of on the upper, it can 
g be considered that both tlie live aud the 
* dead loads are applied to the lower joints. 

The stresseB in the horizontal and diagonal 
linrs will not thereby be altered, and the 

2 stress in the verticals can b(i found by 

1 the rule of Section i), miniely, that the 
dingonal and vertieiil braces meeting at an 
unloaded joint have equal vertical stresses, 

S but of contrary sign. In this case the un- 
7 loaded joints arc the upjrer ones, and in 

Fig. (i3 the stress in siny vertical can be 

found by dividing the stress in the dia- 
? gonal meeting it at the top joint by ^'2, 
S and changing the sign. From Fig. O.I the 

derived forms shown in Figs, (il and (i5 can 

be deduced as before. 

If the line i« carried on the verticals 
I between the booms, the [H)inls of attach- 
V meut run also be considered as the points 

of application of the live and dead loads. 

All tiie upper as well as the loner joints 

3 arc therefore unloaded, conserjuently the 
resolved pitrt vertically of the stre^ in any 
diagonal will be the numerical value of tho 
filri'ss in the parts of both the verticals it 

ance, in Fi-. (iC the di.igoiial in tlie tiiird bay 
maximum and minimum stresses 
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HIUDQES AND IIOOKS. 

^ Tlipse valnes divided by \/2 and with 
-^ cluinged signs give 

I - I0ST5 Md + 375 kilos, 

iind these will be the stresses in the 

upper part of the vertical to the left 

and in the lower part of the vertical to 

I the right. The Btresses in the verticals 

" iu this figure aa well as in the girders 

shown in Figs, 67 and 68 can therefore 

be obtained withont difficulty, naing the 

5 rule given in § 0. As to the stresses in 

§ the horizontal and diagonal bars it is 

evidently immaterial whether the loads 

he carried on the top or bottom joints or 

between tliem. Lastly in pinlers with 

I symmetricaily arranged diagonals all the 

* stresses can be written down from Figs. 

G7, 63, and 06, with the excc]>tion of the 

stress in tlie central vprtical. For this 

I reason only tlie ccTilral part of the ginier 

7 is shown in Fijrs. G!t, 70, 71, 72, 73, and 

74, and it is easy to see that the stress in 

the central veilical will be either +6000 

, kilos, or according as the end whidi 

i doi'S not meet a diagonal is loaded or not. 



^ 12.^IIr;MAiiKS OS Tin; Degree of 

A<,'CUH.\CY OF TIIE AsjiUJtITIOSS 
I MADE WITH )!EOAi;i> TO THE DlS- 

Ti;lBlT10\- OF TIIE LOARS. 

Somf' objections maybe raisetl to the 
5 above calculations, for the distribution of 

the loads on which they are based is not 
— strictly tnic, and llie results to be accurate 

require a slight correction. 



I 
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Fig. 70. 
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Fig. 71. 
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Fig. 72. 
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Fig. 73. 
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BBIDGES AND BOOFS. 



In the first place, the weight of the girder itself acts on 
the upper as well as on the lower joints, and not, as assumed, 
' at the points through which the line of rails passes only. The 
correction in this case, however, will only apply to the vertical 
braces ; for, as already seen, the stress in the remaining bars is 
independent of the position of the rails. Taking any of the 
verticals in Fig. 53 or Fig. 54 and distributing the load on it 
in due proportion between tte top and bottom, it is easily seen 
that the method of moments could be applied to find the stress 
in that vertical But it is better to make the calculation as in 
§ 9 and § 10 (i e. taking the point of application of the dead 
load the same as that of the live load), and theu, if considered 
necessary, apply a correction in the following manner : Imagine 

Fig. 74. 




'»4i000 



« 48000 



•k4S0U0 



* 45U0O 



a secondary vertical placed alongside of the main one, the object 
of this vertical being to realize the assumption made by trans- 
mitting the load on what has been considered the unloaded joint 
to the loaded joint. This secondary vertical will be a strut when 
the load has to be transmitted downwards, aud a tie when it has 
to be transmitted upwards. The stress in it will therefore be 
negative when it is above the line of rails, and positive when it 
is below. Now if the secondary vertical be considered amal- 
gamated with the principal vertical, it is evident that the actual 
stress in the latter can be found by adding to the stress already 
determined the stress in the former. 

To make this clearer by an example, let the true distribu- 
tion of the dead load in Fig. 57 be §rds of the 1000 kilos, on the 
top joints and ird on the bottom joints, whereas it was con- 
sidered that the whole of the dead load was applied to the top 
joints. The secondary vertical has therefore to transmit 
333 kilos, from the lower to the upper joints, and is consequently 



§ 12. — REHABEB ON THE DIBTRIBDTION OF THE LOADS, 51 

a tie with a stress of + 333 hilos. This must dow be added 
to the stress in all the verticals. For instance, in vertical Vj 

V,(inar.)= + 375 + 33S = 708 kiloB. 
V,(iniii.) = - 10879 + 333 - - 10542 kilo^ 

Id the girder shown in Fig. 63 the line of rails is attached 
to the bottom joints. Supposing that the true distribution of 
the dead load is Jrd on the upper joints and frds on the lower 
joints, it is evident that the secondary verticals will be struts 
transmitting 333 kilos. &om the upper to the lower joints, 
and therefore to obtain the correct stress in the verticals 
— 333 kUoB. must be added to the stresses already found. For 
instance in vertical V3 

V, Cmw.) = + 3250 - 333 =+ 2917 kiloa. 
V,(iniii.> = - 6750 - 333 = - 7083 tflo«. 

In this case the correction is so small that it might be 
neglected. But in larger bridges, where the dead load is large 
in comparison to the live load, and is more equally distributed 
on the joints, the correction becomes important. 

There is a second correction to be made, in connection with 
the distribution of the moving load. It will be remembered that 
it was assumed that each bay was bridged over by secondary 
girders,* so as to convey the dead and live loads on the line of 
rails to the adjacent joints. It is evident that it is only when a 
bay is fnlly loaded that the reaction at each end of the 
secondary girder can be equal to half the load on one bay. 
Now the stresses in the diagonal and vertical braces werd 
calculated on the Gupposition that all the joints on one side 
of the brace were fully loaded, and all those on the other side 
free of the moving load. With a uniformly distributed moving 
load this obviously cannot occur. 

Yet, when it is considered that in reality the moving load 
is not uniform and continuom, but that, on the contrary, the 
load is concentrated at the points of contact of the wheels with 

* These seooadazj girden are lappoKd to be discontinnoiu.— Tb&hr. 
E 2 
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the rails, nrid that in the ease nhen the distance between the 
^ wheels is etjiial to tlio distance between the joints, the above 
assiimjitiou is strictly true, it would appear that the error is 
hisigiiilictiut, unless indeed the number of bays is small. At 
any rate the error affi^^ita only tho diagonals and verticals, and 
is on the safe side. 

Both these sources of error disiippeap, the latter when the | 
numbor of bLiys is very great, and the first when tliere are no 
verticals, in which case the oalculationa differ slightly from tho 
preceding ouc:*. To illustrate this latter point, the following 
example hua been chosen. 



^ IX — lillACED GlRnHRWITH EQUILATERAL TRrANQLES. 
(W'arbek GntDEB.) 

{Enilmnj Bridije over th^ Trent near Netcarh) 

Each girder (Fig. 75) is composed of 27 bays of equilateral 
triangles having their apices alternately above and below. 
The line of rails is on a level with the bottom boom, one half 
of the load is carried directly on the lower joints, and the other 
iialf is tmnsniitted by means of vertical ties to the upper joints. 
Tliiis one half nf the dead as well as of the livu load acts on tho 
lower joints, and the remaining half on the iipi)er juiuls. The 



whole girder is supported ut A and B by Im'Us earned on cast- 
iron frames which ri'st on the piers. Tiie distance apart of tlieso 
points of Kuppiirt is yrd) feet, and thi.>ruforo tho len-lh of thi! 

sidi- of one of the triangles is ^ = 18 5 feet. The dei.th of 



14 



: I-TJ feet. Taking !)■:;.". 
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feet as the unit of length, the side of the triangles will be 
represeoted by 2, the height of the girder by 1*73, and its 
length by 28. 

The weight of the whole bridge ia 589 tons, and since there 

are four girders, the dead load on each girder i^ -j- = i't^i tons. 

Taking the moving load on each line at 1 ton per foot run, 

it will amount to — j — = 129 5 tons on each girder. The 

total load on one girder is therefore 

U7-2S + 129-5 = 276-75 Ions. 

Thus the load on each joint is „„ tons, or in round 

QnmberB lO^tons. In the following calculations the live as well 
as the dead load has been taken for simplicity at 5 tons on each 
joint, although the proportion of the dead to the live load is as 
147*25,: 129'5 ; this will] make no difference in the stresses in 
the booms, and the greatest stresses in the diagonals will be 
slightly'increased. Besides, the live load cannot be considered 
as accurately equal to 1 ton per foot run ; often it is taken 
higher. 

Pig. 76. 

Id I. l> !• I> U U Is 



I. 



1< 



I. 



I> 



The only object of the Tertical bare ia to transmit part of 
tbe load to the npper apices; they do not form an integral 
part of the trasa, and can therefore be omitted in the calcula- 
tions, the upper jointe being considered loaded instead. The 
distribution of the load is therefore as shown in Fig. 76. 
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KRIDQEB AND HOOKS. 


1 


Ctilciitution • 


[/ the Slreisea X and Z in the Upper and 
Lower Booms. 


1 


Cutting off tlw purt shown in Fig. 77 by the section line 
a/3, and taking niuiucuta fiiat about the point M and then 
about the point N, tlio ibllowing equations are obtained, denot- 
ing by D the reaction iit the abutment A : 


= X, X , 


I-7H + Dx7-6(H-2 + 3 + 4 + 5 + «) 




u = - Z. X 


l-7a + Dx 8-5(1 + 2 + 3 + 1 + 5 + 6 + 7) 
-5 (1+2 + 3 + 4 + 5 + 6 + 7), 




Substituting fur D its value 




V = H-.. 


Fio. 77. 


V«a| 




and arranging the eciuatioua so that tlie effect of each load may 
be seen (according to the previous rule). 



+ 5|(-A + --. + ^i)7 + (-5|.7 - l) + <^a.7-2) + -., + {|-; ,7 -0)1 
+ 5 f (5I, + . . . + ^!) ■! + (!-; . 7 - 1) + in ■ 7 - 2) + . . . + (H . ' - «) 1 ■ 
= - Zj >: 1-73 

+ 5 1 <iV + . . . + -^-S)S + <3i . M - 1) + <;^ 8 - 2) + . . . + (j; . N - 7) I 
+ 5 ! (i'i + ■ ■ ■ + ^^) 8 + {Ji. . S - 1) + (?= . 8 - 2) + . . . + <;i . S - 7) i . 

In these equations all the members containing the live load 
have positive signs, and the omission of any of them would con- 
sequently diminish the numerical value of the stress. 

Having thus shonii that the booms obtain their greatest 
stress when the bridge is fully loaded (and this, it may be 
added, is tvw in the case of all lattice girders), the calculations 
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can be simplified by putting for D its ralue wben tbe moving 
load covers the bridge, uamaly, 

D = 10CA + A + -.- + H) = 135 toni, 

and combining the members containing the live and dead loads. 
The above equations then become 

= X, xI-73+185x7-i0(l+24-... + 6) 
[ 0= -2, X 1-73 + 135x8- 10(1 + 2 + ... + 7), 



X, (miQ.) = — 42S tona, 



TheCdkiwingeqiMtioDt,totheTe(iikiiiiiigpuiiaf tbe boom*, MeobUiiudfn 

•A 0X*Ctlj ^wn^T QBQQS ; 

= X, X I-73+135X 1 
X, (niD.) = - 78 toni. 



= X,x l-73 + l«»x3-IO(l + 2) 
X,{min.) = -216tcxi«. 



, 



0=-Z,x 1-73+ ISSx 6-10(1 +X + S + «+9) 
Z,(Mx.>= 4-381 toM. 

» = X, X 1-78 + IK x 9 - 10 (1 + 2 + . . . + 8> 
X.<Bin.) = -49«t(*ii. 

0- -Z,x 1-73 + 135x10- 10(1 +2 + ... + ») 
Z,(mu.)= +990taM. 



0= -Z,x l-7S + lSSxl>- 10(1+2 + ... + 11) 
Z,(nitt.) = + SS5teM. 



^^^^^Qg9 
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Calculation of (he Strmag Y and U in the Braces. H 


Siiico llie braces make an angle of 60^ with tbe liorizontat. ^ 
t.Iie resolved part vertiailly of the stresses in ihem are 


Y . Ad 60" and U . aid 60" 


or 

Y X 0-866 and U X 0'866. 


Uesolviiig the forces acting on the parta of the girdor shown in 

Kigs. 78 mid 79 vertically. 


n = Y, X 0-866-D + S X 6 + 5x6 

= - r, X 0-86G -0 + 5x7 + 5x7. J 


.^B 


" i: t t/ ^ 



!■ 1-. i/ V. 



Siibsti tilting for D its value 



anil arranging the equations according to the previous rule 
= Y. X 0-866 

-^\^ + ^+'+H-O-ii)-O-ii)~...'0~Wl 
-5(^V + ... + 5.;) + 5|(l -.5i) + (i-.5~) + ... + (i -;;)j 






-^){- 



In these equations the members containing the moving load 
do not all possess the same sign, therefore leaving out first the 
positive and then the negative! members. 



= Y. x0-86(i-.5<,u + ... + ;;- - 
■-5(v, + ... + =;) 

X,(J1WS.)- +'.l]|r„l.. 



-Vn) 






J' 
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-5(,v + ... + ;i-A~i'^- 

f^|%<mfii.) = + 39tonB. 



= T, 



-D,xO-866-S{.V + ... + H-A-A- ■■-A) 

+ 5(A + A + -. + A) 
U, (au.) = — 83 tons. 

= -TJ. xO-868-8(A + ... + H-A-A---A) 
-5(A + A+ ■+«) 
U, (inin.) = - 81 toM. 

It appears that only Y4 (max.) and U* (min.) need be 
taken into consideratioD, and therefore the calcuhitions for y4 
(min.) and U* (max.) could have been spared. But it is ad- 

PlO. 79. 



O-k/- 




V 



t-tv 



visable always to calculate both values, for sometimes the 
stresses are of different Bigns, in which case both most be 
retained. 



= Y, X eee - 5 CA + . . . + H) - fl (A + . . . + «) 

Y f (mai.) = + 156 loM 
'ICmiii.) = + 78ton« 

= -C, xO-866-6(A + ... + H-A)-6(A + --- + W 
+ 5XA 
Ij ((iiiai.)=:— 72tc«u 
' Umln.) = -intern 

= T,xO-866-fi (A + . ■■ + »-*- A> 

-5(A+- +H) + 5<A + A) 

Y ( <m«.) = + 188 ton* 
M(miii.) =^+ 68I0IU 



B 


1 


■ 


■ 




^1^9 




■ 
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0: 


V, 


U, X 0-8GF 
Unto.) = 


~ 122 tou 


■ -m-A-A 


-A) 
i + A) 


= 


Y. 


/(nai.). 
\(mi,0 = 


5(.V + ... 
5 (,', + . .. 
+ 112 tou 
+ 53toM 


+H-A- - 


A) 

+ A) 


= 


u, 


U, X 0'8G£ 
U~in.). 


- 46 haul 

-lOltoM 


■■ + H-A-... 
■.. + iJ) + = (A + 


-A) 
...+V.) 


0: 


Y, 


(Omp.) = 


+ 21 lODB 


+ H-A--.- 
+ H) + 5(A + .- 


A) 
. + A) 


0- 


U, 


I{mm0 = 


-«1 tona 


■ +H-A- 

•■ + «) + »(A + 


-A> 

"-I-AI ^_ 



106-5 (.;„- + . . 

.xO = + 52 tons 
\ (mill.) = + 9 tons 
= -U, xO-R66-5(.;-^ +.., + .;;_.;;. 
-5(.V + ... + !E) + 5(; 
s.) = -0-Hlons 



Ml: 



"■I 

u = X, : 



1(1,1 



,.) = 



42 1' 

5 (iV + ■ ■ ■ H 
5 (,'^ + . . . H 
+ 31 (oDa 

- T'l loTIB 



U; X oetX -5(.V + .. 
- 5 (^ + . . 
((mfti.)= + Ifllous 



-iS> + 5<iS + ... + i'„) 



Since the girder is symmetrical witL respect to the central 
line, the streswes in the corresponding braces in the other half 
win he exactly the same, Jind need not therefore be calculated. 

TJie verticals have to sustain a part of the dead load as 
well as the 5 tons moving load. Hidf the weif^ht of the hrie 
of railway, which forma part of the dead load, is supported by 
the lower joints, and the other half is transmitted by the 
verticals to the upper jointe. This weiglit is 2-1 '75 tons, 
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and since tbere are fourteen 
bays, each vertical will have 

s — i-r = 0-88 ton to cam. 
2 X 14 ' 

Each vertical is theie- 

fore subject to a teaaon of 

+ 5-88 tons. 

The results of the above 
calculations are collected 
together in Fig. 80. 

If all the signs of the 
stresses be changed, those in 
asimilargirder tnmed npside 
down (Fig. 81) are obtained. 

.[HoTK. — Sinoe the loads ue 
eqnallj diatribnted oa the top 
•nd bottom jointa, it is immaterial, 
K far aa n^rda the booma and 
diagonala, whether the line be 
placed OD a level with the bottom 
or the top boom. IntheGnteaae 
tbe verdcala will be li^ and in 
the aecond they will be atnits.] 

514. 
In order that the rela- 
tion between braced girders 
with a angle triangnlation, 
and those having two or 
more (or Trellis and lattice 
girders aa tbey are some- 
times called), may be clearly 
shown, the girders in the 
following examples will hare 
a span of 16 metres and a 
total k«d of 48,000 kiloB., 
so that tbey may be com- 
pared with tlie girder of ^10. 
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If the load on tlic girder shown in Fig. 57 wera only half i 
what it was assunipd 1u be, the stresses would be exactly a half 
of those given in the figure. Taking two such girdera with 
halved stresses, one in which the diiigonals are inclined upwards 
from right to left as in Fig. 57, and the other JVora left to right 
as in Fig. G3, and jjlacing them exactly one behind the other, 
BO that all the corresponding bars, with the exception of the j 
diagonals, cover each <ither, a girder is obtained the crossed | 
diagonals of which are capable of taking up either tension or ' 
compression, ^\'herever two bars coincide the Btresses in thotn 
arc to be added, and the stresses thus obtained are those pro- • 
diiced in tht^ derived girder by the total original load, one-half 
of ivhicli act* on the upper apices, and the other half on the 
lower apiees. In each of the verticals, except those over tha i 
abutmeuts, the stress vaoishes, for the maximum stress in i 
pirder is added to the minimum sfresa in the other. To pro- 
duce the above loading it is necessary, when the whole load is 
applied at the level of tlie upper boom, to introduce verticals to 
transmit half of it to the lower joints, in wliich case these 
verticals will be in compression ; or if the line of railway is 
attached to tlie lower boom, vertical ties must be used to convey 
half the load to the top joints ; and lastly, if the lino is placed 
between the two booms a vertical will bo required, the lower 
half of which will bo in compression, and the upper half in 
tension. The verticals in compression will have a stress of 
— 3000 kilos., and those iti tension of + 3000 kilos. In this 
manner the stresses given in Figs. 8'2, 83, 84 iiave been ob- 
tained. (So as not to overload the diagrams with figures, the 
stresses in the booms and diagonals have been omitted from 
Fig.'!. 83 and 84. They are the same as those in Fig. 82.) 

Again, if two girders of the design shown in Fig, 57, with 
halved stresses, be placed so that one overlaps the othnr by half 
a bay, and if the stresses in the parts of the booms where they 
overlap be atldcd, the stresses in a braced girder of the form 
shown in Fig. 80 will be obtained, Ijut they will only be true if 
the girder be supported as indicated in the iiguro. If the line 
of railway is pliU'cd on the lower boom or between the two 
Iwoms, Figs, 63 and 66 can bo emplnyed in a similar nuinncr 
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to form the girders given in Figs. 86 and 87. (The a 
tfad booma and diagonals hare been omitted, being the same aa 
those in Fig. 85.) If the diagonab in such a girder be so con- 
structed that they can only resist teosioD, ^e form of the 
girder and the stresses in it will be as shown in Figs. 88, 89, 90. 
(The stresses in the horizontal and diagonal bars in Figs. 89 and 
90 are the same as those in Fig. 88.) 



Frai. 82,83, i 




The girders in the last six figures have a length of 17 metres 
(instead of 16 metres), and the stresses given are only tme 
if there are two points supports at each abutment.* 

If, however, the original span and method of supporting the 
girdets is to be retained, the design shown in Fig. 91, made tip 
of the two simple systems of Figs. 92 and 93, can be employed. 
The stresses given have been calculated on the supposition that 
the live as well aa the dead load is applied to the upper 

* The girderi shown in Figo. S5 to 90 are not of much pniotical use, for 
ftlthottgh thoir length ii 17 mebt-s, the clear ipiui u onlj 10 mettea. — TuxB, 



§ 14.— MOLTrPLE LATTICE 0IRDEB8. 63 

extremity of the verticals. The stresses id Fig. 92 are therefore 
obtained by dividing those in Fig. 57 by two. The stresses in 
Fig. 93 must, however, be calculated anew, taking the dead 
load at 1000 kilos, and the moving load at 20,000 kilos. 

These calculations are exactly similar tothose given in 
§ 10. It is to be observed that in this caae, contrary to all 




the previous examples, the first and last verticals are sulject 
to bending stress (for this reason they have been shown in 
donble lines in the figure). From Fig, 94 the three following 
equations are obtained for (he three bars in the first bay : — 



V2 ' '-'"""" 

Z X a - 12000 (torning poini 0} 



DRIDOES AND KOOFB. 
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Both X and Z are negative, these bars are therefore in com- 
The first vertical is therefore held in equilibrium by 
5 four forces shown in Fig. 95; thus irrespective of the 
,000 kilos, direct compressioD in its lower half, it is in the 
ne condition as a beam supported at both ends and loaded in 



■k 



be centre with 12,00l> kilos. The same figure evidently also 
eprewnts the stresses in the last vertical. 

To avoid these bending stresses the first and last diagonal 
an be placed as represented in Fig. 96, in which case the 
quatioDs for tlie three bars of the first bay will become (Figs. 
7 and 98) 

= X X 2 + 12000 X I (turning point P) 
X = - 6000 kiloe. 



= Y 



V2'+ 1 
y = + 13416 kilos. 
— Z X 2 (turning point J) 



The stresses in the bars of the last bay will be similarly 
Itered. This alteration will, however, not afiect the stresses in 
he other bars, and they remain the same as in Fig. 93. Com- 
ining the design of Fig. 96 with that of Fig. 92, a girder of 
he form shown in Fig. 99 is obtained. (Only a few of the 
tresses are given, for the others coincide with those of Fig. 91.) 

Starting with the girders of Figs. 91 and 99,a series of derived 
irms can be obtained by altering the position of the loads and 
he nature of the diagonals. Following, for instance, the 
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reasoniDg of § 11 and asBaming that the diagonals can only 
take ap tensioB, Figs. 100 and 101 are obtaiaed, in whicli only 
a half of the gitder ia shown, for it is symmetrical aboat the 
centre, and the stresses in the corresponding bars are eqnal. 

Fig. 102 is obtained by repladng the verticals in Fig. 91 
by diagonals inclined to the right at an angle of 45°. This is 
a trellis girder with fonr triangulations, and can also be con- 
sidered as made ap of the four girders shown in Figs. 103, 
104, 105, and 106. 




The stresses given have been calculated on the supposition 
that the span of the girders is 16 metres, their height 2 metres ; 
the total dead load ?^ Idlos. and the total live load ^^ 




kilos., BO that the girder of Fig. 102 may correspond with the 
fmrner cases. • 

The dead load, however, according to the more accnrate 
assumption, has been equally distribated between tij& V^Alusm. 
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and top joints bat the live load, as in previous cases, is 
exclaaiTely applied to the upper joints.* 

Therefore at each lower joint there is a dead load of 
250 kilos, and at each npper joint a dead load of 250 kilos., 
together with a live load of 2500 kilos, (with the exception of 
the end joints, which of coarse have only one-half the load to 
carry). Fig. 107 is obtained by calculating the stresses in the 
four single lattice girders with these aaanrnptions and then 
fazing them together. The end verticals in Figs. 102, 103, 
104, and 107 are represented by doable lines to indicate that 
they are under bending stress. 

A comparison of this trellis ^tder of four triangulations 
with the one of eight triangulations, shown in Fig. 108, will 
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convince that when the stresses in a trellis girder of a still 
greater number of triangulations have to be determined it is not 
necessary to go through all the calculations of all the single 
systems of which it is composed. 

The stresses in the booms increase gradually from the abut- 
ments to the centre, and the stresses in the diagonals decrease 
gradually in the same direction, and these increments and 
decrements vary according to a law which becomes atl the 
more evident the greater the number of triangulations and the 
greater the number of str^ses actually calculated. 

■ Tbu e,a0iimpUoii ia not strictly acctmte. Cor tho weigLt of the line of vay, 
the longLtutJiual, and tho aroas-giiders ia applied to the aomo joints at the live load, 
and it ia only the weight of tho tniaa itself tliat cbo bo eonaidered m equally dis- 
tributed between tho bottom and top joinla.— Toans. 
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Thus, as BOOH (is tho calcalationB hare been carried to a 
cprtiiin jioiut, tho shorter method of interpolation may be 
adopted. 

The stresses in tho diagonals of the girder of Fig. 108 are 
on nn average half those of the corresponding ones of Fig. 1U7, 
which agrees with tlje number of diagonals being double, and tho 
BtresB in each of the new diagonals is very nearly the arith- 
nieticiil meim between the two adjacent diagonals. Further, 
tlie minihor repreaLntiiij^ the stress in any part of tho booms of 
Fig. 107 iH nliiiost cxnctly the arithmetical mean of the two 
nnuibora that tako its place in Fig. 108. It therefore is not 




-rVtmiai 4illll[y 



iK'tually neceswiry to calculate the stresses in each of tlic eight 
ninglo lattice girders, forming the girder of Fig. 108, but tlie 
siresscs already found for lattice girders wilh two or four 
Iriaiigulations can be usc<l, according to the ilcgrec of 
ai-cnnicy required, tn determine the required stresses by 
Luterpolatioii, 

The points of application and the values of the bending 
forces artiug on tho end verticals arc given in Figs. 101* and 110, 
in the first figure the resolved parts vertically and horiwintally 
(if Ibe .■JtrcsscK arc given instead of the stres>:es tliemselvcH, and 
in the second tigure only (he iH-uding forces mi Ihe vertical are 
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shown. The direct compression which also exists in these 
TeitioalB can be fotmd from Fig. 108. 

In Fig. 108 it was asanmed that a dead load of 125 kilos, 
was placed on each lower joint and a dead load of 125 tdlos., 
together with a live load of 1250 kilos, on every upper joint. 
If instead of this, the dead load on the lower and upper joints 
had been taken as 1, and the live load aa 0, the stresses given 
in Fig. Ill would have been obtained. 

These nambers are what may be called the »tre»B-numhers 
when the bridge has no moving 
load npon it *^- ^"■ 

These nmnbers also apply to 
any aimilar trellis girder with 
eight triaognlations if the span 
is eight times the height. If the 
dead load is p kilos, (or any 
other unit of weight) on each 
joint, the stress in kilos, can evi- 
dently be obtained by multi- 
plying the stress-nambers by p. 

Fig. 112 gives the stress- 
nambers obtained supposing the 
dead load to be and the live 
load on the npper as well as on 
the lower joints to be 1. To 
obtain the stress in kilos, of 
a geometrically similar girder 
baving a live load of f» kilos, on 
the top and bottom joints, the stress-numbers are to be multi- 
plied by m. 

The stress-numbers in Fig. Ill are simultaneous, whereas 
those iu Fig. 112 do not occur at the same time, but give the 
greatest stresses due to partial loading. The functions of the 
diagonals can therefore be best investigated from Fig. HI, 
and it will be observed that by multiplying the stress-numbers 
of this figure by ^ + m, the stresses in the fully-loaded girder 
are obtained. 

Taking two vertical sections through this tigure, one at the 
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first top joint from the left and the other at the second top 
joint and applying the requisite horizontal and vertical forces 
to maintain equilibriam, Fig. 113 is obtained. It will be 
seen that in each section the vertical forces distribute them- 
selves equally between the points of crossing of the diagonals, 
tmd that the total difierence of the vertical forces is equal to 
the total load on the bay. It will further be observed that the 
horizontal forces increase from the ^^ J13 

centre towards the booms, and are 
proportional to their distance from 
the centre. These laws would have 
been even more clearly espressed 
with a trellis girder of sixteen tri- 
angulations. 

The greater the number of tri- 
angnlations, the greater will be the 
analogy between the functions of the 
diagonals and those of the solid web 
of a plate girder. 

The stress-numbers in Figs. Ill 
and 112 can be employed as follows 
to determine the stress in any other 
trellis girder with eight triangu- 
lations, geometrically similar, and 
having a dead load of p kilos, and 
a live load of m kilt^ on the 
upper as well as the lower joints : 

Multiply the streas-nunibav in 
Fig. Ill bij p, and ihose in Fig. 112 
hy m. The sum of the numbers obtained vnll give the stress 
required. 

Or representing by Z, the stress produced by the dead 
load, by Z_ the stress produced by the live load, and by Z the 
total stress: 

As an example take a trellis girder of 64 metres span and 8 
metres depth, the dead load beiugj> = 1500 kilos, and the 
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live load m = 2000 kilos, on each top imd bottom joint; then 
for the sixteentli brueo inclined upirards from right to left, 
tlie abovR equation becomea 

Z = 1500 X 0707 + 2000 x 1 '788 = + 4590 kiloa. 
its tfic maximum stress or greatest tension, and 

Z = IfiOO X 0-707 - 2000 X 1-Ofll = - 1061 kiloa. 

as tho minimum stress or greatest compression. 

In tho same manuor the following stresses are obtained for 
the remaining diagonals inclined upwards from right to left, 
l)fgiiming at the left end of the girder : 



+ 2io;iii. 
+ 1CI75, 
+ nGG7, 



.'+ 



+ ISI73a. + 18562. 
+ ]5027, + 13877, 
-f 10606, + 0516, 

(+ 5569, < 
+ G540, {I '1 



and these stresses multiplied by — 1 will give the stresses in 
the diagonals inclined upwards from left to right. 

Similarly it is found that the difi'erent parts of tlie booms 
are siilijeut to the following stresses, coiiimeneing at the left 
end of tho girder : 

11375, 37G25, G2125. 84S75, 10:iti75, 

i;i5i25. 142C25, 15S375. 17^375, 

184025, 105125. 20;tS75, 210S75, 

216125, 2l'J625, 221375. 

These numbers taken with the positive sign give tlie stresses 
ill kilos, in the lower boom and with tlie negative sign tho^e in 
tlnMipjier boom. 

Agitin if ^ = 125 kilos, and m = 625 kilas. in the girder nf 



111'" 



s[>an. 



the stresses in the diagoDals i 



dined np*> 
right to left, beginning at the left end of the girder. 






+ 2.552, + 2342, + 2132, j "*" ^''^^' 
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and the stressee in the ports of the booms commencing fiom the 
left ate 

!M37-B, 8062-3, 13312(1. iei87'5, 

22687-9, 26812-5, 80562-0. 83937-5. 

86937-5, 395B7-5, 41812-5, 43687'0, 

lSie7-5, 46312-S, 17062-2, 47487-5. 

It will appear by comparing Uieee numbers with thoso 
g^ven in Fig. 108 that the stresses are much altered when the 
live load is applied to the lower as well as to the apper joints 
instead of only to the upper joints. 



- oiuiiliJU-SHAPED (J50WSTRIN0) RoOF OF 2 

Span with a Single System of Diagonals. 
{Roof over Railway Station, Birmingham.) 

' unit of length in Fig. 114 is 16 feet, and the di: 
luist therefore be multiplied by 16 to obtain 
Accordingly the span is 

2 X 6-5 X 16 = 208 feet, 

^lit of the upper bow is 

(1 + 1-6) X 16 = 40 feet, 

t of the lower bow 

1 X 16 = 16 feet,* 

ly the horizontal length of each bay is 

1 X 16 = 16 feet. 

ordinates of the upper bow are everywhere 2 • 
tlie lower bow. 

load on the roof has been taken at 40 lbs. 
horizontal area covered, including snow an( 
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and the corresponding load 
is 

4992 X 40 = 199680 lbs. 

The load on each of the 
thirteen bays is therefore 

^«^«««= 15360 lbs., 



Fig, 114. 



13 



or 




7-5 tons nearly (2000 lbs. 
to the ton). 

The weight of the prin- 
cipal itself deduced from 
the dimensions of its parts 
is very nearly 1*5 ton for 
each bay. 

Half the load on each 
end bay is taken up di- 
rectly by the abutments, 
and each of the twelve 
central joints has 1*5 tons 
permanent and 7*5 tons 
Tariable * load to carry. 

Calculation of the Stresses 

X and Z in the Upper 

and Lower Bows. 

Catting off the part of 
the roof shown in Fig. 115 
by the section line a fi and 
taking moments first about 
M and then about N, the 
following equations are ob- 
tained: 

= X^x 1-205 + Dx 4 

-1-5(1 + 2 + 3) 
-7-6(1 + 2 + 3) 
0= -Z4X 1055 + Dx3 
-1-5(1 + 2) 
-7-5(1 +2). 

• As will be seen in the seqnel, Prof. Bitter nnder- 
standB by the load being variable that any joint or 
joints may be loaded and the rest unloaded. 1Yi^\\. 
will be obeerved, Im not the nsoal English proio^QQ Sa V^ ^^aa^ ^l xwA^,— ^-^assi. 



h 7 M (+( . * - 1) + (li . 4 _ 2> + (H . * - 3> 

- - Z, X 1056 

- 1 .1 I (i^ + • ■ ■ + «) 8 + (H 8 - 1> + <H . 3 - 2) 1 

-7SJ(H-8-»> + («-8-2)) 

10 mombers containing the rariable load, 7*5 tons. 
o and therefore of the same sign hb the memben 
niiaDeot load 1 '5 ton. Hence the stresses X* anc 




when the stmcture is folly loaded. Solving 
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in the original equations, which then become 

= X4 X 1-205 + 54x4-9(1 + 2 + 3) 
= - Z, X 1-055 + 54 X 3 - 9(1 + 2). 

In a similar manner the equations for the remaining parts of the bows are ob- 
tained as gi?en below : 

= X, X 0-847 + 54 X 1 
X, (min.) = - 155-6 tons 

= - Z| X 0-41 + 54 X 1 
Zi (max.) = + 131 -7 tons 

= X, X 0-672 + 54 X 2 - 9 X 1 
X, (min.) = - 147-3 tons 

0= -Z, X 0-415 + 54 X 1 
Z, (max.) = + 180-2 tons 

= X, X 0-963 + 54x8-9 (1 + 2) 
X, (min.) = — 140-2 tons 

= - Z, X 0-767 + 54x2-9x1 
Z, (max.) = + 129*1 tons 

= X» X 1-382 + 54x5-9 (1 + 2 + 3 + 4) 
X, (min.) = - 180-2 tons 

0=-Z5Xl-272 + 54x4-9(l + 2 + 3) 
Z, (max.) = + 127-3 tons 

= X, X 1-481 + 54 X 6 - 9 (1 + 2 + 8 + 4 + 5) 
X« (min.) = - 127-6 tons 

= - Z, X 1-419 + 54x5-9 (1 + 2 + 3 + 4) 
Z« (max.) = + 126-9 tons 

= X, X 1-491 + 54x7-9 (1 + 2 + 3 + 4 + 5 + 6) 
X, (min.) = — 126-7 tons 

= - Z, X 1-491 + 54x6-9 (1 + 2 + 8 + 4 + 5) 
Z, (max.) = + 126-7 

= X, X 1-41 + 54 X 8 - 9 (1 + 2 + ... + 7) 
X, (min.) = — 127-6 tons 

= -Z,x 1-489 + 54x7 -9(1 + 2+... + 6) 
Z, (max.) = + 126-9 

= X, X 1-244 + 54x9-9(1 + 2 +... + 8) 
X, (min.) = — 130-2 tons 

= - Z, X 1-414 + 54 X 8 - 9 (1 + 2 + ... + 7) 
Z, (max.) = + 127-8 tons 

= X,oXl-004 + 54xlO-9(l+2 + ... + 9) 
X„ (min.) = — 184-4 tons 

= - Z,o X 1-265 + 54x9-9 (1+2 + .. . + 8) 
Zi, (max.) = + 128-0 tons 
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= X„ XO-70B + 54 X 11-8(1 + 2 + -..+ 10) 
X„{min.) = - HO-atona 

- -Z„ xl-04C + 5*xlO-9(l +2 + ,.. + 9) 
Z,, (mill.) = + iZS-ltone 



It appears fi'om tbi'se results that tlie greatest streeees in 
the Hyranietrically piacLti parts of the bow are equaL Now as 
tlie only difference between the corresponding bays oa each 

side of the ceutre is in Ihe direction of t!ie diiignnnl, it folioivn 
that the greatest stresses iu the bows are indepeiKient of the 
position of the diagonals. It therefore makes no difference in 
the results if the point ronnd which moment.? are taken is at 
the right or left angle of the hay ; that is, wliether the point I ie« 
in the diagonal or not. But this cannot ix^ the case unless the 
stress in the diagonal is nothing. From tlii.'? it follows that 
the diagonals have no stress in them when the roof is fully 
loaded. 

This property of bowstring roofs will he fnrther discussed 
in the " Theory of bowstring trusses." 



Citlciilation ofllm S/ress Y in the Diagonnh. 

To determine the stress V, take moments ahoiit for \\\<- 
part of the roof given in Fig. llfj. O U (he jioint of inter- 
section of X, and Z,, and it is found by construction that its 
distance to the left of A is 2, and that tlie lover arm of V, is 
-l'C8. Hence the equation, 

= Y, X 4-CS-Dx 2+ l-.T j(3 + 2) + (2-f 2) + (l + 2)[ 
+ 7-5J(3 + 2) + (2 + 2> + (l + 2)( . 
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substituting for D its value 

and arranging the equation so as to be able to observe the 
effect of the variable load, 

= Y4 X 4 • 68 + 1 • 5 I p + 2 (1 - «)] + [2 + 2 a - «)] 
+ [1 + 2(1-«)]-(t1,i + A + -.. + A)21 
+ 7-5{[S + 2(l-«)] + [2 + 2(l-H)] + P+2(l-«)]l 

which simplifies to the following : 

= y,x4-68-l-5[(A + ... + A)2-(3 + 2 + l)(l+A)] . 
-7-5(A+... + tV)2 + 7-5(3 + 2 + 1)(1 + ^V)- 

On calculation it appears that the co-efficient of 1 ' 5 is zero, 
thus confirming the result obtained above, by means of the 
greatest stresses in the booms, that a uniformly distributed 




load, such as the weight of the principal itself, produces no 
stress in the diagonals. The last equation can therefore be 
written in the simpler form : 

= y,x4-68-7-5(A + ...A)2 + 7-5(8 + 2 + l)(l+A). 

Leaving out first the positive then the negative members 
containing 7*5 tons. 



Y /(max.) = + 11-1 
* iCmin.) =-111 
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tons. 
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= - y, K 714- 7-6 (A + .. . + A) 18 

-7-5(8 + ... + l)a5-l) 

Y ( (max.) = + 14*6 tons 
* l(imn.) s -14*6 tons 

= -Y„x3fi8 + 7-5(Ti, + A + A)15 

-7-5(9 + . .. + 1)(«-1) 

Y / (max.) = + 14*1 tons 
"\(miiL) = -Ultoiis 

= - Y„ X 1-82 + 7-5 (tJ, + A) 13-75 

-7-6(10 + . .. + l)(i^^l) 

Y I (max.) s + 13*0 tons 
"\(mm.) = — 18-0 tons 

= - Y„ X 0-65 + 7-5 X T»j X 13-2 

-7-6(ll + ... + l)(if^-l) 



Y f (max.) = + 11*6 tons 
" \(min.) = -11*6 tons 



Caleuiation of the Stresses V in the Vertieds. 

To find Yi take moments for the part of the roof shown in 
Fig. IIT, round the p(»nt of intersection of Xi and Zf By 

Fio. 117. Fio. 118. 





^M 0.94 



constmction it is found that this point is at a horizontal distance 
of 0' 1 to the right of A. Hence the equation of moments is : 

0= -V, xO*9 + D xoi, 
or substituting for D and arranging the equation, 

= - V, X 0*9 + 1*5 (tJj + A + . . . + «)0-l 
+ 7-5(A + A + -.. + «)01. 

The co-efficient of 7 *5 is positive, and therefore Vi is greatest 
when the variable load covers the roofl Solving the equation 

Vi (max.) = + 6 tons. 

The stress V, is to be found from Fig. 118. The point of 



IS 



e again the co-eflScient of 7 '5 is positive, and th 
therefore be solved as it stands, whence, 

y,(max.) = + 6 toDB. 

For the next vertical, V,, the point about whicl 
nents falls to the left of A, and the equation con 
r8 its form to a slight extent 
The equation of moments round in Fig. 119 is 

= - V, X 3-214 - D X 0-214 + 1'5(1'214 + 2214) 

+ 7-5(1-214 + 2-214), 

substituting for D and arranging the equation 

= - V, X 8-214 - 1-5 [(A + ... + «)0-214 - (2 + l)(l + 
-7-5(t^+... + 44)0-214 + 7-6(2 + 1)(1+!L^). 

Fio. 119. 
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The valueB obtained are 



Y |(max.) = + 8*1 ton8. 
«\(miiL) = -l-ltaiuu 



V, = + 6 tonB. 



Sfanilarly the fbUowing equations are obtained : 

0=-V4x4-91-1-5[(tV + ... + A)0-91-(8 + 2 + 1)(1+!21)] 

-7-5(tV + ...+A)0-91+7-6(8 + 2 + 1)(1+^)J. 

y /(max.)= + lO-Stone. y ^ g^^ 

♦l(muL)=- 8-8 tone. * 

= -V. X 7-5 - 1-5 [(tV +... + A)2-5 - (4 + ... + l)(l + *^] 

-"7-5(i + ... + A)2-5 + 7-5(4 + ... + l)(l + «^*)]. 

y /(max.) = + 12-9 tone. v. = +6tonB. 

'l(min.)= -5*9 tone. * 

0=-V.xl2-6-l-5[(A + ... + A)6-6-(5 + ... + l)(l+iJ)] 

- 7-5(^ + ... + i)6-6 + 7-5(5 + ... + l)(l+^')]. 

y /(max.) = + 14-5tone. y . g^^ 

•l(min.)= -7-5 tone. • ^'*'*™ 

0=-V, x81-5-1-5[(tJ, + .., + A)24-5-(6 + ... + 1)(1+^)] 

- 7-5(^ + ... + A) 24-5 + 7-5(6 + ... + l)(l+^)]. 



tone. 



y f(inax.) = + 15-4 ton 
' Umin.) = — 8-4 tone. 



Vy= +6tone. 



In the remaming bays the point about whioh moments are taken is to 
the right of the section line, and the signs of the equations are consequently 
changed. 



= V. X 60 + 1-5[(A + ... + tV)68 - (7 + . .. + 1)(« - 1)] 
+ 7-5(A + ... +A)68 - 7-5(7 + ... + 1)(» - 1). 

/(max.) = + 15-8tomi. y ^ ^^^ 

• \(min.) = - 8-8 tons. * 

= V, X 18 • 5 + 1 • 5 [( A + . . . + A) 22 • 5 - (8 + . . . + 1) (^ - 1)] 
+ 7-5(A + ... + A) 22-5- 7-5(8 + ... + l)(^-l). 

/(max.) = + IS-etons. y. = + 6tons. 

• \(min.) = - 8-6 tons. ' 

= V,oX 6-43 + 1-5 [CA+A + A) 16-48- (9 + ...+ l)(!i^-l)] 

+ 7-5(A + A + A) 16-43- 7-5(9 + .. . + l)(i^-l)]. 

y /(max.) = + 14-8tons. y ^ ^ ^^^ 

^"\(min.)=- 7-8 tons. " ^'''"'^ 

= V„x3-3 + l-5[(A + A)14-3-(10 + ... + l)(l|2-l)] 
+ 7-5(A + A)M-8-7-5aO + ... + l)(^-l). 



BRID0B8 &N1) noOPS. 



v„ = 



"Umm.)= -6-BtoiiB. 
U = V|, X 1-383+ i-5[i>,X 13-385 -(11 + ...+ 1) (!i^ - l)] 
+ 7-5 x,'s X 13'385-7'5tll + ... + l)(l^- l). 

It Kos recommended in § 12 to ftssame that both the pep* I 
manent and variable loada were applied to the Bame joints, aud J 
tliifl Hssumjition was made posBible by the introduction otM 
secondary verticals, wboae object was to conrey to the supposed! 
loaded joints the part of the pernianent load belonging to thai 
other joints. In the present case it was supposed that the whole f 
of the weight of the principal was applied to the top joints.! 
Now in reality, Ihif* load is distribntt'd between the upporv 
and lower joints, hut the upper joints have the greater propol^<fl 
tion to bear, and only about one-third or 0'5 ton of the'l 
perniauent load on uauh bay tails directly on each lower joiuLl 
The secondary vertiual introduced to transmit this load to the 
upper joints is therefore a tie, and the tension in it is ' 5 ton, 
and this stress must le added to the stresses in the verticals 
previously found. 



CCUl 


■atu valued of tbe stress 


. in llic vcrticala 


V, 


(mai.) = + C'dtoiia. 




\i 


(lUttx.J^ +G-.1toua. 




V, 


f(iimx.) = +8'GtoiiH. 
l(min.)= -O'GWua. 


V, = + a- 


V, 


l(niiu.) = -S'^loiia. 


V. - + 0- 



' Umm.) 


= + 15- 9 ton- 
= -70t<jus. 




= +ie-3loni 
= -8'3toD<.. 


■((lltiD.) 


= +lti'l(„U^ 

= - a-1 totiu. 


,„}^"'^^^ 


= +l5-:i 1.111. 
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The whole of the resolts are given 
in Fig. 120. 



§ 16. — Debived Foekb. 

The above calctJationB show that 
the diagonals of a double bowstring 
roof poaeeasing only one single system 
of diagonals are subject both to tension 
and oompression. On ezanuning the 
equation of momenta for the etress in a 
diagonal it will be seen that the mazi- 
qinm strees in it is reached when all the 
joints to the right, and the minimum ^j 
when all the joints to, the left of it, are W 
loaded. 

If the diagraiats were inclined up- ^- 
wards from left to right, the reverse 7 
would obviously be the case, and the 
stresses that then obtain can easily be ^ 
found by looking at Fig. 120 as it 
were from behind ; or, what amounts to 
the same thing, the stress in a diagonal 
inclined upwards &om left to right can 
be fotmd from that in the diagonal situ- 
ated in the symmetrically placed bay 
and inclined upwards from right to left 

If in any bay the diagonal inclined 
to the left can only take up tension, a 
second diagonal of like properties in- 
clined to the right must be introduced, 
and it will come into play only when 
the first one is slack, and vice verad. 
The stresses in these diagonals can be 
obtained from Fig. 120 ; the maximum 
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stress in the diagonal inclined to the left can be found directly, 
anil the inasimnni strLBs in the diagonal inclined to the right 
will be the same as tlitit in the diagonal of the symmetrically 
plai'ed liay. 

Bcfoto the stresses in the yerticals of a roof with crossed 
iliaguntils can bo deferiiiined, it is neccBsary to ascertain which 
of the diagonals is in tension under the partial loading, for the 
section line must be piiriillel to the diagonal which is in tension 
in order to cut through only three bars. When the roof Je fully 
loaded, tht! stress in ull the diagonals is zero, and at the same 
time the stress in the lnwer boom is greatest. The tension ia 
the verticals will then also be greatest. 
For beaidea the permanent load p 
(Fig. 121) the stresses Z and Z' are the 
only forces that can produce tension 
in the vertical. The stresses Y and 

-z Y' in the diagonals, wheu they exist, 

J]i ■' produce on the contrary compression, 

for the resolved jmrts vertically of 
the stresses in tliem act upwards. But with a full load Z 
and Z' arc greatest, and Y and Y' are nothing, and therefore 
tlio tension in the verticals is greatest under these circum- 
stances. 

The above appears even more clearly by observing the 
effect produced by unloading one of the joints wlien tlie full 
load is applied. Unloading a joint can be considered as the 
application of a vertical force acting upwards ; and since tlie 
diagonals are under no stress wheu the structure is not loaded 
at all, as well as when it is fully loaded, it follows that it is 
only necessary to investigate the effect of a vertical force acting 
U[)wards on the unloaded and weightless structure as re[)resented 
in Fig. 122. Tlie vertical force K produces the reactions I> and 
W at the abutments A and B, and for simplicity ouly those 
diagonals have been shown which are brought into tension by 
this force. To find which of the diagonals in any bay is in 
tension, take a section through this bay, and form tlie equation 
of moments for the part (Fig. 123) which does not contain K, 
round 0, the point of intersection of tlie directions of the 
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booms. It is then easy to see which of the, diagonals mnst be 
acting to maintain equilibrimn. For instance, in the fourth 
bay it is the diagonal inclined to the right, for the equation of 
moments is (Fig. 123) 

= DcI-Yy or Y = +— • 

y 
The stress Y is therefore positive, or the diagonal is in tension 

Fia. 122. 






Fio. 123. 




(the equation for the other diagonal would give a negative stress 
or compression). 

As soon as it has been determine]^ by this means which of 
the diagonals are in tension it can be decided by a similar 
process whether any particular vertical is in tension or compres- 
sion. Thus, for instance, for the third vertical (Fig. 124) 
the equation of moments is 

from which a negative value is obtained for Y, showing that it 
is in compression. 

A different process must» however, be employed for the 



s the parts of the bow acting on the foot of th* 
tion (Fig. 122) being in compression will pi 



siun in it. 



Fig. 124. 




J. 




is thus seen that unloading any joint diminishe 
the yerticalsy from which it follows that the ten 
als will be greatest when all the joints are load 
now remains to be decided what joints shoi 
1 in order that the stress in any vertical 
mm. Take, for instance, the ninth vertical ; it 
inloading the eighth joint will diminish the si 



Fia 126. 
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system of diagonals into tension in the two bays adjacent to 
tiie ninth vertical (Fig. 126). Bat if the unloading were 
still farther continaed the compression in the ninth vertical 
would be diminished. For since in the two adjacent bays 
to this vertical the same set of diagonals is in tension (the 
system inclined to the left), the equation already found for 
Yt (min.) holds good, and this equation shows that the com- 
pression is diminished by unloading the ninth, tenth, eleventh, 
and twelfth joints. Hence the value of Y^ (min.) found above 
is also true if the diagonals are crossed. There is, however, a 
second minimum value of Y^ ; for it can be shown in a similar 
manner to the above that the stress in ¥9 is a minimum when 
the joints 10, 11, and 12 are unloaded and the remainder loaded 
(Fig. 127). Evidently in this case the ninth vertical is in the 
same condition as the fourth vertical in Fig. 120, and therefore 
the value of ¥4 (min.) obtains. Hence to find the greatest 

Fig. 127. 
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compression in any vertical the values of the two minima must 
be compared and the one whose absolute value is greatest 
taken. 

As regards the stresses in the bows, they are greatest when 
the roof is fully loaded, and consequently when the stress 
in the diagonals is nothing ; the arrangement of the diagonals 
can therefore produce no alteration in the stresses in the 
bows. 

Thus without any new calculations the stresses already 
found can be inscribed in Fig. 128, showing a bowstring roof 
with crossed diagonal ties. 

By similar reasoning it is easy to prove that in the case of 
crossed diagonal struts which are not capable of taking up 
tension (this is the case in wooden structures) only the maxima 
values of the stress in the verticals apply, and that in fact 
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compresBion cannot occur in the verticals owing to the com- 
pression in the diaguiials. Th« etresses given in Fig. 129 
roquire, tliercfore, no further comment. 

It must however be observed, and this does not only apply 
to this case but also to wherever crossed diagonals exist, that 
the stresses found above are only true if no artificial stresses 
exist in the bars. Sncii artificial stresses cannot occur in single 
diagonal systems, for iu this case every bar can be reached by a 
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section line cuttin;^ through only three bars. Thus if no 
exterior forces are acting on the system, the equation of 
uiomeiits for any bar, whose stress is Y, about the ixiint of 
interscctioii of the other two bars included in the section is 



But if two diagonals cross each other in a quadrilateral the 
section line must cut through four bars, luitl the stresses in tho 
two diagouals tend to turn the part cut oil" in opjiositc direc- 
tions round the point of intersection of the other two bars. 
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From Fig. 130 the equation of moments is 
which implies the condition 

Y y' 

but the absolnte yalnes of Y and Y' are indeterminate. 

Therefore, if by means of set screws or otherwise an 
artificial stress Y is set up in one diagonal, the stress in the 
other will immediately change, in the above proportion, to 
Y'. This will alter the stresses in the verticals and parts of 

Fig. ISO. 




\ ./' 



the bow in the same bay, and they can easily be found by the 
method of moments as soon as Y is known and Y' determined. 

The stresses given above are therefore only tme if^ when 
the structure is unloaded, all the bars are without stress. 
Then only one of the diagonals (either a tie or a strut) will be 
acting at any time, but if artificial stresses are introduced it 
might happen that both diagonals would be acting at the same 
time. 



§ 17. — ^Afpabent Failures of the Method of 

Moments. 

There are cases in the employment of this method, and some 
have occurred in the last example, in which it would appear 
that although a result is obtained it can only be approximate. 
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In every caso tho point aboat which moment.^ are taken is 
the intersection of two of the bars cut through by the section 
line. When these burs arc nearly parallel the accurate deter- 
mination of this point and the measnrement of the lever anna 
is connected with difliciilties. In all probability two distinct 
compntors would arrive at different reBiilta. 

Tiiis would seem to be a great disadvantage of tho method. 
But on further consideration it will appear that it is possible on 
the coTitrary to derive seme nae from the circumstance. 

It is clear that limits to the error can be obtained by first 
intentionally giving thr lines too great and secondly too small a 
ciinvergence (Fig. 131), and calculating in each case the stresB. 
Thus two values are obtained, and evidently tho true value 




^Y 



lies between them. By romparing these values with thu 
intentionally committed errors it is possible to ascertain to what 
degree tho stresses will be altered by small errors in the 
carrying out of the work. 

For the uncertainty apparent on the drawing is in 
reality a representation of wiiat actually oecurs by errors in 
the construction. As the workman deviates in one direction 
or the other from the working drawings, so the stresses 
will approach one or the other limit. Therefore it is possible 
to ascertain the alterations produced in the stresses owing to 
inaccuracies in the carrying out of tho design. 

A second objection, even less foundecl than the former, is 
that the metIio<l does not depend entirely on calculation, but 
must obtain sonic of its ihita l.iy gntphie mciin.-; But Ciilcula- 
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tiona shoold only be made when they arriYe qoicker at the 
resalt tbao other methods. If, Uierefore, the graphic method 
is shorter than calcnlation it shoold be adopted, especially 
as there ie leee liability to error in laeasariDg than in calca- 
IstiDg. 

§ 18. — Theobt 01 Sickle-shaped Teosses. 

It will be noticed that in the preceding numerical example 
the stresses were obtained without knowing anything of the laws 
respecting the distribution of the Btresses in the Btructure. If, 
however, it were required to determine the form of the structure, 
it wonld be necessary to be acquainted with these laws. For 
this reason it is proposed to extend the " Theory of Parabolic 
TruBsee," commenced in § 8. 

In that paragraph the equilibrium of a loaded chain was 
considered (Fig. 42). If this chain be imagined to rotate through 
two right angles about the horizontal axis A B, the vertical 
Fia. 132. 




forces will be reversed in directioa and Fig. 182 obtained. The 
chain can be c(mddered as negatively loaded, and evidently the 
equation obtained for Fig. 42 remuns trae, namely : 



H/: 



-Pi. 



Similarly for another parabolic chain (Fig. 133) loaded with a 
poaitiTe load P per onit of length of the span, the equation 



holds good, and evidently the load P can be so chosen that the 
horiso&tal throst H will be tbe same aa the horizontal poll H 



If both these chains are placed on the same a 
ig. 134) the reaction will be entirely vertical, for 



Fio. 133. 




Fio. 134. 
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pnUing upwards, the tension in them being equal to p per'nnit 
of length of span. 

In the same manner part of the positive load on the apper 
chain caB be prodnoed by means of ties palling doviiward& If 
this part of the load be eqoal to the negative load on the lover 
chain, namelyp per unit of length of the span, there will still he 
a load P — p on the upper chain, which will be designated by 
h and which can be applied by external loads (Fig. 135) ; if the 




tiea of the npper and lower chainfi be considered joined together, 
the load p can be omitted, for its effect is exactly reprodaced 
by these vertical ties. A double bowstring truss without 
diagonals has thus been built np, carrying a load on the top 
equal to k per unit of length of the span. 

The streases in both bows as well as in the verticals can be 




calcalated from the magnitudes l,f, F, h. For simplicity there 
is a vertical to every unit of length of the span (Fig. 136), and 
this is quite legitimate, for it was shown in § 8 that the load 
conld be concentrated at points, and so Itmg as the load at 
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each point was equal to half the uniform load on the adjoimng 1 

iutL-rviils thoMO points remained on the parabola, 
1' atid -p can be found from the equations ; 

riittiiig j-, = - and reducing, 



'J'liu load h produces therefore a tendon r 



lu thu preceding numerical example 



IJeiifL' the tension iu llie verticals (or the negative load on the 
lower bow) is in this case 



and the load on the upper how is 

Thus, if the external load on each top joint is 7 '5 tons, the 
tension in each vertical will be ^ x 7"5 = 5 tons, and the up[KT 
bow is in the same condition as if loaded with 5 x 7'5 - \2'b 
tons at each joint. 

Tho load of I ■ 5 tons on each top joint due to the weight of 
the truss itself produces a tension in tlie verticals = ^ x 1.5 = 
1 ton, and the positive load on the upper bow is 3 X 1 "5 = 
2-5 tons. 

Lastly, if 7*5 + 1*5 =9 tons is the total load on each top 
joint, the negative load per unit of length of span on the lower 
bow is 6 tons, the positi^'e load on the upper how is 15 tons, and 
tho tension in each vertical is 6 tons. 

If, however, part of the load is npphed at tho lower joints it 
must be conveyed by secondary verticals to the top joints, and 
tlie tension in these secondary verticals is to be added to that 
in the main verticals. For instance, in the preceding example 
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0*5 ton of the weight of the truss w&s considered as aotiDg on 
the lower joints ; ' 5 ton must therefore be added to the 6 tons 
tension foond above, and ttiis coincides exactly with the valae 
obtained by the method of moments. The negative load 
on the lower bow remains the same as before, namely 6 tons, 
for the tension in the secondary verticals evidently does not 
affect it. 

The constant horizontal stress in the bows is : 

which is tension in the lower bow and compression in the upper 
bow. This is the same value that was obtained by the method 
of moments (Z, = + 126-7 tons, and X, = - 126*7 tons). 

If-= 0, it follows that f= and P = *; that is^ if the lower 

bow becomes a horizontal straight line the loading of the apper 
bow produces no tension in the verticals. 

Further, if - becomes negative p also becomes negative ; that 

is, the loading of tlie upper bow produces compression in the 
verticals. For instance, if 



In this case, therefore, one half of the load placed on the 
top is transferred to the bottom bow (Fig. 137). 




Generally, the above equations, jec, are true for a negative 
9 well as for a positive value of/ 

In aU caaes, therefore, when ihs load is unilormly distributed 



lOO 
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over the span the verticals alone are capable of maintaining 
equilibrium. It is only when the load is uneTenly distributed 
that there is auy tendoney to deformation, and this is met by 

the introduction of diagonals. 



» in tlie diogODola of a double iMwatiing tnin 
ind Is BLppcndcd here fbr thowi readers nbo are 



Tlie law upon which tlio 
deptad can nisu bo fauiid. n 
Hcqitainti'd with the Cnlouhis 

Tho di4*gniialB togelhur witli the verticals make the trum porfectlj rigid, nnd it 
tljercfoFD bchavQS lowarda external forces ill 
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:, from the riplit abutiueut (Fig. 138) a 
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ran lie inkTBCoted, iiud tlie liorizoiit^d forec.i rniijl the 

I-oiDts. The value of A enn lie found by (iiktu)- hiotiii n 

= V(/-J-)-".ML + A.>I 

If, ]ia liefore, llic bnighls of tile ore of the paraboLis 

the equations to these curves are, 

Y _ .!■' _ !i 

V ~ P~Y 

Kreai ivhich the folLiviiig valuvs for M L und N 1. s 
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ML = r-Y.F(l-J), 
,KI. = /-»=/(l-J). 

Snbatitnting theae, oi well as the valoe foimd above tor T, io the eqnBiliuu of 

°-«f,<'-"-"('-?)+»/('-fl- 

-whence 

And difEbraitlatiiig with regpeet to x, 



di 2{F-/)(l + x)> 
This differentiBl eqnstion giTea the rate of mcreMe of A for an inoreaM of the 
abscuaa x, that is when the point H aovea towards the left. 

The abwlnle Talne of \ will OTideDtly bo greateat when the whole of the bow 

bom B to H ie loaded with weights Q. fieplaciug Q b; idi and wtitiiig -r— 
for — acoonhng to the previoui notation used for a diatribated load : 



2(F 



_*i r;'v 



rfH_ kl 

•'■dx --4(P-/)' 

If the loading were contlnaed to the left of the pobt H, this negative 
Talneof -r— WQaldapproiichO,ai)dtDprofethiBitiaoiil;Deoeasar7 toaacertain 
as before the effect of a single load placed to the kft of H, at a distance t from 
the abutment A. 

It is then found that all snoh loads make -;— pDsitiTe, and therefore — ~ is 
greatest when erei; point &om A to H is loaded. The eqnatiana thns obtained 

(l=-Q^(l+») + ir(i-5)-»/(l-5) 
Qi» Ah Qi» 
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t1 c<]iintiou for - — con thatefon be pnt in the form : 



Thi'i^r' ri'siiItH mil Ijcemnloved intbe bIlo«iDgauiuumtodetormmethostn»seB 
iu tbH didgonnls. 

It will be remcmtiRTHl tliiiltliQ seotion ItueMN wm taken indefioitelj n 
a vorticml, Tliu paiut wliprc tlie diB^onal ia cut will thsrcrore be at the inter- 
HPctinn witli nne nC iliQ bootuit, for Inltance, the lower odd (Fig. 140), The thrc« 
forcpfl H, V, H riistributo theuiBulTea aa followa: at tlio point of iutorseotioQ M 
tlio inrce U JB n[iplied togolher with umaohof the vertical foreo Vat 
tn produce a leetiltact in tl^o ilireoiion of the bow ; at the poiul of inlenectioii 



MM 




a with tho 'lingnnnl ix pnrt of the borizonlal force H, nnd as luiich of the vprtical 
fomi V as is necesanry to give n rpsulbint in the ilJTction of the (li:i;^n] : itnd 
InsUy at tlie (mint of interBoction N with llic lower bow llio temftinder of H. nnd 
as inilcli of the vertical force V ns is nccesanrj to produce a rcflnlloDt hi tlie 
direction of tlio lower bow. 

IIimI the aection been token at n distance d t fnrtlicr to tlic left, II ^iiii V would 
liBve Im^n replnceJ by 



II J- 



ni 



d V + 
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If both aeotionB be taken simultaneoiiBly (Fig. 141) and the foices acting on 
the part of the stroctme thns cut out be oonsideTed it will be obaerred that the 

excess -j— ,dx of the horizontal foroes is the force that tends to move the upper 
ax 

bow to the right and the lower bow to the left 

If the breadth of the piece cut out be taken equal to the small quantity \ 

(instead of the indefinitely small quantity dx) — — . x will still very nearly re- 
ax 

present the distorting force, or substituting for -j- the value found above it will 

dx 

be very nearly equal to 



kl 



4(F-/) 



.\ 



when a maximum or a minimum respectively. 

This force distributes itself on the apices of the triangles formed by the 
diagonals and verticals, and acts towards the left or towards the right according 
to the position of the load. 

Fio. 143. 
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\i(F-/)cos X 




^..X 



4r/:/^ 




If X is the length of one bay, the distorting force is applied to one apex only 
and can be resolved into two components, one along the diagonal and tiie other 
along the vertical (Fig. 143). 

The component along the diagonal is 



T (max. or min.) = ± 



kl 



4(F-/) COS a 



or since — = tf, the length of the diagonal, 
cosa 



Y (max. or min.) = db 



kl 



4(F-/) 



.(f. 



Therefore to find the greatest stress in any diagonal it is only necessary to 

multiply its length by db .-75 — rr • 

4Qjr— /) 

For instance in the case of the roof calculated in § 15, 



kl 



7-5 X 6-5 



*(F-/) 4(2-6-1) 



= 8125. 
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T1; mtOGiirinc tlie lengths 'f„ d, . . . d,, of the diagonolB and inultiplftng hj 

i- lan Ulc fullnwins Ubli! is obtained: 



CnTniiaring Ibceo vniuea willi Chose give 
lifri'ri'ii''on tire very Riniill. 

Thii above law can be applied to the c{ 
-/for/; 
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= 8-126 xl-018 = 8-3 
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= 8-125x1 


1-163 = 9-5 


Y, 


= 8125x1 


-3S1 = 11-1 
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i-53 = 12-G 
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= 8-123 X 1 


1-7 = 13-8 


Y, 


= 8128x1 


i-8 = »-e 
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= 8125x 


1-835 = l*-9 
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= 8-125 X 


1-815 = 14-7 


Y, 


, = B125x 


1-735 = 14-1 


Y, 


, = 8-125 X 


1-605= 13-0 


Y, 


, = 8-125 X 


1-426 = lI-6, 



in Fig. 120 it will be seen that tha 
I of SBb-bellied E^iden, hj trriting 



•IB 



iai c, 



tl 



■*(«■+/)■ 

wbcn llio lower or Ihe iip]>or bow become 



It ia also truu in 
^llai^bl : in tlio first case / = nini in the second F = 0, or y-^ = --' 

Inwcr b'lw ia stmigbt, and '-7- = 77 "''*° *''^ "PP'-'^ '^" ''" "^"^'S^^- 



,111 



d, = 2-183 





2SI)0 X 8 








4x2 


^ 250('. 




•'-. 


.of the dial 


Lfonaia : 




y.. 


. = 2.-.00 X 


2-r. = 0; 


;no 


Vj 


, t: -J.IIW X 


2-741 = 


i*,-.(i 
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, ^ 2i(H) X 


2 -82.^ = 


7070 
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, = 2:100 X 


2-7JI = 


CHJO 


Y, 


, = 2500 X 


2-5 = 6250 


Y, 


. =2500X 


218:i = 


51611 



Those atrf«9i-a njirt* ulmost exnetly wilh those given in Fig. 27. 

It is l)0;'sible In iTivoatif^ttte a aiiuiliir liiw for tlie atrease.-* in the Tertienls, bnt 
on iieeonnt of tlieir double fuiu^tion, tiral as braces nncl seiwiidly as stniU or ties 
to ciiiivcy the loiid friini one jnizit lo anothir, this law ia very compliaufiJ nnrl 
eonBequontly ununited tu practical |>urj)OB('8. Nor would tlie resullB agree with 
those obtaiuBl by the method of moan.uts as well ns in the case of tlie diagonals. 
For these gelienil laws are l>a«.d upon the supposition that the moving load 
progreaaea gradually, whereas when using llio mcOiod of momenta it is oonsidcnsl 
that Ihn moving load ailvancea by jiinipa from one joint In tlie next. It is there- 
fnte lietter in all eases to employ the methud of niomenti to caleulalc the stnssscs 
in th.- ¥iTlT.-nls. 
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FIFTH CHAPTER. 

§ 19.— Cantilbveb Roof with Stay, Span 6 Metbes. 

The load, including snow and wind, is assumed to be 200 
kilos, per square metre of horizontal area, covered. The dis- 
tance apart of the principals is 4 metres. The load on each 
principal is therefore 

6 X 4 X 200 = 4800 kilos. 

and the load on each of the 6 bays is 800 kilos. ; of the 7 
joints, the first and the last have 400 kilos, to support, and 

Fig. 144. 




the remaining five 800 kilos. (Fig. 144). The weight of the 
truss itself being small, the whole of this load may be taken 
as a variable load.* 



CcUeulation of the Stress H in the Horizontal Bars. 

The reactions W and P produced at the two points of 
support A and C by a load Q are shown in Fig. 145. To 
find the stress H in the bar M N, due to this load, the 
equation of momeuts about the point O, for the part of 

* As will be seen in the seqnel, Prof. Bitter understands by the load being 
variable that any joint or joints may be loaded and the rest unloaded. This, it 
will be obsenred, ib not the usual English practice in the case of roofs.— Tbavs. 
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thn roof given in Fi^. 1-1(3, would Lave to be formed. But the 
position of Q hua been so cbofien that the resultant of Q and P 
pusses tliroiigli O, and fimaeqnently H = o. It will also easily 
be soen that all loads to the left of Q produce negative streBses, 
and all loads to tlie right of Q positive stresscB, in the bar 
M N. llcncc, when 11 is a minimum, the part of the roof over 




which " Ooiiiprof^sion " is written in Fig. U5 will lie loaded, 
and the remainder unloaded ; and when H is a niaximuni, the 
loads will extend over the part marked " Tension." 




The Sitmc result can be arrived at, however, by forming the 
equation of moments, whon all the joints are loaded, and arrang- 
ing this equation so that the efi'ect of every load can be seen. 

When Q (distant 4 metres from the wall) is the only 
load en the roof, a stres-s P is prodnced in the rod R (', 
whose vertical component is j Q (Fig. 147); for the equation 
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of moments about A shows that the vertical component of P 
acts in the same manner as the reaction of the point of sup- 
port B wonld if A B were a girder resting on two supports, 
A and B. Since ABistoACas GtoS^it follows that the 
horizontal component of F is always twice as great as the 
vertical component, and is in this case therefore equal to ? Q. 
Thus, the equation of moments to find H3 is (Fig. 148) — 



or 



0=-H,x|-Qx2 + |Qx4-|Qx4, 



H,x4 = -Q{2-|.4 + |.|}. 



Fio. 14S. 




The increment to the stress H3 produced by Q is there- 
fore composed of three parts. The first is the direct influence 
of the load, and the other 
two the indirect effect pro- 
duced by the reactions. 

If Q, however, were situ- 
ated to the right of the sec- 
tion line, the increment to 
the stress would be com- 
posed of two terms only, 

both the indirect effect of the reactions. For instance, the 
increment to the stress H3, produced by a load Q, 2 metres 
from the wall, is to be found from the equation 

0= -H,x4 + iQx4-4Qx», 
or 

H,x| = Q {i.4-i.|j. 

Thus the equation to find H3, when all the joints are loaded, is 
H, X 4 = 800 (i . 4 - i . 4) + 800 (i . 4 - 1 . 1) 

+ 800(4.4-l.#-l)-800(2-#.4 + 4.|) 
+ 800 (3 - J . 4 + 4 . 4) - 400 (4 - 1 . 4 + 2 . 4). 

Omitting the negative members from the right-hand side of 
the equation, 

H, (max.) =: + 2000 kUofl. ; 

and leaving out the positive members, 

H,(mixi.)= -2000 kilos. 



nniDOES AND ROOFS. 
ing tijuatioiis (or tfao Temunlng lioriiODbJ ban &re obbiincd 

1 = - wio (1 -i. 6 + 4- 1) -800 (2 -^.6 + ^.1) 

- mi (3 - ; . 6 + 1 . 1) - 800 (4 - 4 . « + 4 . 1) 

- 800 (5 - 5 . (i + 4 . 1) - 400 (6 - 1 . 8 + 2 . 1) 

a, (mm.) = 0, H, (tnin.) = - 4800 kUoB. 

,1 = 800 Ci . 5 - i . J) + 800 (i . S - 1 , 1 - I) 

- Hint (a - i , 5 + 1 . 1) - 800 {.1 - I . 5 + 4 . 1) 

- NOU (J - J . .'i + I . I) - 400 (5 - 1 . B + a . J) 

H, (inni.) = + 640 kilos.. H, (inin.) = - 3010 kUna. 

; = HOO (i . 3 - i . i) + 800 (1 . 3 - i . i) 
+ 800 (1 . 3 - 1 . U + 8O0 (( . 3 - I , t - 1> 

- son (2 - J . 3 + 1 . 1) - 400 (3 - 1 . 8 + 2 . J> 

B, (mns ) = + 3783 kilosT H^ (mio.) = — 1S33 kilos. 

i = 800 (J , 2 - i . 4) + 8C0 (1 . 2 - S . i) 
+ 800 (,'. . 2 - 1 . « + SOO (J . 2 - J . i) 
+ 8U0 (,' . 2 — J . i — 1) — 400 {2 — 1 . 2 + B . i> 

Hj (mns.) = + 5600 kilos., H, (miii.) = - 800 kQoa. 

J = fiOO (i . I - i . ■> + ^00 (1 . 1 - S . J) 
+ 800 (i , 1 ~ I . ;> + woo (= , I - • . i) 

+ SOO {= . 1 - ^ i) - 4110 (1 - 1 , 1 + 2 . ,;) 

ir,. (mta.) - + 8000 kiliw., II, (min.) ^ - SOO kilos. 



For all the remaiuiiiir bars tiie turning point lies in tlie Hue 
A B; and since the resultant \V, of any load Q and the ten- 
sion P produced by it in B C, always [lasses through A, it 
follows that the preatest strifss in all the remaining bars 
occurs when every joint is loadcil. 

Tins total loail of 4S00 Idles, can be oonsidcr.-d tfl aet at the 
centre of A 1!, and the vortical comiMinent of 1' will then be 
i . 4800 = 2100 kilos. The horizontal component of P is twice 
as great, or 4S00 kilos. Conscfineiitly, 

1' = ^-Jiiiii- + i¥ito- = .w;; kilos,, 

and this is the greatest tension in B C. From l''igs. ]4!l mid 
ITiQ the lever-arm of the stress Xj, with rcspoi't to tlie point 
M, is 
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The equation of moments to determine X, is therefore (Fig. 
150) 

= X, X 0-4932 + 2400 x8-800(0 + l + 2 + f), 



or 



!- ■• 



X, = - 7209 kaos. 
Fig. 149. 




Similarly, 

= X, X 0-822 + 2400 x5-800{l + 2 + 3 + 4 + |} 
X, = - 2433 Mloa. 

= X, X 0-6576 + 2400 x4-800{l + 2 + 3 + |} 
X, = - 4866 kiloB. 

= X, X 0-3288 + 2400 X 2 - 800 (1 + |) 
X, = - 9732 kilos. 

= X, X 0-1644 + 2400 x 1 - 400 x 1 
X, = - 12166 kilos. 

= X« X 01644 + 2400 X 1 - 400 X 1 
X, = - 12166 kaofl. 



Fio. 150. 



! ..-■ 



«W) 800 






.■•'"800 i 




To find the stresses in the diagonals^ moments will have to 
I be taken about the point B. The lever-arm of Y3 (Fig. 150) 
with respect to this point is 



B M . sin € = 3 . 



= 1-664 metre. 



* The length of V, (Fig. 149) is evidently \ metre.— Teaks. 



iiO 



i in DOES AMD B00F8. 
!iu(l the equation of moments 

0= - y, }cl-Ge4 + 800(l + 2 + S), 
or 

Y. = + 28Bi kiloa. 



Q- - Y, xS-5 



4 kilo*. 



0(1 + 2-1-3 + 4 + 5) 



The BtreBS in the verticals is also to 
lie fonnd ty taking momenta about B. 
Thus, for V3 the equation of moments is 
(Fig. 151) 

= Vj X 4 + SOD (4 + a + 2 + ]), 
V, = - 2000 Idloa. 




§ 20.— CANTILBVKB BOOF WITHOUT STAY. 
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The reaction W of the fixed point of support A can be 
found from its components Hi and Yi^ and its greatest value 



W = VHj* + Vi« = V4800» + 2400* = 5367 kiloe. 

or numerically the same as the tension in B C. 

The stresses obtained are collected together in Fig. 152. 



§ 20. — Cantelbveb Boof without Stay. 

The dimensions and loading of the roof are shown in Fig. 
153, and are the same as those of the similar roof given in 
Fig. 144. Instead, however, of the toe being supported by a 

Fio. 153. 
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stay, as in the former case, the roof is tied into the wall at the 
point E. 

The lever-arm with respect to A of the stress X, in the 
bar tying the roof into the wall at E, is 



AE .008a = 1 . 



= 0-9864. 



V6« + l« 



And hence the equation of moments to determine X is 



or 



= X X 0-9864 -800 (1 + 2 + 3 + 4 + 5 + iX 



X = + 14599 kilos. 



BRIDGES AND ItOOFB. 

To find X, ...X«, the corre- 
eponding eqcmtiooB in the last para- 
graph can be employed, by putting 
P and its components = 0. Thus 
the following equations are ob- 
tained; — 



3C, 


X 0-822 -800(1 + 2 + 3 + 4 + 5) 

= + lZIG6kUM. 




X 0-6676-8000+2 + 3 + !) 
= + 9732 kiloa. 


X 

s 


X 0-4932-800(1 +2 + ;) 

= + 7299 kjloa. 




x0-82as- 800(1 + 3) 
= + 48G6 kitoa. 


X. 

x. 


X 0-1644- 400 X 1 
= + 2133 kil^L 


X. 

X, 


X 0-1644- 400 X 1 

= + 2433 kilos. 




The same ajjjilies to the stresses 
Hi ... 1I(, and the following equa- 
tions arc deduced from the former 
ones by putting P and its compo- 
nents = 0. 



X 1-800(1 + 2 + 3 + 4 + 5+ r;) 

= - U40G kilos, 

x,^-800(l + 2 + :i + 4+ ?) 

= - 12000 l;ilo3. 

X 5 - B0O(l +'2 + a+ :) 

= - '1(100 kilorf. 

X h - KOO (1 + 2 + ?.) 

= - 7200 kilos. 



The equatioES of moments lo 
find the stresses V, ... Ve and 
Y, ...Y( must Ik' formed wilh re- 
ferent <o the iioint B as in tlie 
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former caee. In the preceding example tbe force P passed 
through B; it had, therefore, no iofluence on the streBses 
in the diagonals and verticals. Thus the stresses found for the 
verticals and diagonals in the former example bold good in 
this. 

The reaction W can be foimd from its components Vi and 
H'.thus:— 

W = VV,* + H,' = «/ 2400* -}- 14400' = 14599 kilos. 

It ie, therefore, nmnerically equal to the tension X. 

The stresses in the various bars are collected together in 
Fig. 164. 
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SIXTH CHAPTER. 

§ 21. — Bbaged Arch of 24 Metres Span. 

The bridge is designed to carry a single line of railway, and 
is supported by two braced arches. The moving load on the 
bridge is taken at 4000 kilos, per metre run, of which, therefore, 
one-half comes on each braced arch, and the length of a bay 
being 3 metres, the moving load on each joint is 6000 kilos., 
or 6 tons (1000 kilos, to the ton). The dead load is estimated 
at 1400 kilos, per metre run, or 700 kilos, for each arch ; that 
is, 2100 kilos, on each joint, or approximately 2 tons. 

The two halves of the arch are in contact at the point S 
only (Fig. 155), and the connection is made by means of a 
single bolt, thus forming a hinge.* Hinged joints are also 
placed at the abutments A and Ai. 

Preparatory to finding the greatest stresses, the effect of a 
single load placed on the weightless structure will be investi- 
gated, 

A load Q placed anywhere on the right half of the arch 
produces a reaction R at the hinge S (Fig. 156), between the 
two halves of the arch. For the left half, the direction of this 
force must pass through the point A, for otherwise rotation 
round this point would take place. This force produces at A 
a reaction B, acting in the direction A S ; this must be its 
direction, or else rotation would ensue round S, besides which 
action and reaction are equal and opposite. Let P be the 
intersection of the two forces R and Q, then it is easy to see, 

* It would be a more rational form of construction if the hinge were situated 
in the horizontal B Bj. But the above construction is more general, and in the 
case of wooden structures the rational form would be difficult of execution. For 
these reasons it has not been adopted here, but can easily be deduced by making 
SC = instead of 0-5. 
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by taking momenta aboat this poiat, that the reactioD D pro- 
daced at the hioge A, muBt pass through P, in order that 
equilibrium tn&y obtain. This reaction is also evidently equal 
iu magnitude and opposite in direction to the resultant of 
BandQ. 

Thos, to find the direction of the reactiouB at the abut- 
ments due to a load Q placed on one half of the arch, the 
line joining the hinge at the abutment of the other half with 




the central hinge is produced to intersect the vertical through 
the load, and from this point a line is drawn to the hinge 
at the other abutment. The preBsare at the central hinge 
on the unloaded half is always directed to the hinge at its 
abutment (In the sequel the central hinge will be called 
" the hinge," and the other two hinges the " abutments.") 

The magnitude of the hinge- reaction R can be found by 
resolving it into its horizontal and vertical components, and 
then forming two equations of moments, one for each half 
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of the arcli. Thus, if H and V are these compoQents, tLe 
following squationa are obtained from Fig. 156 : 



Thus having fount) the action of a single load Q on the 
whole arch, it remains to determine the atressOB this load pro- 
diieos on tlio various bars composing the structure. This is 
best done by taking a section through any three bars, as before, 
and writing the equutiou of moments for the part of the arch 
comprised butwcen this section and the hinge. As in former 
ciisL'd, llie niLimcnt'^ arc taken about the point of intersection of 
two of the bars cut through. Whether any particular load 
produces tension or comjirpssion in the bar under consideration, 
can easily be determined by noticing in which direefiou the 
load tends to make the part of the iirch rotate. In this manner 
the joints that must be loaded to pnjdui'e tension in a bar, and 
those which must be loaded to produce compression, can easily 
be asrertaincd. Tlie maximum stress is louiid by loading 
all the former, and the minimum stress by loading the latter 
only. 

[Note. — It is necessary to know the direction in ivhich tlic vcrtic4ii cora- 
jioucnt V of thp central hinge-rraction acts on I'iicli balf of the arob. I!y os- 
aiuining tbc variuiis figures [^ivcn, it will Iw eviilunt tlial tbis can always be 
ilecidcil on by inspection, but it would, perhaiis, be Bafcr to asiiunie some 
direction as tbe jiositivc one; Tor instance, let V lio positive wben it acts iiji- 
ivank against tbe left lialf ot tbe arch (as in Fig. IGO), tbcn a negative value 
of V woulii indicate the state of tbinga in Fig, 157 or Fig. 167.] 



Caladation of the Stresnes X in the Horizontal Bars. 

The equation of moments to find X will evidentlv, in everv 
case, bo taken about the foot of the diagonal (Fig. 158). A 
load on the left half of the arch produces a hinge-reaction in 
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the direction Ai S^ and; the resultant of this reaction and the 
load tends to turn the part of the arch between the section 
line and the hinge from right to left — that is, in the same 
direction as X tends to make it rotate. For equilibrium, 
therefore, X must be negative. 

A load on the right half of the arch produces a hinge- 
reaction, which passes through the point round which moments 



Fio. 157. 
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are taken ; such a load will, therefore, have no effect on the 
stress in X. Obviously, therefore, X is always in compression. 
Hence, to find the greatest compression or minimum stress in 
X, the whole of the left haK of the arch must be considered 
loaded, and the other half can be loaded or not, the result in 
either case being the same. For simplicity, both halves will be 
considered loaded (Fig. 157). The equations to obtain the 
hinge-reaction are then 



= Vxl2 + Hx4-4xl2-8(9 + 6 + 3), 
= Vxl2-Hx4 + 4xl2 + 8(9 + 6 + 3), 



whence 



v = o, 



H=i48. 



Consequently, the equation of moments to determine Xi 
(Fig. 158), with respect to the point E, is 

= - X, X 3-5 - 48 X 8 + 8 (3 + 6) + 4 X 9, 



or 



Xj (min.) = — 10*29 tons. 
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The following equations are obtained in the same manner : 



= 
= 
= 



Xi 



X,x2-5- 
X, (min.) 

X, X 1-5. 
X, (min.) 

X, xO-5 
X, = 0. 



48x2 + 8x3 + 4x6 

— 19*2 tons 

48x 1 + 4 x3 

— 24 tons 



\ 



Fig, 158. 
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Calculation of the Stresses Yin the Diagonals. 

The stress in the diagonal Y, will be calculated to illustrate 
the method. The loads can be divided into three groups. 
Those in the first group make Ys positiyCy those in the second 

Fio. 159. 




negative, and lastly, those in the third exert no influence ; and 
therefore, if acting alone, the stress in Y^ would be zero. 

These groups are shown in Fig. 159, by the signs +, — , 
and 0. 

The loads on the third and fourth joints belong to the first 
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group, for the resultants of these loads and the hinge-reactions 
produced by them tend to turn the part of the arch between 
the section line a ^ and the hinge, from right to left. The 
stress Yj has the opposite tendency (Fig. 161), and is there- 
fore made positive by these loads. 

The load on the second joint is the only one belonging to 
the second group. This load does not act directly on the part 
of the arch under consideration, but by means of the hinge- 
reaction produced by it, which acts in the direction A, S, thus 
tending to produce rotation from left to right, or, in other 
words, making the stress Ya negative. 

The third group contains the loads on all the remaining 
joints ; for either they produce no hinge-reaction (1st and 9th), 
and have therefore no influence, or else they act indirectly 
through a hinge-reaction in the direction A S, passing through 
the point F, round which moments are taken, and consequently 
producing no stress in Y2. 

To determine Y, (max.), therefore, the 3rd and 4th joints 
are to be loaded, and the 2nd is to remain unloaded. (The 

Fio. 160. 





other joints may be loaded or not ; they will, however, be con- 
sidered as unloaded.) The hinge-reaction for this loading must 
now be found from the equations. (Fig. 160.) 

= -Vxl2 + Hx4-lxl2-*2(9 + 6 + 3), 

= -Vxl2-Hx4 + l X 12 + 2 (9 + 6 + 3) + 6 (9 + 6), 



whence 



V = 8-75, 



H = 23-25; 



To determine Tj (min.) the 3rd and 4th joint 
iiloaded, and the second joint loaded (the remaii 

will be consid 
Fig. 161. loaded). The Ci 

of the hinge-rej 
be found from 
tions : 




V- 3.15 



0=-Vxl2 + Hj 
- 2 (9 + 6 + 3) 

= -Vxl2-H> 
+ 2 (9 + 6 + 3) 

V = 0-75, H 



hence, from Fig. 163, the equation of moments is 

= Y, X 6-72 + 0-75 X 15 + 1425 X 0-5 - 1 X 1-5-2(4- 



erefore, 



Y, (min.) = + 2*57 tons. 



Fio. 162. 
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T, (min.) need not be oonaidered, as no distribution of the load produces 
compieBsion in this diagonal 

T, (max.). 

The 4th joint only is to be loaded, then 

V = 2-25, H = 18-75, 

and 

= Y, X 3-35 + 2-25 X 15 + 18-75 X 05 - 1 x I'S - 8 x 4-5. 
T, (max.) = + 7*38 tons, 

Y, (min.). ^o- 1^- 

The 2nd and third joints only 
are to be loaded, then 

V = 2-25, H = 18-75, 
and 

= Y,x 8-35 + 2-25 X 1-5 
+ 18-75 X 0-5-1 X 1-5 
-2x4-5. 
Y, (min.) = — 0-67 tons, 

Y4 (max.). 

Y4 (max.) need not be considered, as no distribution of the load produces 
tension in this diagonal. 

Y4 (min.). 

To obtain Y4 (min.) joints 2, 3, and 4 are to be loaded, then 

V = 4-5, H = 25-5, 




and 



= Y4 x 0-738 + 4-5 X 1-5 + 25-5 x 0-5 - 1 X 1*5. 

Y4 (min.) = —24 -4 tons. 



Ckdculatian of the Stresses Z in (he Lower Bars, 

The stress in the bar Z3 will be calculated, to illustrate the 
method. In this case moments will be taken about the point 
J (Fig. 164). A vertical through G, the point of intersection 
of A J and Ai S, gives the position of the load which produces 
no stress in Zs, for the resultant B, of a load Q in this position 
and its hinge-reaction D, passes through the point J. Any 
load to the right of G will produce compression in Z3, for the 
resultant B then passes to the right of J, and the tendency 
is to turn the part of the arch under consideration (Fig. 166) 
from left to right ; Z3 has the same tendency, and must there- 
fore be n^ative to maintain equilibrium. Any load to the left 
of G, on the contrary, produces tension in Z3, for the resultant 



zr - V X 12 - H X 4 + 1 X 12 + 2 (9 + 6 + 8) + 6 (6 

V = 2-25, H = 18-75; 

li( iico from Fig. 166 the equation of moments is 

= Z, X 2'37 — 2-25 X 6 + 18-75 x 0-5 + 1 x G + 2 > 

Z, (max.) = — 8*32 toDs. 



Fio. 164. 



GomprefisioiL 




Fio. 165. 
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aud the equation of moments for the part of the arch shown in 
Fig. 168, is therefore 

= Z, X 2-97 + 2-2SX 6 + 41-25 x 0-5 + 4 x e-H 8 x S. 
Z,<inJD.) = -34-6toiii. 

Slmilulj the rt ro w w in the remailiiag bars Z can be colcmlBted as foUowa : 

^' Fw. 166. 

The loading botuilw; ii at the lat 
jcdot, thentee onl; the minimam etreaa 
need be ecmrideted. Wta thU 
T = 0, H = 48, 

= Z, X 4-27 + 48 X 0-8 + 4 X 12 
+ 8 (9 + 6 + 8). 
Z, (EBlB.)=-50-«tcna. 




(Landing bcmndary between the 2ud and 3rd jointa.) 
Foe the masimnn) stTGBB, 

V = 0-75, H = 14-25, 

= Z, X 3-3Z - 0-76 X 9 + 1425 x 05 + 1 x 9 + 2 (G + 3). 

E, (max.) = -8-29 tons. 




Foi the minimnin stnsB, 

V = 0-75, H = 45-75, 

O = Z,x3-S2 + O-75x9 + 45-75x0-5 
+ 4 X 9 + 8 (6 + 8). 
Zj(min.) = -41-45toni. 



(Loading bmmdary between the 2Dd ^ * 

and 3rd jointa.) * 

For the maximnm ctreea, 

T = 4-5, H = 25-5. 

= Z, X 1-4B8 - *-5 X 3 + 25-5 X 05 + I 
Z.(mu.) = - 1-58 tool. 




>w ■mmw^ r V vws^\Anf 



The bar XJ3 will be chosen to exemplify the met 
tlio section line, and F is the point about whi 
moments. As in the case of Y3 the loads divide 
iuto three groups relatively to the kind of stress ] 
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Q3, and in Fig. 169 these groups are indicated b 
4-,-, and 0. The stress in Ua reaches its maxii 
vvhen the second joint alone is loaded, and the hin 
Min then be obtained from Fig. 162. The values air 
br its components are : 

V = 0-75, H = 14-25, 

md the equation of moments fro!m Fig. 170 is : 

= -U, X 7-5 + 0-75 X 1-5+ 14-25 X 0-5-1 x 15 -20 
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In a similar maimer the remaining stresses in the hars U can be found. 

u,. 

Ui (max.) need not be considered, for tension cannot be produced in this bar 
by any distribution of the loads. 

Ui (min.) obtains when all the joints are loaded, then 



V = 0. 



H = 48, 



and 



= - U| X 13-5 + 48 X 0-5 - 4 X 1-5 - 8 (45 + 75 + 105) - 4 x 18-5. 

U, (min.) = — 16 tons. 

U,. 

Here again U, (max.) need not be considered, and Uj (min.) obtains when 
every joint is loaded, then 

V = 0, H = 48, 

and 

= -U, X 10-5 + 48 X 0-5-4 X 1-5-8(4-5 + 7-5 + 10-5), 

U, (min.) = — 15-4 tons. 
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H=23, 

v=ai76 
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U4 (max.) occurs when the 2nd and Srd joints are loaded, and the 4th un- 
loaded, then 

V = 2-25, H = 18-75, 

and 

= -U4 X 4-5 + 2-25 X 1-5 + 18-75 x 0-5-1 x 1-5-2 X 4 5. 

U4 (max.) = + 0-5 tons. 

U| (min.) occurs when the 4th joint is loaded and the 2nd and 3rd unloaded, 
then 

V = 2-25 H = 18-75, 

and 

= - U4 X 4-5 + 2-26 X 1-5 + 18-75 x 0*5 - 1 x 15 - 8 x 4*5. 

U4 (min.) = — 5-5 tons. 



xoouAio uutauiuu oru coueciea togettier in Jb'i 



in.29 
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§ 22. — Braced Arch op 40 Metres Spai 
{Bridge over the Them at Szegedin.*) 

Tin's bridge, supported by two braced arches, is 
r a single line of railway. The permanent load car 

2 100 kilos, and the moving load at 4000 kilos. ] 
in, and one-half of this is supported by each arch. 

The length of a bay being 2 metres, each 
1:00 Idlos. permanent load and 4000 kilos, moving lo£ 

(tiikiner 1000 kilos. = 1 t/^n^ 9* 4 ^/\r\a t^oitv^ «**«*>♦ « 
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Caleulaiion of the Streasea X tn 
the Horizontal Ban. 

The bar X^ will be taken to 
illuBtrate the calcalationa. The 
first step is to determine which 
loads create tenraon in Xg and 
which compression, and to do 
this the point most be found 
where a load can be placed so as ^ 
to produce no stress in Xg. The 
vertical through the intersection 
of A L and A, S produced (Fig. 
174) g^ves this required loading 
boundary, for a load Q placed 
in this position produces a hinge- 
reaction D acting in the direction ^ 
Ai S (this reaction must pass 
through Ai to prevent rotation ^ 
round that point), and these to- 
gether give a resultant R which = 
must be directed to A, so that 
the left half of the arch may not 
rotate round this point, but by 
coDatmction the line C A passes 
through L, and as this is the 
point about which to take mo- 
ments to determine X,, it follows 
that the load Q caa produce no 
stress in Xg. The reactiou B, 
due to a load to the right of Q 
passes below L and tends there- 
fore to turn the part LS of the 
arcli from left to right, and X, 
will be positive since it acts in 
the opposite direction. 

On the contrary, every load 
situated to the left of Q will 
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( oiupressiou. 



—• ¥ 



TeuBion. 



'^ix. P^c 




For X5 this loading boundary is situated at a c 
G iiK^tres from the left abutment, coinciding therefor 
ertical bar XJg. To find X5 (max.) therefore]^the 
1, 12 — 21 must bej loaded, and the remainder 



Pig. 175. 
42 2 41 4444 



4 2, 



42^ i2J4 2|42J42^42J42^ ^ d2.^2;42^2 



4 




Fig. 175), and the components of the hinge-reactic 
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and the equation of moments for the part of the arch shown ii 
Fig. 176 about L is therefore : 

0= -X. X 1-75- 99-2 X 1-25 + 7-2 x 10 

+ 2i (^ + 8 + 6 + 4 + 2) + 4 (^ + 8) 

X,Cmai.) = + 34-29 toM. 

Fw, 178. 
<i| 41 2 

i2,4 ^i %U %U 2)4 ii 



T^^^ 



To find X{ (min.) the hinge^^action mast be determined 
from Fig. 177 thos : 

= -V X20 + H x5-2-4{U + l8 + ... + 3) 

= -Vx20-Hx5 + 2-4(sfi + 18+... + 3) 

+ 4(14 + 12 + . . + 2) 

V = 5'6 H = 70-4; 




Pra. 178. 

','1 1 1 

^' 2,4 2,« 2,1 


2,1. l,l! 




[ V=6,B 



and the equation of moments is (Fig. 178) : 

= -X, X 1'75-B-6X 10 - 70-4 X 1-25 + 2-4 (^ + 8 + ...+2) 
+ 4 (4 + 2) 

X, (min.) = - 34*29 taiu. 



riicdiy of parabolic girders," given in § 8, for ii 
Mit example the arch haa the form of a parabola, 
con shown that this is the curve of equilibrium 
I'cli) for a load uniformly distributed over the span. 
leretore the bridge is fully loaded, neither the horiz 
31' the diagonals are necessary to maintain equilil 
?rti('als, however, are required to transmit the lo8 
near arch (Fig. 179). 

Now the permanent load is uniformly distributee 
)an, and produces therefore no stress in the horizon 
le diagonals. Thus in calculating the stresses in 

Fio. 179. 




a 




rmanent load can be left out of consideration, and 
only necessary to obtain either the maximum or 
ress when the other can be found by changing the s 
'riio calculation for Xg could therefore have been 

ic following form. 
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(Loading bontid&t^r in Sth bay.) 
- Vx20 + Hx5 
-Tx20-Hx5 + 4(I4 + 12+... + 2) 

V = 5G H = 22-4 

-X,x3-7-5-6x 16-22-4 x 32 + 4 (10 + ... + 2) 

X, = ±ll-16toiu. 



(Loading boundiu? In Stb bay.) 
V = 5 6 H = 22-4 

= -X, x2-93-5exl4-22-4x2*S + 4(8 + + ... + 2) 
X, = ±1B-O6tona. 



(Loading bonQdary in 8th bay.) 

V = 5e H = 22-4 

= -X, X2-3-5-6X 12-22-4 x 1-8 + 4 (6 + 4 + 2) 

X, = ±2S'S8tDns. 

X,. 

(Loading boaadarj in 9th bay.) 
:-Vx20 + Hx5 
= - Vx20-Hx5 + 4(16+ 14 + ... + 2) 

V = 72 H = 28-8 

= -X. X 1-3-7-2X 8-28-8 x 08 + 4 (4 + 2) 
X, = ±43-57tonB. 



(Loading boDodarj in (Kb baj.) 
V = 7-2 H = 28-8 

- X, X 0-95 - 72 X 6 - 28-8 x 045 + 4x2 
X, = ±50-70 tona. 



(Loading bouudarr in lOth ba;.) 
-VX20 + H X5 
-Vx20-Hx5+4(18 + ie + ... + 2) 

V = 9 H = 36 

- X, X 0-7 - X 4 - 3C X 0-2 + 4 X 2 
X, = ±60-29 toni. 



(Loading bonodary in lOtb bay.) 
V = 9 H = 36 

- X, X 0-SS - 9 X 2 - 86 X 0-05 

X, = ± 36-0 tana. 



Lfcuctuazion oj ine (stresses I %n the JJtagonc 

The diagonal marked Y5 will serve to illustrate 

tions. 

Tlie point about which moments will be is 
(FJ^^ 180), and the vertical through the intersect! 
and Ai S produced will give the loading bounds 
load Q placed in this position gives with the hinge 
a resultant B whose direction is E M A. If the i 



Fio. ISO. 



IVnsioD. 



Compression. 




the right of E the resultant B, or if it is placed ( 
Iialf of the arch the hinge-reaction passes below J 
sequcntly tends to turn the part S a fi from le 
but Y5 has the same tendency, and must therefor 

tive. 
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the permanent load will be left out of consideration (Fig. 181). 
Also since the numerical values of the maxima and minima 
stresses are equal, only the maximum stress will be calculated 
in each case, the minimum stress being obtained by changing 
the sign. 

Fig. 181. 




Thus to determine Y5 (max.) the equations to find the 
hinge-reaction are (Fig. 182) 

= -Vx20 + Hx5 

= - V X 20 - H X 5 + 4 (16 + 14 + . . . + 2) 

V = 7-2 H = 28-8 

and from the same figure the equation of moments isj 

= Y5 X 5-51 - 7-2 X 3-64 + 28*8 X 05 



and 



- 4 (0-36 + 2-36 + 4-36 + 6-36) 
Y5(max.) = + 11*9 tons 

Ya(min.)= - 11*9 tons. 
Fig. 182. 



\JiJA2ui 




/ "^ 5,64 ri'^^^'* 



In a similar manner the stiesBes in the remaining diagonals oan be found as 
follows : 

Y,. 

(Loading boundary in 7th bay.) 

V = 4-2 H = 16-8 (see calc. for X,) 
= Y, X 10-6 - 4-2 X 8-42 + 16*8 X 0-5 + 4 x 042 
- 4 (1-58 + 3-58 + 5-58 + 7-58 + 9-58) 

Y, = :^ 12-92 tons. 



(Loading bonndary in 8th bay.) 

V = 5-6 H = 22-4 

= Y, X 816 - 5-6 X 613 + 22*4 x 0-5 + 4 x 0-13 

- 4 (1-87 + 3-87 + 5-87 + 7-87) 

Y, = ±12-3 tons. 

Y4. 

(Loading boundary in 9th bay.) 

V = 7-2 H = 28-8 (see calc. for 
= Y, X 6-834 - 7-2 x 4*923 + 288 X 05 + 4 x OS 

- 4 (1-077 + 3-077 + 5077 + 7-077) 
Y4 = ± 12-07 tons. 

Y.. 

(Loading boundary in 9th bay.) 

V = 7-2 H = 28-8 

= Y, X 4-24 - 7-2 X 2-223 + 28-8 x 0-5 

- 4 (1-777 + 3-777 + 5-777) 

Y, = db 1107 tons. 

In the case of Y7 it is found that the point a 
to talve moments is situated in the central bay, a 
^vill appear, makes the arrangement of the loading 
2:reatest stresses differ from that of the previous cases 
There are, in fact, three groups of loads, two of the 



§ 22. — BRACED ARCH. 



135 



for, as in the former cases, a load placed between X ^ and 7 p 
produces tension in Y7. 

Hence, to find the greatest stress in Y7, either the two com- 
pression groups can be considered loaded or else tlie tension 

group. 

Fia. 183. 

CompresHion. Tmeion. Coinprcbsion. 




In the latter case the equations to find the hinge-reaction 
are (Fig. 184), 

0=-Vx20 + Hx5 
= - V X 20 - H X 5 + 4 (18 + IG + H) 
V = 4-8 H = 19-2 




and the equation of moments from Fig. 185 is, 

= Y, X 3194 - 4-8 X 0-671 + J9-2 x 05 

- 4 (1-429 + 3-429 + 5-429) 
Y, = ± 10-73 tons. 



Fio. 185. 



For Tg the loads also form 
three groups. The turning 
point is in this case situated in T, 
the right centre bay and the 
hinge-reaction D passes below 
F. The calculations are exactly 
similar to those for T7, and 

0=-Vx20 + Hx5 
= - V X 20 - H X 5 + 4 (18 + 16) 
V = 3-4 H = 13-6 

= Y, X 2-51 + 8-4 X 1-6 + 13-6 X 05 - 4 (56 + 36) 

Y, = ± 9«8 tons. 




1' '< 



V.4^ 



BRIDOES AND P.OOFS. 



For Yb, however, the pOBition of the turning point is snch 
that only two gronps aro formed (Fig. 187). Here the section 
lioe m is itself the loading boundary, for every load to the left 
of o- T iicts ou the part S o- t throngh its hingenreaction D, which 




evitipiitly imikes Y, nogatiTe. Bnt every load to the right of 
(TT 1)11 the jjiirt Po-r, produces with its hinge-reaction a 
rcsultiuit wliii'h ti'mj-i tu induce rotation from right to left, 
and all loads on the right half of the arch acting by means of 



A A 

their hiiipe-reaction W liavc thn same i.'ll'ect. Consequently all 
lo;ids to Iho ripht of o- t iiiuke V., jiositive. 

The luailiiig bouu'hiry is thenfuru situated Jn the [Ith Lay, 
and (see calculation for X^) 

V = 7-2 l[ =28'S 

Whence the equation of momonk is 

= Y, X 2-47 + 7'2 X r.-s;i + 2S-8 x 0-5 
y, = ±2r4U.ns- 

Similarly it is found that the section line is the loading 
boundary for Y,^, therefore. 



5-S24 + ;' X 20 + ;;g xO-5 
V,„ = ±37-2^ tons. 
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CahtUatum of the Slresses U tn the Verlieals. 

The effect of the permaceiit load on the vertical bars can 
be deduced from Fig. 179. If half the permanei^t load is 
applied to the top of the verticab and the other half to the 
foot, the compression produced in each vertical will be 1*2 
t^QB {m& the exception, however, of the first and last verticals 
which have only half the amoont to sustain). To these Btresses 
most now be added those produced by the moving load. 

The mazimom and minimum stiessea piodaced by the 
moving load most therefore be found. 

The vertical Ug will be taken to illustrate the method. 
The loading boundary can be found by the constmction 
employed in Fig. 180, for in both cases M is the turning point. 

OompruBion. Fio. 18S. Tenaioii, 





-W^'.E 






V' 


""''^-^^ 



A load Q placed on the vertical through E, gives with its 
hinge-reaction D a resultant B which passes through M, and 
hence Q can produce no stress in Ue. The vertical through E 
is therefore the loading boundary, and all loads to the right 
produce tension, and all loads to the left compression. When 
Ub (min.) obtains the bridge will be loaded with the com- 
preeaion group, and then (see calculations for Tg) 



Whence the equation of moments for the part of the arch 
shown in Fig. 189 is (denoting by ti^ the stress due to the 
moving load alone), 

= - ». X 8-86 - 7-2 X 3-64 + 28*8 X O-B 

- 4 <0M + 2-38 + *-86 + 6-36 + 8-36) 
ii,(miii.) = - 11-84 toM. 

u, (max.) can be deduced Trom this without further calcola- 
tion in the following manner : 




DHIDQES AND ROOP8. 

If the moving load covers the whole bridge it is eTident 
that the stress in each vertica! ia — 4 tons, and hence Oj 
(max.) togctlier with Uj (min.) must be equal to — 4 tons, or 

I', (niBi,) = - 4 - (- 11-84) = + 7-8t tons. 



Tooht,iinUs(raax.)i 
to the values ju8t foomi 

U,{min,) . 



ndUJmin.) 

thus: 



-1*2 ton8 must bo added 



-ll-M- 
4- 7-B4- 



T „ 



I 



= -p., X 1I-: 


is- 1-2 X S-l^+ !i;s xli:, + 4 x<r\-l 




- 1 (1 ■r.-s + :;-> + 5:is + 7-:>s + ;i-,-,s + ii ■.■i^) 




;Mm,.) = - i.vj'J ",(.u,.x.)=4-n-M-^ 




l-,(..iinO = - 17-n-Jl..ria 




II,. 


= -.f. X 10 ' 


;i}c,-:,-i;iii-2'M + 22-i x(>-r,+ i x i-2'.n 




— 4 (lI'Td''. + 2'70G-f l-TiHl + C'THU-l- W-70i;+ IWTOC) 


"i 


(miii.)=-ir.08 ",(..,.ix.) = + ncs 




r, (mm.) = -lt:-2st.iii8 




r,<mis.) = + O'SStoriM. 


• ThcW! KtffSM 


is (fliiUi hav.. been oMnincJ qwidipr llin.s: To find T, |min.) 


miri In Ihc v.Ttict 


,1 coin[«>iiL>iit nf Y, (min,) - (4 + 1-2) ^.m^ nmi ta li^d I', 



ml ruinpoDi'nt of Y, (nil 
this mtllnKl cauDot Hlwaya be nilopU.^], tlic longer oiif hna liCfii praferrtfl. 

t Strictly Biituking, tlio load on the lat vortiail ia only linlf llie loail rai tlie 
oIliLTH, the miiuitiing half l>i'in^ Inkrii liy llic nlxitint'iit. It lin«, lir>n'r;v<'r. Ivin 
<.ijiiniilere<l fully Ii>:ir1>;<l, as tliis would probacy l-c llic cuiittiC |>iirBiii<l i]i [imiJl li'r. 



Os- 



0=-. 
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u.. 

«, X 9*87 - 5-6 X 6-13 + 22-4 X 0*5 + 4 x 0-13 

- 4 (1-87 + 3-87 + 5-87 + 7*87 + 9*87) , 

ti, (min.) = - 14-2 ti, (max.) = + 10-2 

U, (min;) = — 15*4 tons 
U, (maz.) = + 90 tons. 

u« X 9-077 - 7*2 X 4-923 + 28-8 x 05 + 4 x 0*923 

- 4 (1-077 + 3-077 + 5-077 + 7-077 + 9-077) 
tt4 (min.) = — 13- 1 u^ (max.) = + 9- 1 

U4(min.) =-14-3 tons 
U4 (max.) = + 7*9 tons. 
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= - v« x 7-777 - 7-2 X 2-223 + 28*8 X 0*5 

- 4 (1-777 + 3-777 + 5777 + 7-777) 
ti, (min.) = - 10-03 «, (max.) = + 6-03 

U, (min.) = - 11-23 tons * 
U, (max.) = + 4-83 tons. 

U,. 

In determining the stress in Y7 it was found that the loads 
divided themselves into three groups. This is also true in 
the case of U7 with this difference, that the second loading 
boundary is placed one bay more to the left on account of the 
oblique direction of the section line 4> yfr (Fig. 190). 



Fig. 190. 
Tension. Ck)mpre88ion. 
-M ^ 



Tension. 




When the loads producing compression are on the arch the 
equations to obtain the components of the hinge-reaction are, 

= -Vx20 + Hx5 

= - V X 20 - H X 5 •+ 4 (18 + 16 + 14 + 12) 

y = 6 H=:24 



Ill this case also there are two loading boundaries 

= -Vx20 + Hx5 

= - V X 20 - H X 5 + 4 (18 + 16 + 14) 

V = 4-8 H = 19-2 

= — WgX 7-6 + 4-8 X 1*6 + 19-2 x 0*5 

-4 (3-6 + 5-6 +7-6) 

Ug (min.) = — 6*57 t*, (max.) = + 2*57 

U,(mm.) =-7-77 tone 
Ug (max.) = + 1*37 tons. 

U.. 

As in the case of T9 the loads diyide themselves 
groups ; the loading boundary is however one h 
left (Fig. 191). 



Tension. 



Fig, 191. 



(compression. 



—BRACED ARCH. 



The loading boundary is in the 9th bay, and 



2 + 7-2 x20 + 28-ex0-5 



IT,, (mi 
U„<nM 



The vertical in the centre is divided in two by the hinge, 
and 88 at the top it is only connected to a horizontal bar, the 
only stress that can exist in it is the compression produced by a 
load placed on the top. The greatest load for each half ia 
' 6 ton penuanent, and 2 tons moving load. Hence 

D„ (min.) = — 2-6 tone. 



Calealation of the 8tre»sea Z in the Bote. 

To find the stress in the bai Z^ a section line is drawn 
throQgh the 5th bay, and the equation of moments formed for 
the part of the arch lying between the section line and the 
hinge with reference to the point of intersection of the 
diagonal and horizontal bars (Fig. 192). 




The vertical through the point of intersection F of A 
and Ai S is the loading boundary, for the resultant B of a load 
Q in this position and ito hinge-reactioD D passes through O. 
This loading boundary lies in the 6th bay. 

In this case the permanent load will have to be taken into 
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consideration ; orery joint will therefore have a permanent load 
of ;i-4 tons, and those joiiita which have been called the loaded 
joints will carry 4 tons of moving load besides. The dis- 
tribntiou of the moviuj; load pioducbg the greatest tension is 
shown in Fig. 192, and the eqaations to find the hinge-reaction 
are, 

= -V X 20 + H >cfi-a-4(W + ia + lS + ... + 3) 
= -V X20-H xS + 2"*(*^ + 18 + 16 + ... + 3) 
+ 4(10 + 8+. .. + 2) 
V = 3 H = GO. 

Consequently, from Fig. 193, 
0= Z, x2-21S-ax 12 + GOx0-8 + 2-4(M + IO + ... + 2) + 4x2 
Z, (niEii.) = ~39-8Gtnni. 

Fig, 193, 




Again, to find Z, (min.) (Fig. li)2), 



r) = Vx20+II 
= V X 20-11 



<s + 



r,-i(-; + is + ... + 'j) 

■" + lS + .,. + 2)+l(-' + iS+ ,.. + 2) 

V -- :: 11 = hi; 



and from Fig, 1!)1 

= Z, X 2-218 + :ix la+llflx 0'.'i + 2-l(',- + 10 + .,, + 2) 
+ 4('; + Hl + ... + l) 

Z, (,.im.)= -1.12'7'ltnri., 

For tlie sake of comparison thestrcs.'^i in Zs,\vhen the moving 
load covers the whole hridge, will also ho culciilatol, thus, 

= V X 20 + 11 X 5-C-4 (=." + ia + ... + 2) 
= V X20-H x:i + 0-4{=;' + JS + .,. + 2) 
V = II = 12,S 

= ■/., X ■•■■21S + 12rtxO-.^i + C-4 (■; + III + ... + :;) 
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From the above calculations it appears that the compression 
in the bars forming the bow can be considerably greater with 
an uneven than with a uniformly distributed load. In this a 
parabolic arch-bridge differs from a parabolic girder-bridge, for 
it was shown that in the latter the greatest compression in the 
bow occurred when the bridge was fully loaded. 

It also appears that it is not absolutely necessary to calculate 
the maximum stress in the bow. For if the maximum and 
minimum stresses produced by the moving load be added 
together the result is the stress due to the moving load when it 
covers the bridge. And it is evident that this stress is always 
negative (for altering 6*4 to 4 in the last equation will not 
change the sign of Z5). Consequently the absolute value of 
the minimum stress produced by the moving load must be 
greater than that of the maximum stress, and the compression 




ir«ii6 



produced by the dead load still further increases the balance in 
favour of the minimum stress. And since a greater section of 
material is generally required to resist compression than the same 
amount of tension, the maxima stresses might be neglected. 

They will, however, be calculated, and for the following 
reason. If the arch be imagined turned upside down it 
becomes a suspension bridge, and the same calculations with 
reversed signs would apply, the minima stresses becoming 
the maxima stresses and vice versd. Now it is just possible, if 
the dead load were small in comparison to the moving load, 
that the minima stresses in the suspension bridge might 
become negative, and would then probably determine the 
section (the bars being long columns). For such cases there- 
fore it is necessary to know what are the maxima stresses 
inZ. 



= V X 20 - H X 5 + 2-4 (1^ + 18 + . . . + 2) 

V = H = 48 

= Z. X 4-968 + 48 X 0-5 + 2-4 (AQ + ig 4. ... + 

Z, (max.) = — 53-14 tons. 

When the moving load covers the bridge, 

V = H = 128 

= Zi X 4-968 + 128 x 0-5 + 6-4 (^ + 18 + . . . H 
Zi (min.) = - 141-71 tona 

Z,. 

(Loading boundary in the 2nd bay.) 

V = 0-2 H = 48-8 

= Z, X 4-186 — 0-2 X 18 + 48-8 x 0-5 

+ 2-4(^ + 16 + ...+2) 

Z2 (max.) = — 51-41 tons. 

V = 0-2 H = 127-2 

= Z, X 4186 + 0-2 X 18 + 127-2 X 05 

+ 6-4(iJ + 16 + ... + 2) 

Z, (min.) = — 139-89 tons. 

Z,. 

(Loading boundary in the 4th bay.) 
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Z,. 

(Loading boondftiy in the 5th bay.) 

V = 2 H = S6 
;, xa-805-2 x 14 + 56 X 0-6 

+ 2-4(iJ + 12 + ... + 2) + 4x2 
Z,Oiu.) = - 44-77 tons. 

V = 2 H = 120 
;, X 2-805 + S X 14 + 120 X 0-5 

+ 2-4(^ + 12 + ... + 2) 
+ 4 (Li + 12 + ... + 2) 
Z, Cmin.) = — 140-3 km*. 

Z,. 

(Loading bonndary in the 7th ba^.) 

V = 4-2 H = 64'9 

!, X l-7tt7-4'2x 10 + 64-8x0-5 

+ 2-4(Y-t-8 + ... + 2) + 4x2 
Z, (max.) = -31-21 tons. 

V = 4-2 H=ni-2 
S,X 1-707 + 4-2 X 10 + 111-2x0-5 

+ 2-4C^ + ... + 2) + 4(lJi + .... 
Z,(iniD.) s - 146-2 tons. 



(Loading bonodar; in tbe Stb t»j.) 

V = 5-6 H = 70-4 
:, X 1-28-3-6 X 8 + 70-4 x 05 

+ 2-4(l + 6 + 4 + 2) + 4x2 
Z, (max.) = - 2874 toni. 
V = 5-6 H = 105-6 
;, X 1-2B + 5-6x8 + 105-6 x 0-S 

+ 2-4 (( + 6 + 4 + 2) + 4 (I + 6 + 4) 
Z, (min.) = — 149-9 tons. 

Z.. 
(Loading boundary in the Sth bay.) 

V = 5-6 H = 70-4 

; X 0-948 -5-6x6 + 704 x 05 + 2-4 (J + 4 + 2) 
Z, (max.) = - 24-6 tona. 
V = 5-e H = 105-6 

:,X 0-943 + 5-6 X 6+ 105-6 X 0-5 

+ 2-4 (t + 4 + 2) + 4 (j + 4 + 2) 
Z, (mio.) = - 152-8 loni. 



URIDOKS AND RO0Fr<. 



in the aUi baj.) 
7-2 H = 76-8 

- 7-2 X 4 + 78-8 X 0-5 + 24 (I + 2) 



Z.(m, 



-27-iS 



V = 7-2 H = Ma 

fi rr Z, X n'G;iS + 7'ax4 + M-2)(0-5 
+ 2-4(l+2) + 4C| + a) 
/. (miD.}= -US-OtoDB. 

2„, 
A wliVht iiltoration occurs in the grouping of the loads in 
this ciise, I'or in no position does the moving load proJnce 
toiision in Z,;,. This is shown in Fig. 195. The reason is that 
llio iiTuloiigation of the line Ai S happens to coincide with the 
diiiponiil of tlie 10th bay, but every load to the left of the 
section lino e w acts indirectly on the part S e w by means of its 
liinj^o-rcaction D, which passes through the turning point 1', 
and consequontly produces no stress in Z,o. 



Thus to llnd Zm (max.) the bridge can be considered 
unloaded (or if one chooses, loaded up to llie point P), and 
when Z|o (rnin.) obtains the moving load will cover the bridge 
(or else up to the section lino ew only). ]Icnce the following 
equations : 



= Z,„ 



fl-5in8 + IS X 0-5 - 
Z,„(mas.) = ~lS- 



V =1 II II = 12S 

ij = z,„ X o-;inis + 12S X 0-r. + -i-i X i 
Tiie results obtained are cidleefed togethe 
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If the signs of all the stresses in Fig. 196 be changed, the 
stresses in the suspension bridge formed by turning the arch 
upside down will be obtained, if the abutment hinges become 
the points of attachment. This suspension bridge is shown in 
Fig. 197. 

§ 23. — Stability of the Abutments op thb Braced Akch. 

The stability of the abutments can be tested by the method 
of moments, and it also cati be ascertained which diBtribution of 
the moving load acts the most injuriously in this respect. The 
force tending to overturn the abutments or piers ia the hori- 
zontal component of the thrust of the arch. The vertical com- 
ponent of the same force, on the contrary, adds to the stability. 
Both components are greatest when ihe bridge is foUy loaded, 
yet the excess of the moment of the horizontal component over 
that of the vertical -component may reach its maximum with 
a partial load. 

To decide this point the first step is to find the position 
which a load must occupy on the bridge, so that it may have 
no overturning effect on the pier. The axis about which the 
pier tends to rotate is represented in Fig. 198 by the point F,* 
and for the load Q to have no overturning effect the reac- 
tion produced by it at the abutment Ai must pass through F. 
Evidently the vertical drawn through the intersection of F A, 
and A S produced gives the required position of the load Q, 
and it is also easily seen that the reaction for all loads to 
the right of Q will pass inside F, and for all loads to the left of 
Q outside F. The worst case for the pier is therefore when the 
bridge is loaded from the left abutment up to the vertical 
through I. The position of this vertical evidently depends on 

the ratio t of the height of the pier (up to the hinge A,) to its 
breadth. 

As an example suppose that 

^^. 

* To allow for the compresaibility of the m»teruil of which the piei it built, 
DKnuenta ibonld not be taken nmnd F bnt round an axil aeuei the oentie of the 
pier. See Appendix.— Tbasb. 
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then for the arch calcnlated in the preueding par^raph the 
loading boundary IQ falls in the 18th bay. Fig. 199 repre- 
sents the moat unfavoniable arrangement of the load as regards 
the pier at A^ From this figure the equations to obtain 
the binge-reactioQ are : 

= -Vx20 + Hx5-2-4C»o + i8 + ...+ 2) 

-4(V + 18 + ...+ 6) 
0- -Tx20-Hx S-t-2-4(*a4- 18+...-i-2) 
+ 4(V+.18+...+ 6) 
T = 0-6 H = I2a-6. 
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Let M represent the overturning moment of the u&oZe 
hr^B about the horizontal axis through F (Fig. 198), then : 

^= -0-6(* + 20)+125-6CA + 5) 

_a-4[(??±i) + a8 + ft) + C18 + *) + ... + (2 + 6) + |] 
-4[(?^^) + as + 6) + as + *) + ■■■+(« + »)]■ 
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it })i'0(luces a thrust passing above F, and consequc 
Qiifdvourable case for the pier will be when thu 
uioviDg load upon it. It has been already foun( 



*ase 



y ss and H = 48 ; 



iud hencey if Mi is the moment of the second span 

Ml = 48(6 + A) - 2-4(Y + 18 + 16 +...+ 2 



,e 
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§ 24 — ^Theory op Hinged-bridges. 

It is now proposed to consider from a more general point of 
view the principles of construction of these bridges. 

The stresses in any system of btirs can be calculated by the 
method of moments as soon as the direction and magnitude of 
the reactions at the abutments are known. In girder-bridges 
the abutments are so arranged that they can only produce 
vertical reactions, and there can therefore be no uncertainty 
as to their magnitude. But in the case of arched or sus- 
pension bridges a horizontal reaction is added to the vertical 
reaction, and it is only when this former can be determined 
that the stresses can be calculated. 

This horizontal reaction is indeterminate unless the con- 
tinuity of the structure is interrupted at some point and a hinge 
introduced, as will be proved by the following. 

In the " Theory of parabolic girders " (§ 8) it was shown 
that the parabola is the curve of equilibrium of an inverted 
chain in the form of an arch, when the load is uniformly distri- 
buted over the span ; and in this case both the horizontal and 
vertical reactions are determinable. But the slightest alteration 
either in the distribution of the load or in the form of the curve, 
would make the chain collapse unless it is stiffened by some 
means. This stiffening can be obtained in two different ways : 
either by transforming the flexible chain into a stiff bow which 
prevents deformation by its resistance to flexure, or else by 
means of a system of braces composed of horizontal, vertical, 
and diagonal bars, forming triangles with each other. In both 
cases the flexible arch will be transformed into a stiff structure, 
and the abutments will have to supply horizontal as well as 
vertical reactions. 

The magnitude of the vertical reactions can always l»e 
determined; this will appear by taking moments about the 
abutment B (Fig. 201 or Fig.»202), thus: 

= V-2/-QT, 

or 

St 

V = Q -.. 



i;iur. Al/li 



FlO. 



<. -■ 



- ;;/ 



21 





ullows: the resultants D and VV of the reaetioni 
iiLiits must, for equilibrium, meet the vertical 1 
Ik; same point. The position of this point on tl 
lowover, indeterminate, and depends on the mag 
Clie point P (Fig. 203) will lie above the horiz( 
ha iibutments when the horizontal reactions act 
elow the horizontal (Fig. 204) when the horizoi 
ct outwards. The nearer P is to the horizontal 
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the passive forces be the least which are capable of balancing the active 
forces, consistently with the physical condition of the body or stmctnre." 

Now in the present case the vertical passive forces are determinate, and 
the principle therefore applies only to H, the constant horizontal thrust 
in the arch. He mnst therefore have the least value consistent with 
stability]. 

The actual magnitude of this horizontal reaction depends on 
the attachments, on the resistance of the abutments, on the 
changes of temperature, and in fact on several causes which can 
hardly be allowed for by calculation.* Yet this is of the 
very greatest importance, for the structure could fail either by 
the horizontal reaction decreasing or increasing considerably. 

Suppose, for instance, that the braced arch jubt calculated 
were constructed without a hinge in the centre, and that by 
the abutments giving way slightly, the horizontal reactions 
vanished, the structure would then become an ordinary girder 

Fig. 205. 




(Fig. 205), and the stress in the bar Xj© for instance, could be 
found according to the previous method, by means of the equa- 
tion of moments : 

= X„ X 0-5 + 6-4 [(A + A + ... + W 20 

4- (H . 20 - 2) 4- (« . 20 - 4) + ... + (i« . 20 - 18)J 



or 



X, (min.) = — 1280 tons. 



In the braced arch it was found that Xj© = ±50*7 tons. 

* Professor Rankine shows, both in his 'Applied Mechanics' and in his 
* Civil Engineering,' bow braced arches without hinges are to be treated, aUowiug 
for the yielding of the abutments, temperature, &c, — Trans. 



r- y^'-^ • 



Zi^ (min.) = — 128-05 tons. 

Thus, if the horizontal reactions vanish tl 
would be increased nearly ten times, and th 
than twenty times. 

If, however, the abutments remain firm, and t 

Fio. 206. 
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abutment of the other half^ which must of necessity pass through 
the central hinge. Consequently by producing B S the position 
of P can be fixed, and with it the horizontal reactions at the 
abutments. If the abutments give way slightly, the hinge will 
be slightly lowered, and it will rise a little when the arch 
lengthens with an increase of temperature, but in no case will 
the difference produced in the stresses be appreciable. 

It has already been pointed out in § 8, and again at the 
end of § 20, that there is no difference between the calculations 
for an arch, that is when the convexity of the bow is turned 
upwards, and those for a suspension bridge in which the 
convexity is turned downwards. Thus Fig. 208 is obtained 
from Fig. 207 by turning the arch upside down, and then 

Fio. 208. 




Fio. 209. 



Fio. 210. 




changing the direction of all the forces. It is also evident that 
all the remarks made relatively to the arch also apply to the 
suspension bridge. 

It is hardly necessary to observe that hinge-bridges can be 
coijstructed of a variety of forms. Two of these are represented 
in Figs. 209 and 210. Fig. 209 can be regarded as the para- 
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SEVENTH CHAPTER. 

§ 25. — Tabiation in the Stbessbs due to Alterations 

IN TriB Span. 

In the preceding chapters the equations of moments, &c., have 
been given in extenao for each part of the stmcture, for it is 
possible to employ these equations and the stresses obtained in 
many ways for structures that are geometrically similar to 
those that have been calculated, or as it may be expressed, for 
structures that differ only in their unit of length. 

Were it not that the loads alter according to the span, and 
especially that the proportion between the permanent and 
moving load changes, the equations and stresses found would 
be directly applicable whatever the span. For it makes no 
difference in the results whether the unit of length is a foot, 
or a metre, or a yard, since the equations of moments depend 
only on the proportion between the lever arms and not on their 
absolute length. 

If then, when the span increased, the permanent and the 
moving load increased in the same ratio, it would only be 
necessary to multiply the stresses already found by this ratio 
to obtain the new stresses. But in general this cannot be 
done, for the permanent load as a rule augments much more 
rapidly as the span increases than the moving load, and con- 
sequently an increase of span will affect the stresses in dif- 
ferent parts of a structure differently. The problem is therefore 
to find these new stresses from those already calculated, and to 
do so by as short a way as possible. 

The following notation will be used : p and m will represent 
the permanent and moving loads on the structure that has 
already been calculated, and pi and mi the permanent and 
moving loads on the new structure. 
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The various bars of a structure divide themse 
|rn.ups. with respect to the effect of the permane. 
loads upon them as follows :— 

The first group contains all those bars the si 
- epeuds entirely on the moving load. In this 
stress 13 obtained by multiplying the old £ 

m. 



latio -. 
m 



The second group comprises those bars in wl 
IS greatest when the structure is fully loaded. ] 

new stress is equal to the old stress multiplied by 

And the third group consists of all the remain! 
IS those who obtain their greatest stress with a pari 
tills case the stress produced by the permanent 1 

multiplied by |' and that by the moving load by - 

siiUs added together to obtain the new stress. 

The last group is the only one which ever i 
calculations, and as a rule these calculations are ■ 
The stresses in the bars of the first and second gi 
oLta.ned without difficulty from the stresses alreadv 
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and the new atreSBea are 

± 15000, ± IGMO, ± 17000, ± 16400, ± 15000. ± 13130. 

The stress in the horizontal bars must be multiplied by 

eOQQ + 12000 _ 10 
1000 + 5000 " 3 

to find the new stress, which is 

- 160,000 IdliM. 
Similarly the stresses in the bow ore to be maltiplied by -^ thus : 

+ I7SOO0, + 167700, + 163000, + 160300. 

The strefises in the rerti'-ala must be divided into two parts 
as explained above. Mow the permanent load produces a stress 
of — 1000 kiloe. in each vertical, and therefore the effect of tiie 
moving load can be foand by adding — 1000 to the t 
given in Fig. 27 ; thus 



For the Mamma Streaaea, 



(-10001 



( - 1000 \ / - 1000 
t-5000/ t-6560 



And for the Minima Stregaes, 

10001 
7500 f 



and the new stresses are obtained from these by multiplying the 
first figures in brackets by 8 and the second by 2*4, thus 

For the Maxima Strestes, 
And for the Minima Stresses, 



%/««* vaA< 



belong to the second group, and the diagonals 
tlie third group. 

As an example, let it be required to deduce : 
stresses in a similar girder of 48 metres, and 
example) with a permanent load of 8000 kilos 
load of 12000 kilos, on each joint. 

The stresses in the horizontal bars are to be 

8000 + 12000 10 
1000 + 5000 ~ ¥ 

to obtain the new stresses — thus, 

70000, 120000, 150000, 160000. 

which for the lower boom must be taken with e 
and for the upper boom with a negative sign. 

The stiesses in the diagonals and vertical 
quickly calculated by introducing into the equatic 
given at p. 39-43, the new values of the loads as 
method of dividing the stresses into two parts 
course will, however, be adopted, for in so doing 
duced by the permanent load alone and by the 
alone will be found, and thereby a better view o; 
ot these br^es will be obtained. As an exam 
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TheD leave oat the permaaent load, and the Btreeses due to the 
moving load alone are found to be 

+ 13260 and - 2650. 
The last two stresses are to be maltiplied by 

6000 • 

and the first by 

8000 
1000"^ 

and the results added together, thus : 

The stresses in the vertical Tg can be found by mnltiplyiiig 
the above stressefl by =, thus .- 

c. Braced Arch and Svtpmtion Bridge. . 

The diagonal and horizontal bars in this case belong to the 
first group, the verticals and the bars in the bow to the third 
group, the second group has no representatives. 

As an example let it be required to find the stresses in a 
snspension bridge geometrically similar to that given in Fig. 
197, and having a span of 120 metres. 

The permanent load on each joint will be taken at 20 tons, 
and the moving load at 12 tons. The stresses in the horizontal 
bars (Fig. 197) aro therefore to be multiplied by -^^ = 3 to 
obtain the new stresses, thus : 



Likewise the strecses in the di^onals are to be multiplied 
by 3, thus 

±88-76, ±37-77, ± 3a9, ±36-21, ±35-7 ±83-21, 
±83-19, ±29-4, ±61-2 ±111'B7. 
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BRIDGES AND B00F8. 



For the verticalg the values of tfi» «2 already found (p. 124), 
and representing the effect of the moving load alone (taken with 
contrary signs for a suspension bridge) (*an be used. 

These values multiplied by the ratio ^ = 3 give for the 
maxima stresses, 

+ 47-46, + 45-24, + 42-6, + 39*3, + 3552, + 30-09, 
+ 25-14, +19-71, +25-2, +33*6, -»- 6; 

and for the minima stresses 



-.35-46, -33-24, -30-6, -27-3, 

-7-71, -13-2, 



- 23-52, - 18-09. 

- 21-6, 0. 



- 13-14, 



The stress in the verticals produced by the permanent load 
is (with the exception of that in the eleventh vertical, which 
has only one-half to bear) + 1*2 ton, ,and to obtain the 
stress in the larger bridge due to the permanent load alone, 
this must be multiplied by |:^ = 8 • 33, and the new stress is 
l'2x8*33 = 10 tons, which must be added to the stresses 
due to the moving load, thus : 



+ 57-46 
-25-46 



+ 55-24 
-23-24 

+ 29-71 
- 2-29 



+ 52-6 
-20-6 

+ 35-2 
- 3-2 



+ 49-3 
-17-3 

+ 43-6 
-11-6 



+ 45-52 
-13-52 

+ 11 
+ 5 



+ 4009 I +35-14 
- 809 - 3-14 



The stresses in the chains can also be determined by split- 
ting up the stresses as above, for the stress produced by the 
permanent load 'alone, which is uniformly distributed over the 
horizontal span, can be easily found from the formula given 
in § 8, the chains being in the form of a parabola ; the stress 
due to the moving load alone can then be found by subtraction 
from the total stress. The result of thus splitting up the 
stresses given in Fig. 197 is the following, where the upper 
figures are due to the permanent, and the lower to the moving 
Ic^. 



53-2 
88-5 



52-2 

87-7 



51-2 

88-1 



50-5 
89-8 



49-8 
92-9 



49-3 
96-9 



48-7 
101-2 



48-4 
104-4 



48-1 
100-9 



48 
80 
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The first are to be mnltiplied by ^ =8-33, and the second 
by i^ = 3, thus : 

443 I 434G I 427 I 421 t 4IS I 410 I 406 I 403 I 401 I 400 
365 I 263 I 264 I 269 I 279 I 231 I 301 I 813 I SOS I 240 

and the new atresaes are obtained by adding tbese together, 
thoa: 

708 I 697-5 I 691 I 690 I 694 I 701 I 710 [ 71S I 701 I 640 
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§ 26. — Suspension Bridge in Three Spani 
Central Opening, 120 Metres. Span oi 
Opening, 60 Metres 

Suspension bridges do not, unless special arra 
made, compare favourably with braced arches, a 
amount of materials employed; for in the latter 
connection with the abutments are placed low d 
liorizontal thrust acts against the abutments in tb 
wliich they are strongest; whereas in the fo 
contrary, the points of attachment are placed 
tlie horizontal pull tends to turn the piers over in 
in which they are weakest; consequently, tin 
material in the piers will be much greater in c 
in the other. Whereas, therefore, with a braced 
})aratively small expenditure of material is req 
abutments, especially if natural ones of rock car 
tlie quantity would be enormous with a suspens 
it were wished to attach the chains to the piers, : 
and F (Fig. 211). 

Fig. 211. 
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piers E and F.* In such a structure the horizontal and diagonal 
bars would be under no stress when the bridge is uniformly 
loaded, assuming the curves to be parabolas. 

There would be no alteration, as regards this last point, if 
the ends E C and D F were cut off and the chains attached at 
the points G and D to abutments. This arrangement has the 
advantage of lowering the points of attachment of the chains 
at the shore end, thereby increasing the stability of the abut- 
ments. If, besides this, the points A and B are hung to Aj 
and Bi by means of vertical rods, the central piers will be 
entirely relieved of all horizontal tlirust, even when the load is 
not uniformly distributed, for the reactions at Ai and Bi must 
of necessity be entirely vertical (Fig. 212). The chains in the 

Fio. 212. 




parts C A and B D act as land-ties to the central opening, and 
at the same time the material in them is employed to bridge 
over the side spans. 

(The connections at the points A, B, C, and D, shown in 
Fig. 212, are only given by way of illustration, other and 
better means of arriving at the same result will be discussed 
farther on.) 

Such a bridge can, on the whole, be represented by the com- 
bination of four rods shown in Fig. 213. These rods are con- 
nected together by smooth hinges ; they are supported directly 
by the fixed points C and D, and by means of vertical rods at 
A and B. It is also supposed that the rods are weightless. 

Now it is evident that the direction of a force acting at each 
end of an unloaded rod must be that of the rod itself; for 
otherwise rotation would ensue. Therefore a load Q placed 
at P can only produce a reaction B at G acting in the direc- 
tion A G ; and, similarly, a load Qi at Pi can only give rise to 

* It will be observed that it is usual to place land-ties at E and F. This 
would greatly, diminish the quantity of material in the end piers. — Tbanb. 
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simultaneoasly the directions A S and B S. 
placed on the rod C A has no eflFect on the re 
rods A S B D. 

When the rod C A, therefore, is alone loaded, 
an ordinary beam supported at both ends, and ^ 
A S, S BTare loaded they are in the same condit 
points of suspension A and B were fixed points. 

The stresses in the bridge shown in Fig. 21 
found. 



a. Calculation of the Stresses in the Central i. 



rpi, ^ _A. 
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h. CaJeulation of the Stresses in the Side Span A G, Fig. 215. 
It will be aHsumed that the parts A C and B D of the bridge 
are, as regards their form and coDstruction, geometrically 
eimilat to each half of the suspensioD bridge of § 22, and 
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the same letters have been used to denote the corresponding 
parts. The loads will also be taken the same as those given 
in § 25 c, n&inely, 20 tons permanent,* and 12 tons moving 
load on each joint. The method adopted for the calculations 
of the braced arch of § 22 will be followed, and for each bar it 
will be foond which loads produce tension and compression 
respectively. To do this, reconrse must be had to the two 
laws given above, which are : 

1. A load on the central span requires a reaction E at the 
points A and C, whose direction is AC. 

2. A load on the side span A C produces vertical reactions 
at the points A and B. 



CaleuieUion of the Streisea X in the Honsontai Bars. 

The stress in X, is to be found by taking a section aff, and 
then forming the equation of moments, either for the part in 
Fig. 216 ot the part in Fig. 217, with reference to the point J. 
Any load on Fig. 216 produces a vertical reaction W at A, 
which tends to turn Fig, 217 from right to left round J. 

* Thii ummea that the weight of the bridge is auironnly dLrtribatod, uid 
thia ti not far Tiom the ttntb, u will sppmr b; eiaminiDg FIg>. 238 and 239, 
p. 181.— Tum. 
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A load on the priucipal span produces a r 
which tends to tnm the part in Fig. 216 froi 
tlius making X5 n^ative ; therefore the loads c 
span belong to the compression group. 

A load placed in any position on B D has m 
and the part B D is marked accordingly in Fig. 



TENSION 
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COMPRESSION' 
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the conseqnent horizoDtal tensioD at S (Fig. 219) is given by 
the equation : 

= -Hxl5 + 12(9^-(-M-|-48-(-...-|- 12 + 6) 




The botizoutal component of R moBt evideotly he equal to 
H, and since the ratio of the vertical to the horizontal com- 
ponent of B is as 15 : 60, or as 1 : 4 ; 

v = eo. 
Hence the equation of moments from Fig. 220 is 

= - X, X 5*25 + 240 X 3-79 - GO x 30 
X.<niin.) = - 171 -41008. 



iV.W 



^^r^^r^lC^ 



As a check, Xt (max.) can be computed by taking the side 
span A G alone loaded, and considering it as a girder, thus : 

= - X. X 3-25 + 12 [(A + . . . + A) so + (A . 80 - 6) 

+ (A . 30 - 12) + (A . 30 - 18) + (A . 30 - 24)] 
X, (max.) = + 171-4 ton*, 
nhicb agrees exactly. 



X. = ±221-5ton8 

= -X, X 2-85 + 240 X 1-35^60 x 
X, = :^ 265-3 tODB 

= -XgX 2-1 + 240 X 0-6 -60 x 12 
X, = ± 274-3 tons 

= - X, X 1-65 + 240 X 0-15 - 60 x t 
X» = ± 196-4 tons 

0=-X„x 1-5 
X„ = 0. 



CalcfUaiion of the Stresses T in the Diag 

As in the preceding cafle, and for the sam 
unnecessary to consider the permanent load, a 
requisite to calculate either the maximum or 

Pig. 221. Fio. 






I 
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eridently mskea T, poaitive. A load placed anywhere od the 
part A a/3 prodaces a vertical reaction D at the point G, 
which makes Y, negatiye. A load on G a^S requires a vertical 
reaction W at A, which also makee Y, negative. Hence 
Fig. 223, showing the manner in which the stress in Y^ is 
affected by the various loads. 




Thus to find Yg (max.) the central span alone must 1 
loaded, and, as before (p. 169), 



and from Fig. 224 the equation of moments is 

= Y. X 16-58 - 240 X 1*5 - CO X 10-92 




Similar!;, foi the raQBinlug diegDnale : 

= Y, X 31-8 -240 X 1-5-00x25-21 



= T, X 28-26-240 x 1-5 — 60 x 31-88 

Y, = ±S9-2t0M 
0= Y, X 24-48 -240 xl'5- CO X 18-30 

Y, = ± 68-8 tana 
= y, X 20-6 - 240 X 1-5 - 60 X 14-77 

Y, = ± 60-S toiia 



ni u IS reversea, ana inus ine loaas proaucing u 
over the central span and up to the section line 
ill Fig. 225. In this case it is easier to calcula 
and from Fig. 226, or else from Fig. 227, the folio v 
ol' moments is obtained : 

= - Y, X 7-53 - 12 (V^ + A) 64-8 
T, = sb 81 tons. 



COMPRESSION 



Fio. 225. 
TENSION 



(^ 




ip. 



Fio. 226. 
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Lastly, for Yio all the loads on A G produce tension, and Yio 
can therefore be obtained by considering the central^span 
loaded, and as before (p. 171) : 

= Y„ X 15-97 - 240 X 1-5 + 60 X 60 
T|o=:d: 202*9 tons. 



Pig. 227. 








TENSION 



Fio. 228. 



COMPRESSION 



NO fFFfCr 




Calculation of the Stresses U in the Verticals. 

The stress in each vertical can be divided into two parts ; 
one part due to the permanent load, and the other to the 
moving load. The first is the same for all the verticals, and is 
equal to + 10 tons, if it is assumed that one-half of the total 
permanent load (20 tons) is applied to the upper joints, and 
the other half to the lower joints. Denoting the part of the 
stress due to the moving load by u, it is evident that 

ti (max.) + o (min.) = f 12 tons, 

because when the moving load covers the bridge, it produces a 
tension of 12 tons in each vertical (being applied to the lower 
joints only). Thus, if u (min.) be calculated, u (max.) can be 
found from the equation 



« (max.) = + 12 — tt (min.). 



tor the diagoneJs; the loading boundaries ' 
fj^eneral be the same, but the loads that prodi 
diagonals will produce compression in the i? 
versa. The bars U9 and U,©, however, possess 
boundary, which is determined by the secti* 
was also found to be the case with the correspc 
but will be shifted one bay to the left, owing 
direction of the section line. 

Fig. 230. 



TENSION 



COMPRESSION 




Fio. 231. 




The groups of loads for IT. nro « 



nr»\»'T^ » »• ^ - ■■ 



§ 26. — SUSPENSION BRIDGE IN THREE SPANS. 175 

In the same manner, the stresses in the remaining verticals can be fonud, 
thus : 

= - M, X 34*74 - 240 x 15 - 60 X 25*26 

tti (min.) = — 54 u^ (max.) = + 66 

U, (min.) = - 44 tons U, (max.) = + 76 tons 

0= -u,x32*12-240x 1*5 - 60 x 21*88 

u, (min.) = - 52* 1 u, (max.) = + 64* 1 

U, (min.) = -42*1 tons U, (max.) = + 74 • 1 tons 

= - u, X 29*61 - 240 X 1*5 - 60 X 18*39 

ti, (min.) = — 49*5 u, (max.) = + 61 *5 

U, (min.) = — 39*5 tons U, (max.) = -t- 71*5 tons 

= - tt^ X 27*23 - 240 x 1*5 - 60 x 14*77 

t«4 (min.) = - 45*8 u^ (max.) = + 57*8 

U4 (min.) = - 35*8 tons U4 (max.) = + 67*8 tons 

= - tt, X 23-33 - 240 x 1*5 - 60 x 6*67 

M, (min.) = - 32*6 «, (max.) = + 44*6 

U, (min.) = - 22-6 tons U, (max.) = + 54*6 tons 

« 

= - u, X 22*29 - 240 X 1*5 - 60 x 1*713 

tt^ (min.) = - 20*8 «, (max.) = + 32*8 

U, (min.) = - 10*8 tons U, (max.) = + 42*8 tons. 

Fur the three following verticals it is best to find the valne of u (max.) 
thus: 



tt, X 22*8 - 12 (t^ + ^^ + VSj) 64-8 

Ug (max.) = + 20*5 «> (min.) = — 8*5 

U, (max.) = + 30*5 tons U. (min.) = + 1-5 t 

ti. X 28 — 240 X 1*5 + 60 X 16 



= - tiy X 28 — 240 X 1*5 + 60 X 16 

+ 12 [(22 - ^5 . 16) + (28 - A- . 16)] 
ti, (max.) = + 31*2 u^ (min.) = — 19*2 

• U, (mux.) = +41*2 tons U,(min.) = — 92 tons 

= - U|, X 66 - 240 X 1*5 + 60 X 60 + 12 (66 - ^ff . 60) 
tt,, (max.) = + 51*3 Mj, (min.) = — 39'3 

U„ (max.) = + 61 -3 tons Uj, (min.) = — 29*3 tons. 

' Lastly, the only stress in the 11th vertical is that dne to a load hung under- 
neath it. The greatest value this load can have is ^ tons moving load added to 

^ tons permanent load; hence 

U|i (max.) = + 11 tons. 



UtilDOES ASD B00F8. 



Cahulalion of the stresses Z in (he chains. 

The sigii of Z, (Figs. 232 and 233) dependa on the sign of 
the mnmpnls of the three forces, K, D, and W. From Fig. 
'2''''2 it appears that the moments of R (the reaction due to t 
loud on the rentral span) and Z5 about O have different signs ; 
therefore a load on the central span makes Z5 positive. 

When the part Aa^ (Fig. 233) is loaded, the reaction 
D is produced at C, the sign of whose moment about (Fig. 
2:^2) is the sume as thiit of Zj, or Z, is negative. 

Fig. 232. Fio. 2H3. 




Again, if C 0/9 is loaded, the reaction AV at A lias (Fi;r. 
233) 11 moment about 0, whose sign is the same as thiit of Zj ; 
tliercl'ore Z^ is again negative. 

Tiie greatest couiprc.isioii occurs, therefore, when the side 



Fig. 2-H. 

IE:. SICV 



_L_ 



span is fully Inadod, and the prcatoat tension «hen the central 
span is loaded, as shown in Fig. 234. 

The stre,ss in Z^ can he calculated in two different ways. 
The first is as follows:— When Z;, (mas.) obtains, tlu> central 
Bjian is fully loaded, and the side span has only the pcrnm- 
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nent load upon it. From Fig. 235 the equation of moments 
is 

= Z, X 6-654 - H X 1-5 - V X 36 + D X 86 - 20 (6 + 12 + . . . + 80), 

where H and V are the components of the reaction E, due to 
the load on the central span. The corresponding values of H 
and V, due to the moving load alone, have already been found 



Fig. 235. 



VtO^lO^ 10/ 




^=160 



to be 240 and 60 respectively. To find the values now required, 
these must be multiplied by the ratio 

20 + 12 _ 8 
12 "3* 

Further, D is the vertical reaction at C, due to the permanent 
load on the side span. 

Substituting, the equation of moments becomes 

= Z, X 6-654 - 640 X 1-5 - 160 X 36 + 20 (^ + ... + A) 36 

-20(6 + 12 + ... + 30) 

Z, (max.) = + 794 tons. 



Fig. 286. 



D.32 



H=400 

r:^ 



R 



(i+-"*) 



V«10O|l2 



10 




,10 jlO 



The value of Z5 (min.) can be obtained from Fig. 236. H 
and y are the components of the reaction B, due to the pei> 
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manent loail alone on the central span, and D I'a the verUcal 

rcai;tioii produced by the total load on the side span. Hence 
H = If . 640 = 400 
V = ii . ISO = 100 

nnd 

= Z, X G'C54 - 40n X 1-5- 100 X 36 + 32 (-^ + ... + -ft) 36 
- 32 (6 + 12 + . . . + 30) 
Zj (mm.) = + 285 looa. 

Tkc second method is to split up the stress in ^ in two 
parts, one pi, due to tho permanent load alone, and the otiier 
Zj due to the moving load alone. The \*alue of p^ has already 
been obtaioed in § 25 (for vben the bridge is covered with a. 
uniform load, tlie side spans are precisely in the same con- 
dition as either of the halves of the main span). It vas found 
that 

r, = + 4]5toiifl.- 

It is only necessary to calculate either 2^ (max.) or a, (min.), 
for both fogL'ther must be equal to the stress produced by the 
moving load when it covers the whole hiidge ; and this stress 
can easily be found by comparison with 7)^— in fact, by multi- 
plying pi by the ratio J ^ — 'j-; therefore 

:, (max.) + :, (min.) = ^ >c 415 = + 249, 

s. (mil,.) = + 243 - u (mBi,). 

It is easiest to obtain z^ (max.), and it can be found from 
tho equation of moments for the part of the side span shown 



in Fig. 2S7 (the values of H and V nil] be those alreadv found 
when the moving load covers the central span). Hence 
= :, X 6654 - 240 X 1-5 - fiO X ^6 
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1, (min.) = -f 249 - 379 = - 130 tons. 

Finally, adding p^ and Zg together, 

Z. (mu.) = lis + S79 = -I- 794 toiiB 
Z, (min.) = 415 - 130 = + 285 tona. 

The same result is thus obtained by both methodB ; the 
last, however, is the simpler, and will therefore be emplc^ed 
for the calculation of the stresses in the remaining bars Z ; 
thus: — 

0= z,x 14-904-240 x 15 -60x80 
I, (mai,) = + 265-5 
>, (min.) =r + 265'S - 265-5 = 
Z, (mai.) = 4*3 + 265-5 = + 708-5 toM 
Z, (miD.) =443 + =z + 143t(mB 
0= z, X 12-56 — 240 X IS -60 X 54 
I, (max.) = 286-5 
I, (min.) = 261 - 286-5 = - 255 
Z, (max.) = 434-5 + 286-6= + 721 tons 
Z, (min.) =434-5- 25-5 = +409 bma 
0= I, X 10-39-340 X 1-5-60x48 
i.(msi.) = 312 
*, (min.) = 256 - 312 = - 56 
Z, (max.) :^ 427 + 312 = + 739 tons 
Z, (min.) = 427 - 56 = + 371 toni 
0= t. X 8-415 -240 X 1-5-60x42 
t, (max.) = 942 
«, (min.) = 252 - 342 = - 90 
Z, (max.) = 421 + 342 s + 763 ton* 
Z, (min.) = 421 - 90 = + 331 tona 
0= I, XS-121-240X 1-3-60x30 
..(max.) = 422 

«, (min.) = 2*6 - 422 = - 176 
Z, (max.) = 410 + 422 = + 832 tou 
Z, (min.) = *10 - 176 = + 234 tons 
0= I, x 3-84-2*0 X 1-5-60x2* 
(, (max.) = 469 

I, (min.) = 244 - 469 = - 225 
' Z, (max.) = 406 + 469 = + 875 toiM 
Z, (min.) = 406 - S25 s + 181 toot 



^H_«^^^^^H 


^H^^^I^^I^^^^^H^^^^^I^^^^I 


ISO 


BRIDQES AND ^^^^^H 




^, x2'83-240xI-5-60xI6 ^^^^H 




r,(m»,.) = 509 ^^^^1 




= 813 - 009 = - 2ft7 ^^^^^H 




(mnit.) = 40S + 509 = + 912 ton* ^^^^^H 




= 403 - S67 = + 136 tnna ^^^^^H 




2001- 240 X 12 ^^^^^H 




z, (max.) = 516 ^^^^^1 




(mm.) = 241 - 51fi = - 276 '^^^^H 




^ 401 -f 516 = + SI7 lens ^^^^^H 




= 401 ~ 275 = + I2« tone ^^^^^H 




- !40 X I -5 - UO X 6 ^^^^^^1 




(,. 437 ^^^^^^^H 




203 ^^^^^^^H 




(m^!!.) = 400 + 437 = + 837 tons ^^^^^^^H 




i!;, (mir.) = 400 - 203 = + 197 toua ^^^^^^^^^^ 



The resalts of the above calculations are collected together 
in Fig. 238. And the stresses in the central span are given in 
Fig. 239, having been deduced from Fig. 197 and § 21. 



§ 27. — RTABILtTY OF THE OeN'TRAI. PiEHS. 

It was assumed, in the preceding calculations, that the con- 
uectinns at the points of support were made as indicated in 
Fig, 212. For tlicsc calonlations to be tnie, it is necessary that 
at tile points A and B vortical forces oidy should act on the 
bridge, and it therefore follows that tliei^e points should be 
perfectly free to inove in a horizontal direction. If such a 
mode of altachnient bo adopted, the stability of the central 
piers is a question that need not be considered (in ^o far as the 
vertical forces on the bridge are concerned). The manner of 
forming thesis connections shown in Fig. 212 is not, however, 
the only one by which this advantage may he gained, and it 
was only chosen as an illustration, and there are better nays of 
arriving at the same result. For instance, the points A, and B, 
can be placed Ix'low A and B, as shown in I'ig. 2iO. 

Nor is it necessary that the chains of the adjacent spans 
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Fia.23ft. 





L 0,1^ the fourth eide being the head o 
(The stresses in these three bars are found ii 
the former calcnlations, and are inscribed in th' 

Or the chains can be attached to the axis 
rolleifl (Fig. 242), and the piers being carri 

Pra. 242. Fio. W 

1 SAOa^ 
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also have to be given up. It is true thalj when the bridge is 
fuUy loaded the reaction at the central piers would be vertical, 
bat this would not be the case with a partial load. 

Pio. 244. 




This will become apparent hj finding the reaction at the 
fixed point 0, due to a single load Q (considering the atractore 
to have no weight). By 
proceeding as in §§ 22 and ^ 

26, it will be found that the 
force K, (Figs. 244 and 245) j^" 
acts in the direction a, P, ^ 
and the force Ei in the 
direction a^ C. These two 
forces, together with the 
reaction at O, maintain the' 
bent lever Oi 0<h, in equili- 
brium, and their resultant K 
must therefore pass through 
O. The horizontal compo- 
nent A c^E is the force that 
tends to overturn the pier, 
and will be greatest when 
all the loads producing the 
same efiTect as Q are on 
Gi6 bridge. These loads extend from a^ to 8, for a load situated 
to the right of S has no overturning effect on the pier in 
question, since it acto through its hinge-reaction Oi 8, the hori- 
zontal component of which is equal to Hj. 

In the previous example the moving load from Oi to S 
was = 120 tons, and when this load is on the bridge it will be 
found that 
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Now tiikiDg moments about 0, 

But it Wii3 fouTiil, II. 169, that 

V, = iH,. 

IIl'Uvc solving ibr H^, 



but. (Fig. 21:j) 



8 + 3 



H, = B, 



Putting for Hi its value {120 tons), and assuming, for example. 



or 28-2 tons is the maximum horizontal thrust of the central 
span of the bridge uguiust either of the central piers. 

The horizontal thrust in the contrary direction, produced 
by loading a^ C would be very nearly as great. 

The force h diminishes together with -, and becomes 



nothing when - = ; that is, when both arms of the bent 

lever unite and form a single strut. This is the construction 
of Fig. 241, and it or one of its modifications is to be preferred. 
I.'lie vertical pressure on the central piem is, when the bridge 
is fully loadcil, equal to the load on the parts A S am! A C 
together, and is therefore 

2 (32 X 10 + ;i2 X 10) = 1280 tons. 

[Note.— It is cnsily ectii tijat tliiB iiiiiat bo tbe caao when it ia considered thiit 
A C anil A S, IxOng ciiiiil, will bnliiiice »H.ivil A wlion o.|iLBlly Inadcil. Or iignin, 
tliuB :— lu Vis- 235 it in shown (liat V, flic vorlicnl comiwnout of tiiu pull pro- 
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duoed at by AS when folly loaded, ii 160 tana When A C is folly loaded, 
the Tertical reaction at C is also 160 tons. The two vertical foroea acting at 
are therefora equal and oppc«ite, and hence neotntlize each otheT, Thns the 
whole load on A G and AS is aopported at A.] 



§ 28. — Stabilitt of the Shobe Abutments. 

The teactioD B at C, dne to a load on the central Bpan 
(Tig. 246), tends to overturn the abutment abont its lower 
edge E, and aleo to make it slip along ita bed F E. Every 



NO EFFECT LOADS TENDING TO OSKTURN PIIK 




load on the side span G A prodaces but a vertical pressure D 
at C, which is neutral as regards overtnming, and helps the 
abutment to resist sliding. 

The moment of the overturning force will thus be greatest 
when the central span is fiilly loaded, in which case tlie hori- 
zontal component of B is 



The vertical component of B passes through E, and therefore 
(similarly to D) is neutral as regards overturning. Thus tihe 
condition of stability is that the moment of G (the weight of 
the abutment) about E is not less than the moment of the 
horizontal puU, 2 H, of the whole bridge about the same point. 
This is expressed by 

g5>2xGMxA, [I] 

&om which the least dimensions of the pier to resist over- 
turning OBQ be fbund. 



im 
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But it must also be ascertained that the pier will not slide. 

Butli the eompouenta of K act injurioiisly in this respect, 
K clireftly, mid R indirectly in tliat it diminiehea the preaeure 
on tlio bii.se, iind thereby also the resistance to sliding. 

The reai;tion D, however, increases the resiBtaBco to sliding. 
Tlie danj,'ei- of sliding will therefore be greatest when the 
•'(•iitrtil span is fully loaded and the side gpan unloaded 
(moving load), in which case D is equal to half the weight of 
iWii pull A C (Fig. 247). For these conditions of loading 



H = 640, 



V = 160, 



D = JOO: 



and these values must be doubled to represent the efifect of 
the bridge. 

Uence, if / is the coeflScient of friction, 
/(G + 2D-2V)>2H. 
or 

/(I', + -2x 100 - 2 X ICO) > 2 X G40, [2] 

in order that the abutments may not slide. 




To prevent failure, the value of Gr must be taken at least 
as great as the greater of the values obtained from the two 
eoiulitions expressed in [1] iind [2]. 

The chain C A must be securely attached to the abutment 
pier, and this can be done by means of a eJiain built in the 
masonry (Fig. 247) and anchored at F. The direction of this 
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chain most not be horizontal at C ; for if Emch were the case, G 
would rise when the central epan was loaded and the side span 
unloaded. In this case, Y = 160 tons and D = 100 tonB, and 
the direction of the chain in the masomy must be such as to 
supply the vertical force necessary for equilibrium. Thus if a 
is the angle the chain makes with the horizontal at C, this 
angle most at least be as great as the angle made with the 
horizontal by the resultuit of K and D (or of the three forces, 
H, y, and D) when the bridge is loaded as above. The 
tangent of this last angle is 

V-D^ 160-100 ^3^ 

H 6i0 82 • 

therefore 

taiia>0-093TS, 
Ot 

a > S° 22'. 

The greatest tension in -the chain can be obtained by 
making its horizontal component equal to the maximum 
value <^ H, (H* 640 bms. 
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NINTH CHAPTER. 

§ 29.— On the Calcdlattos of the Stbbsses in Domes. 

In all tbo preceding examplee it could be aasnmed that 
every joint was equally loaded as well as regards the permanent 
as the moving load. If the weight of the structure itself were 
not quite uniformly distributed over the span, the difference 
in each case was small and did not affect to any appreciable 
extent the values of the strossea found. 

But iu the case of domes, the error entailed by eoch an 
assumption would be too great ; for the ribs or principals radiate 
from the centre lite the spokes of a wheel, and consequently the 
loads on tliem increase considerably from the centre towards the 
abufraiinla. 

The surface of a dome can be considered as generated by the 
revolution of a properly shaped curve roimd the verticfd axis, 
and if the ribs are equally spaced the portion of this surface 
contained between tlie vertical planes through two adjacent 
principals will represent tlie load on each principal. Further, 
if the bays formed by the bracing are equal, the loads on each 
joint will vary as the length of the arc of the circle (seen on 
plan) passing through the joint and contained between two 
adjacent ribs. IJut the length of these arcs is proportional to 
their distance from the vertical axis of the dome. Thus if 
p is the load on the joint situated at the unit of distance from 
the axis, p p will be the load on a joint placed at a distance p 
from the axis. If, therefore, the loud on any joint be known, 
the load on any other joint can at once be found by simply 
measuring its horizontal distimce from the vertical axis. 

Once the loads on the various joints are known, the stresses 
can be found, and conveniently so, by the method of moments, as 
will appear in the following example : — 

§ 30.— Dome of 100 metres Spa.n. 
The exterior surface of the dome is a hemisphere of 51 
metres radius, and contains 16,338 square metres. There are 
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eight ribs, each in the form of a quadrant of a circle and each 
rib SDpports 2042 square metres of the surface of the dome. 

The load per square metre of the surface of the dome is 
assamed to be 235 Idlos. (consisting of the weight of the covering, 
together with that of the enow and wind pressure). Each rib 
baa therefore 2042 x 235 = 480,000 kilos, nearly, or 480 tons 
(1000 kilos, to the ton) to cany. The whole of this load will 
be coDsideted variable, not only on account of the snow and 
wind pressure, bat also because it is possible that part of the 
covering might be removed for a time. The only permanent 
load is the weight of the rib itself, which is estimated at 60 tons. 
This load can be considered as equally distributed on the 
exterior joints. Each rib consists of two concentric booms, 
2 metres apart and connected together by triangular bracing, 
dividing the rib into fifteen bays of equal length (Figs. 248, 
249). The permanent load is therefore 4 tons on each exterior 
joint 

To find the distribution the triable load on the joints, the 
distance of these joints &om the vertical axis must be measured. 
These distances are as follows : — 



41 j 37-9 I «-3 



These numbers, as already seen, are proportional to the 
variable load on each joint. Therefore if the whole of the 
variable load on the rib, 480 tons, be divided by the sum 
of all these numbers, 612, the quotient multiplied by each 
number in succession will give the variable load acting on the 
corresponding joint, thus : 

Load — No. or Joint. 

^ I 9-9 I U-8 I 19-4 I 23-9 j 281 I 82 j 855 I 38-7 I 41-4 

43-7 I 45-5 I 46'S I 47-6 
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ring, it will be assumed that the tops of the ribs are connected 
together by a hinge* Hinges are also placed at A and B. 

The arrangement adopted is thus similar to that of the 
braced arch of § 22, and the reasoning will consequently also be 
similar. 

The process to find the hinge-reaction at S will, for instance, 
be the same. It will thus be found that when the dome is fully 
loaded, or when it is quite unloaded, the Vertical component of 
this hinge-reaction is zero, and the reaction is therefore hori- 
zontal. The magnitude of this horizontal force H can be found 
by equating its moment about A to the moment of all the loads 
about the same point The lever arms of the loads can be 
obtained by subtracting their distances from the centre given 
above from 50, the half radius, thus : 









Leteb Abms — No. OF 


JOIKT. 






50 


44-7 


89*4 


84-2 


29-8 


24*5 


20 


15-9 


121 


s 


1 


a 


3 


4 


6 


e 


1 


8 






5-8 


8-4 


1-5 


01 


-0-7 










10 


11 


12 


13 


14 







8-7 



Thus when the ribs are unloaded, H is found from the 
equation 



H X 50 = 4 (5^ + 44-7 + 894 + ... + 15 + 01 - 07) = 1056, 



or 



H = 21-12 tons. 



If, however, the full variable load is applied, the equation 
becomes 

H X 50 = 4 (ia + 44-7 + 89-4 + ... + 1-5 + 01 -0-7) 
+ 5 X 44-7 + 9-9 X 89-4 + ... + 45-5 x 1*5 
+ 46-8 X 01- 47-6 X 0-7. 

The last products in the equation are the moments of the 

* To meet the objection that might be nosed, that the nmnber of hinges 
croflsing each other at S would render the constmotion impossible, the ribs are 
sappoeed to abnt against a ball, which will act as a hinge for each rib. 



The substitution of these values in the < 

H X 50 = 1056 + 223-5 + ... + 4-7- 3 



or 



H = 111-9 toiiB. 



CaleuJation of the Stresses X in the I 

The part of the outer boom situated h 
6 will be taken to illustrate the calculati< 



Pro. 250. 
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yeriical is at a distance of 13 metres from the axis, and falls 
between the second and third joints, the effect of the yarioos 
loads is therefore as shown in Fig. 250. 

The stress in X will be a maximum when the joints 3. 4, 
5, . . . 14* are unloaded and the remainder loaded. 

But the same result is obtained by considering every joint 
loaded, and applying to joints 3, 4, 5, ... 14 vertical upward 
forces equal to their respective variable Ipads. 

To find the components of the hinge-reaction under these 
conditions, the equations of moments of each rib about its point 
of support for a full load are to be used, deducting, however, 
from the equation for the left rib the moments of the twelve 
unloading forces, thus : 

For the right rib, 

= Hx50 + Vx50-. 5595 

For the left rib, 

0=-Hx50 + Vx50 + 5595 - 506 -565-586 
4-7 + 33-3 

H = 72'7 V = 39-2. 

Then from Fig. 251 the equation of moments to obtain 
X (max.) is : 

= - X X 2 - 72-7 X 8-9 + 39*2 x 26*7 

+ 4 (^ + 21-4 + 161 + 10-9 + 6+12) 

+ 5x21-4 + 9-9 X 16-1 

X (max.) = + 470-9 tonp. 



Fi(^ 251. 



?«%t 




FrSSt* 



* Since the yertioal through the 14th joint paBses to the left of the timing pdnt 
A the load npon it produces tendon in X, and the same remark applies to the 
joint near B^ coneeqnentlj there are in reality four groups of loads, hnt the error 
entailed hy taking only two groups as aboye is so smaU that it may be neglected. 



aad from Fig. 262 the equation of momeDte 

= - X X 2 - 60-8 X 8-9 - 89-2 X S 

+ * (^^ + 21* + 16-1 + 10-9 H 

+ 14-8X ll)9 + l9-4xG + 23'9 

S (min.) = — 500-6 tons. 




Cahiilatim of tfis Stresses Z in the Lou 
As an example, the stress in the part of t 
through by the section line C ffl'(Fig. 250) w: 
point 6 is the turning point, and the vertic 
intersection of A 6 and B 8 (Fig. 253), is the 
boondaty. This vertical is at a distance of 
the axis, and is situated between the third 
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and the equation to find Z (max.) is from Fig. 254 : 

= Z X 2 - S5'3 X S-T4 - 84-2 x 30 

+ 4 (12 + 2*-7 + 19-4 + 14-Z + 9-S + 4-S> 
+ 1D-4 X 9-3 4-S3'9 x 4'5 
Z (max.) = + 436-5 tooB. 



ITia. 258. 




When Z (min.) obtains, the joints 4, 5, ... 14 must be un- 
loaded, and to detennine the hinge-reaction the moments due 
to the loads on these joints mnst be deducted from the equation 
of moments of the left rib, considered fully loaded, thos : 



so + T X so - S99& 
K 50 4- V X 00 + 95S9 - 568 - 
H = 77-7 V = 



586-...-4-7 + 83-8i 



^s^uan.) = - 610*0 t 



Fig. 255. 




Calculation of the Stresses Y in i 

Of the two diagonals placed betweei 
the one connected to joint 10 will be cl 
method of calculation. 

It will be seen that the case that occui 
here, namely, that the point about whici 
is infinitely distant. The direction of 1 
taining this point is that of the tangent U 
at the point where the diagonal is cut (F 
at this point makes an angle of 58^^ with 
the tangent therefore also makes an angle 
zontal. The only difference between this 
is, that in the latfpr ooo^ ai • 
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make Y negative, and those that are acting in the oppoeite 
direction make Y positiTe. 

The loading bonndarj will thus be seen to be the rertioal 
through the intersection of 6 8, with a line through A drawn 
parallel to the tangent. For the direction of the resultant of a 
load placed in the vertical tbrongh J and ite hinge-reaction, is 
J A, and the resultant has therefore no component parallel to the 




normal. All the loads to the right of the boundary make N 
negative, and those to the left as far as the section line make K 
positive. The loads on the other side of the section line, bow- 
ever, ^ain make IT negative, for they act indirectly on the 
portion 8 ;3 by means of their hinge-reactions. The loads there- 
fore divide themselves into three groups, as shown in Fig. 256, 
By constrnction, it is found that the distance of the vertical 
through J from the axis is 12 metres, and that the loading 
boundary falls between the second and third joint Thus the 
force N, and therefore also Y, is a maximum when the joints 
3, 4, 5, 6, 7, 8, 9 are loaded. With this loading the equations 
to find the components of the hinge-reaction are : 

= Hx50-Tx60- lOH 

= -Bx50- Vx50+109e+50e+568+586 + 562 + S09-(-UO+337 
H = 561 V = 35. 



and smee T makeB fin angle of 52* 35' witi 

Y (ni6x.) = — *'_^—, = + 89-f 



FiQ. 237. 
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Hence, Fig. 258, the equation to find N is : 

= N 4 77 OM 31}° - 35 Bin 31}° - 4 x 9-5 dn 31}° 
-(5 + 9-9)BinSlJ''; 

or, 

N(iiiiii.)= - 19-7 Iohb; 

and the corteaponding value of Y is : 

Y (min.) = 'Itlf - ' = - 325 tons. 



Fia. 298. I i I 



1 *■ -^ 

These three examples show sufficiently the mode of calcu- 
lating the stiosB in the variooa hara, and the calculations for 
the remaining bats will not be given, as they would occupy too 
much space. 

CaJeiUaiion of the Slreaa tn the Ring. 

Iq a case like the present, where the number of ribs is anall, 

the ring connecting their lower extremities will be a polygon, 

and from Fig. 259 the following is the equation to find the 

stress S in the sides of this polygon : 

3Bmii22|<'sH 



2x0-3827'" 




In the preceding example : 

'_ » 51 X 0-7851 ~ 
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§ 31. — Genebatinq Cubve, fob a Dome, bequibing the 

Least Quantity op MatebIal. 

In the preceding example it was required to calculate the 
stresses in a given dome. To simplify the calculations the form 
was taken as that of a hemisphere, or the generating curre was 
the quadrant of a circle. If, however, the form of the generating 
curve necessitating the least quantity of material in the ribs 
were required, the form of the linear arch (or curve of equi- 
librium) to carry the unequally distributed loads would have to 
be found. The principal boom would be made to this curve, 
a hinge connecting each half would be placed at its vertex. To 
meet the effect of partial loading a secondary boom, connected 
to the principal boom by means of diagonals, should be provided. 
Evidently the secondary boom and the diagonals would have 
no stress in them when the whole load was on the structure, 
and also the arithmetical values of the maxima and minima 
stresses in them would be equal (precisely as in the horizontal 
and diagonal bars of the braced arch of § 22). 

There is no diflSculty in finding the required curve if the 
dome be sufSciently flat, and the number of ribs sufficiently 
great, for the portions of the surface contained between two 
adjacent ribs to be considered, without too great an error, as 
plane triangles, and if the load can be assumed as uniformly 
distributed over the area of this triangle. In this case the centre 
of gravity of the triangle 8 P can be taken as the point of appli- 
cation of the resultant load on the part covered by this triangle 
(Figs. 261, 262, 263). 

Let K therefore be the load per unit of horizontal surface 

and n the number of ribs (consequently — the very small 
angle contained by the horizontal projection of two adjacent 

2 TT X 

ribs), then x , — • s is the area of the triangle S P, and, taking 
moments about P (Fig. 263), 



y 



«» 
/» 



This is the equation to thq cubic 
form be given to the ribs, the stress 
and the diagonals will be zero when th« 

Figs. 261, 262, akd 2 




^p^rr 
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uniform load per unit of length of the span, the above equations 
become 






/ 



3 pn m 
zicir 



^» + 



3pn 



2icir 



. /• 



[lA] 
[2a] 

[3a] 



If the height of the dome and the number of ribs were such 
that the aboye assumption could not be made without sensible 
error, the required curve would have to be found by following 
the principles laid down for the determination of linear arches. 



§ 32. — Dome Formed of Articulated Eibs 

AND Rings.* 

The skeleton of the dome given in Figs. 264 and 265 shows 
half a regular eighteen-sided polygon in elevation, and a 
regular octagon on plcm. It is assumed that the various bars 

Fig. 264. 




are connected together by free joints. These joints lie in the 
surface of a hemisphere of 10 metres radius, and the surfietce of 

* See 'Berliner Zeitsohrift far Banwesen/ 1866, "The Oonstraetion of 
Domed Boofis," bj W. Schwedler. 



V B' 



tne loads on all the joints in any one 
(Fig. 265) is proportional to the radi 



Fio. 265. 




scribing the corresponding octagon (with 
of the lowest ring, which has only half t 
radii of these five circles are : 
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wlienoe: 



x = 4364*3 Idloe. 



»» 



Thus the loads on the various rings are : 

xr, = 4364-3 X 1-7365= 7578-6 kilos* 
xr, = 4364-3 x 50 = 21821*5 
xr^ = 4364*3 x 7'6604 = 33432*3 
xr^ = 4364-3 X 9*3969 = 41010*9 
«r,^4364.^ =21821-5 „ 

and as each riug contains eight joints, these loads must be 
divided by 8 to obtain the load on one joint ; f thus : 



^ 7578-6 ^^„,., 
Q, = — g — = 947 kiloa 

Q. = ?^» = !«28 „ 
Q. = ?!fl3 = 4179 

Q, = !1^« = 5126 



»» 



»» 



218^1*5 
8 



Q5 = — ^— = 2728 „ 



where Qi, Q2 • • • Qs denote the loads on the five joints of a rib. 



CaJcvIation of the Stresses ^produced hy the FuU Load. 

Imagine that two sections are taken through the dome by 
means of vertical planes, as shown in Figs. 266 and 267, and that 
equilibrium is maintained by forces applied to the end of, and in 
the direction of, each bar that hsis been cut through. 

The upper ring exerts a horizontal pull Bi on the rib, 

* It ia evident that if a lantern or any other load were placed on the top, the 
load on the top ring vonld have to he increased accordingly. 

t If the numher of rihe had heen 16 instead of 8, these loads would have to 
be divided by 16, and so on ; otherwise the calculations are the same. A small 
number of ribs has been chosen to obtain distinct figures. 
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Further, let the part A B of the rib be cut through, and 
equilibrium maintained by an applied force Di (Fig. 268), and 
let this force be replaced by its horizontal and vertical com- 
ponents ; then, by equating the algebraic sum of the horizontal 
forces, and also that of the vertical forces, to zero, 

V, = 947 kilos, and B, = - H, ; 



now, from the figure. 



tan aj = 






8m«, = -. 



and since ai = 20^, the following values are obtained : 



947 
H, = ^^ = + 2602 kUos. 



tan a 



^i = n 



947 



8in2(P 
B, = - 2602 kUos. 
Y _ 2602 



= + 2770 kilos. 



2 sin 22*5'' 



=: - 8400 kUos. 
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The same process applied to the part of the structure 
shown in Fig. 269, gives : 



v.^ 


= 947 + 2728 = + 3675 kilos. 


H, 


tan a. 


3675 
tan 40° 


- + 4380 kUos. 


D. 


sin a. 


3675 
"" Bin40*> 


= + 5717 kilos. 


B. 


= 2602- 


-H,= - 1778 kilos. 


X- 




1778 


- 2323 kilos. 


■^s 


2 8in22-5o~ 



^^^^^^^^1 
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. 4 


1 


And similarly for Fig. 270: 
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7,^947 + 2728 + 4179 






U1 


= + 7851 kilos. 




2m 


4- 


V, 78M 

' tan o, tea B0° 
= + 453S tUoB, 




„, 'M^ 




V, 7854 
= + 9069 kilos. 








R, = 2602 + 1778- H, 

= - 155 klloB. 

-155 






' 3 ain 225^ 


-, '/j 




= - 203 kilos. 




l\ 




And, lastly, from Fig. 








271: 


^ 



V, = 047 + 2728 + 4179 + 5126 = + 15 
+ 2283 kiloa. 
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Yo the reeolved part vertically of the stress in the bar E F, 
is prodaced by the vertical reaction of the point of support ; 
and n^, the resolTed part horizontally, is doe to the tension in 
the bottom ring. Hence 

B, = H, = -1- 2289 kUM. 



Minima Streaaea in ^ Bingt, 

The whole load on the dome will be considered variable ; 
at the same time, however, the loads must always be sym- 
metrical with the vertical axis, or the stracture would collapse. 
If the load on the top ring be removed, it is easy to see 
that the stress in that ring becomes zero; and likewise that 
when the load on the second _ 

J iu 4, ■ Fio. 272. 

nng IS removed, the stress in 

that ring also becomes zero ; 
and so on for the remaining 
rings. From this it is evident 
that the load on any one ring 
has no influence whatever on 
the stresses in the rings above 
it, or, in other words, produces 
no stress in them ; bat the load 
on any ring produces tension 
in all the rings below it. Con- 
sequently, the mioimum stress 
or greatest compression will 
occur in any ring when it alone 
is loaded, tn Fig. 272 the 
third ring is represented as loaded, and B3 is the resultant of 
the stresses in that ring. For equilibrium, the resultant of B, 
and Qj must lie in the direction of the part of rib just below 
the joint G. Hence 




^<"^>=-tar^ = -iir6o5 



- MIS tdW 






The first and fifth rings are not conside 
compression can never occur, alid the top 
eompresaion ; the ralao already obtained (^ 
is therefore the minimum stress required. 



Mamma Stresses in the Ring 

From what )ias been already said, it i) 
maximum stress or greatest tensiou occurs 
tdl the rings above it are loaded, ilself i 
rings below it eitlier loaded or unioa'led, Tli 
resultant R3 of the tensions in the ring at C 
mum value when the two upper rings are I< 
found from the equation (Fig. 274) 

B, = U, - H, = -^ - -^ : 
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To find the maximnm etresa in the second ring, the top 
ring alone most be loaded, and conseqaentlj, 



" tan 2tf= tan 40= 



= + H73, 

kUoc 




Lastly, to determioe X, (max.) the three upper rings should 
alone be loaded, and the equations are — 



V, = V, = M7 + 2728 + 4179 = 7854, 
_ 7854 7854 _ 



In the above calcolations it has always been considered 
that the load on any ring wag equally distributed amongst the 
joints, or, in other words, that the loading was symmetrical 

p 2 



"ey m.r p»™4 deform.lio. by theiTrMi, 
The delermiMion of the b,„di„g ^^^ j^ 
cannot, h„,.v„, bo »co™pli.bed% eZolt 
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TENTH CHAPTER. 
§ 33. — CoNTiNuonB QmDSK BanwEa 

It was seen, in treating of braced arches, that by iutro- 
ducing hinges the stresses in the varions bars could be kept 
between easily controllable limits, and also that the dangers 
arising from a slight giving way of the abntments, or by 
changes of temperature, could be totally avoided. But hinges 
can also be employed with advantage in girder bridges (those 
that require only vertical reactions at the abutments or piers) 
when the span is great, and there are two or more openings in 
succession to be bridged over. 

It is found that in such cases s great saving of material is 
effected by using a continuous girder, instead of several span- 
ning each opening separately. But in these structures, as in 
braced arches without hinges, there is the danger of a very 
slight alteration in the position of the supports producing very 
great differences in the stresses ; in braced arches the danger 
lies in the horizontal displacement of the abutments, but in the 
present case a vertical displacement becomes critical. There- 
fore the same reasons that were given with reference to braced 
arches in § 24 would point to the advisability of breaking 
the continuity of the girder by means of hinges, and thus 
making the stresses in the structure independent of small 
vertical displacements of the points of support. In the case of 
braced arches, the crown and the abutments were found to be 
the best places for the hinges; bat with girder bridges the 
best positions are on each side of the central piers, so that the 
portions of the girder over the piers may act as supports to 
the other parts (Fig. 275). 

The part of the girder resting on either of the piers is to be 
regarded as supported at two points; and in order that there 
may be no chance of overturning with a partial load, the dis- 



'^I't BliUXIBB AND BOOPa. 

tfliice of these two points, or the breadth of the pier, miut not 
be less tlmii ii certaia dimension which will now be founij. Tho 
worst distribution of the load, as regardg the left pier portioD, 
i» that sliywu in Fig, 27Q, in wliich only the parts BC and 
C E ure loiidt'd, and the remainder of the bridge unloaded 
(moring load). 
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,._..^_^x__ 



• *--?.. 



f-^-r- 



4\ 



^i[j 






The equation of moments iibout the point B is then 

= (J, + V) jt; + („ + ,y) = . ^ - j,^(; + /,)-;'(= + '■) (-^-)- 

where p is the permanent, and y the moviiifr, loaii per unit 
of length. Solving this erjuatiun, and putting n lor the 



t^' (- + .)• + !. =(. + :). 



Now, since the ratio n genersilly iucreaseu jts the sp!in 
diminishes, it follows that very small s|hvus would require pro- 
jKjrtionately very wide piers. To obviate this, the part of the 
ffirder over the pier can he anchored down to the masonry 
by tension rods. With a partial load, a tension, K, is pro- 
duced iu thcst^ nuls, th..> moment of which jihuut 1! (= \\h) 
helps to maintain cquilibriiini. Tho equation of moments 
then beL'omcs 



= {/> + ■/) 
If tliiaarrangement li 



+ '/) - - 



adopted, however, tho weight Q of the 
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pier must be each as to prevent oTerturning. This condition is 
expressed by (Fig. 277) 



Q|+,,(. + 6)+p(i + ^ 



>O> + 9)*(^ + 0. 



T 



H 



If, however, Q becomes greater than is thought advisable, 
the distance b of the two points A B can be increased by 
using double piers. 

The central and abutment portions being simply supported 
at the ends can be constracted either as para- ^^^ 277 

bolic girders (described in the second chapter), - 

or as braced girders with parallel booms (de- \ 

scribed in the third chapter). The portions 
over the piers could also be given this latter 
form ; but a variety of the parabolic form may 
also be adopted. This variety can be deduced as 
follows : — ^ 

When two or more equal and symmetrical chains (either 
hanging or arch-shaped), having the same load per unit of 
length of the span, are so placed next each other that the 
second abutment of the first chain is the first abutment of the 
second chain, and the second abutment of the second chain is 

Fig. 278. 



t 




AB 



the first abutment of the third chain, and so on, the horizontal 
tensions or thrusts balance each other at the common abutments, 
and the reactions are entirely vertical, so that these abutments 
might be replaced by tension rods. Instead of a single rod, 
two separated by a horizontal bar, A B, might be used, as 
already seen in § 27 (Figs. 278 and 279). 



xoe Btraeses in Uie ohaiB have not bei 
introdtiction cpf the horizontal tie-rods, and con 
coDStracted as shown in Fig. 280 will, whei 




formly diatribnted, require no diagonalB, F 
reaaomng for an arch chain applies also to i 
what has been said above wi]l apply to the at 
Fig. 281, the tie-rod becoming a compression I 



4"H=4 



The stresses in the chains can be found fi 
given in § 8. The laws given at page 33 are 
namely, that the resolved part vertically of ll 
(loint is equal to the load on the bridge bet 
and the cantre, and that the resolved part Itn 
stress is constant. It ia onlv an nlt«mtinn in t 
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zontal stress in the pier portions depends solely on the height 
of arc of the parabolas of which they are formed. 

The parabolic girders of Figs. 280 and 281 can be trans- 
posed without making any difference in the other parts. Thus 

Fig. 282. 




a structure of the form shown in Fig. 282 is obtained, which 
can be adopted with advantage if head room under the bridge 
is of importance. It is hardly necessary to remark that the 



Fig. 283. 



L-d 




parabolic girders can also be replaced by braced girders with 
parallel booms, and that this will not affect the pier portions 
(Fig. 283). 



§ 34.— sCONTINUOUS GiRDEB BRIDGE IN ThBEE SpANS. CEN- 
TRAL Opening, 160 Metres ; Side Openings, 130 Metres. 

The weight of the bridge (Fig. 284) is estimated at 8000 
kilos, per metre run, and each girder has half of this to 
carry. The length of each bay being 10 metres, each joint has 
40,000 kilos., or, reckoning 1000 kilos, to the ton, 40 tons dead 
load to bear. The moving load is taken at 4000 kilos, per metre 
run, which is equivalent to 20 tons moving load per joint. 

The three parabolic girders placed between the piers 
(Fig. 284) have each a span of 100 metres and a height of 
12 '5 metres, and the stresses in them can be found as explained 
in the second chapter (Fig. 39). It will therefore only be 



^,m±«m,^^, 



and, in the second c 



- — = 200 tona. 
Fto.284- 







Either one or the other of these ralues ' 
fiiibstittited for D, according as it tenda to iiicn 
the stress in any bar, and according as the n: 
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fore, the girder C E and the joints F, 6, C must be loaded, and 
by substituting the greatest value of D the equation becomes : 




= - X, X 11*266 + 300 X 30 + 60(10 + 20 + ^) 
X, (max.) = + 1038-6 tons. 

To determine Ti moments must be taken about P (Fig. 286). 
It is not necessary to consider the permanent load, for, as 
already remarked in § 33, a 
uniformly distributed load ^^- ^^* 

produces no stress in the 
diagonals. Further, it is 
only necessary to calcu- 
late either Yi (max.) or Yj 
(min.), as both values are 
numerically equal but of 
contrary sign, since the 
moving load when covering 
the bridge is uniformly distributed. But to show tliat the 
method is quite independent of such previous knowledge, the 
calculations both for Yj (max.) and Yi (min.) will be made, taking 
the permanent load in each case into consideration. 

The equation of moments is : 

= - Y, X 15-862 + D X 4 + 40 (I - 6 - 16) + 10 X 4 - 20(6 + 16). 

To obtain Yi (max.) the greatest value of D must be sub- 
stituted, and the negative terms due to the moving load 
omitted, thus : 

= - Y, X 15-862 + 300 X 4 + 40(1 - 6 - 16) + 10 X 4 ; 

or, 

Yj (max.) = + 27-76 tons. 

And to find Yi (min.), D must be given its least value and the 
positive terms due to the moving load must be left out, thus: 

= - Yi X 16-852 + 200 X 4 + 40 (I - 6 - 16) - 20(6 + 16) 

Y, (min.) = — 27-76 tons. 

The stress in the bar Zi can be found from the following 
equation of moments, formed with reference to the point F : 

= Z, X 7*692 + D X 20 + 40C^ + 10) + 20(Y + 10); 







««IS + 300 X 1 -5385 + « (!~ _ , 
+ 20 X ^\ 
V,(miDO = +lo.8toQH. 
(The ,aem^ p,„j,„^ |,j, ,^^ ^_^^._^^ ^^ 

+ 23-2 and -9-2 

gives the values found above). 
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= Z, X 3-526 + 300 x 10 + 30 x 10 
Z, (min.) = - 936 tons 

= V, X 10 - 20 X 10 - 20 X 10 

Vj (max.) = + 40 tons V, (min.) = + 20 tons 

= - X, X 3-325 + 300 X 10 + 30 X 10 
X, (max.) =+ 992-5 tons 

= Z, X 3-526 4- 300 x 10 + 30 x 10 
Z, (min.) = - 936 tons. 

The calculations to find the stresses in the diagonal^ and in 

the two verticals immediately above the pier, vary slightly 

from the above, on account of the reaction of the pier. This 

' reaction W (Fig. 288) is the pressure the fixed point B exerts 

against the structure. 

To determine W, C D can be considered as a lever having 
its fulcrum at the other point of support A. It is evident that 

Fio. 288. 




when W is to be as great as possible, all the joints to the right 
of A must be loaded, and those to the left unloaded, but since 
the load on the joint B is taken up directly by the pier, it has 
no influence on the magnitude of W. Hence from Fig. 288 the 
equation of moments is : 

= - W X 12-5 + 20 X 12-5 + 60 (225 + 32-5 + ~) 
+ 300 x 42-5 - 40(10 4 20 + ^) - 200 x 30 
W (max.) =782 tons. 

A glance at Fig. 289 will show that this value of W makes 
Yo a minimum, for the increment added to W by a load on the 
part of the structure shown in the figure is greater than the 
load that produces it, and it has also a greater lever-arm with 
reference to the toniing-point. 



Fig. 289. 




y\ 



coiidition that the sum of the vertical 
Hence v, the resolved part vertically of Y, 
difference between W and the loads on th 

Fio. 290. 




n" , . 



shown iTi "C^*- ^'^'^ 
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As already observed, Y© = when the bridge is fully loaded, 
hence the numerical value of Yo (min.) must be equal to that 
of Yo (max.). Therefore : 

As to the stress in the vertical Uo, it is evident that the 
only vertical force acting upon it at the top, besides the per- 
manent load of 20 tons, is the vertical component of the stress 
in the top boom, and this component is evidently greatest with 
a full load. Consequently : 

- Uo = 20 + (60 + 60 + 30 + 800) 
Uo (min.) = — 470 tons. 

(The maximum stresses in both the verticals over the pier 
are negative, and it is therefore not necessary to consider them. 
By reversing, however, the loading in Pig. 288, it is easily 
found that Uo (max.) = - 320 tons.) 

The stresses in Xo and Zq are, as in the case of the other 
horizontal bars, equal to the horizontal stress in the fundamental 
parabolic chain. Consequently : 

Xo (max.) = + 936 tons 
Zo (min.) = - 936 tons. 

The value of this horizontal stress depends, as already 
remarked, on the height of the arc of the parabola E K L F, 
Fig. 281, to which the part CD belongs. In the present 
case the vertex of the parabola is 8*0128 metres below the 
horizontal K L (Fig. 281), and the height of arc is there- 
fore: 

/ = 12-5 + 8-0128 = 20-5128 metres. 

The corresponding span is : 

2 1 = 160 metres. 

The stress in the horizontal bars can therefore be obtained 
from the formula (see p. 32) : 

jj 0> + g)^ _ (4 + 2)80« ^^^. ^ 
^ = —27~ ~ 2 X 20-5128 - ^^O tons. 



%J *J 



^iven m tins figure, those for a similar 
down are obtained. The points A and B ^ 
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A' 4936 B, 




the points of support. But in this case A 
be chosen as points of support, and the i 
verticals over the pier will consequently be i 
stresses can either be determined directly 
ploying secondary verticals, a method whi 



D 



Fig. 292. 
A 4936 B 4936 




before fsee & 19\ nnu. ^ 
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one-half of the stress found aboye for, the diagonal, and the 
stresses in the two verticals will each be the arithmetical mean 
of those already obtained (it is easy to satisfy oneself of this by 
imagining two such girders, with halved stresses, placed one 
behind the other, one with the central diagonal inclined to 
the right, and the other with this diagonal inclined to the left). 



Fig. 293. 




.ifiM 



Fig. 296. 



ms. 




Fig. 297. 



""^SSX 




Fia 295. 
- ^936 




4036 



Fig. 298. 

4j36 4936 




^ -^36 



If, however, both diagonals can only take np tension or can 
only resist compression, the stresses given in Figs. 294 and 295 
respectively will be those required. The inability of the dia- 
gonals to resist tension is expressed in Fig. 295 by double 
lines. 

In a similar manner the structures shown in Figs. 296, 297, 
and 298 can be derived from Fig. 292. 

In all the preceding calculations the load on the joints 
over the piers has, for simplicity, been taken the same as on 
the other joints, though accurately speaking the load on these 
joints is slightly greater on account of the pier being a little 
wider than a bay. 

Q 
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This witlth is necessary to prevent the pier girdeii c 
turning wIil-q mibject to iiie action of a partial load. By g 
Btituting in tlie fonnula of § 83, viz. 

(-> - (I + .) + V^(a + .y + 2»«(, +?). 

tbp values 



= 18. 



it is found tliat, 



i>ll'3S metres. 



The widtli of the pier aesmned abore, namely I2'S metree,]a>l 
therefore ii little in excess (aU the more so as the permanentfl 
load of tht) central girders is a little less than that of the J 
pier girdors, althougli io the calculations it has been taken aa 1 

equal). 

Continuous Girder with ParcHM Booms. 

The whole of the continuous girder may bo constructed 
with parallel booms as shown in Fig, 299, or else only 
parts resting on the piers may be so desigoed. The stresses in 



these latter can be obtainod by an exactly similar process 
to that followed above, and those stresses are given in Figs. 
300, 301, 302, 303, aud 304. To form some idea of the rela- 



Fig. 300. 
-2gj +,;7e A. +nX B.*^5TV 




tive quantities of material required by the two designs, the 
span aud height of the girders arc the same as in the former 
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example. It must also be observed that all the figures refer to 
girders carrying the line of railway on their lower booms, and 
also that the hinges connect the lower booms. Further, in 

Fig. 301. 
+264 -\^57fi' +936 A *U3G D +,936 *-576 *26d C 



+320 




Fio. 302. 
* d76 *936 *S7ff 




Fig. 303. 

±2aL 




Fig. 304. 
*936 



^^936 



'=^nw 



'936 




h53B ^ -936 ^ '936 



Fig. 302 both the diagonals of the central bay are capable of 
resisting either tension or compression ; in Fig. 303 they can 
only resist tension, and in Fig. 304, compression. 



§ 35. — ^TO DETERMINE THE SUBDIVISION OF THE WhOLE 

Span BEQuntma the Least Quantity of Matebial. 

By comparing the stresses given in Fig. 291 it appears, first, 
thafthe stresses in the diagonals and verticals are small compared 
with those in the booms ; and secondly, that the stresses in the 
curved j^art of the bow do not difier materially from each other or 
from the stress in the horizontal boom. Now, as the quantity of 

q2 
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material can be taken as nearly propoHional to the e 
follows that by far tbe largest quantity is contaiuej in the 
booms, and that it is nearly equally distributed between them. 
These remarlvs also apply to the parabolic central girder, as will 
at once ajipi-ar by reference to 5 6, 

Tlierefore it cannot be far from the truth to assert that the 
quantity of material in the bridge is proportional to that con- 
tained in the horizontal boom. 

The above problem resolves itself therefore into the follow- 
ing : To find what subdivision of the span gives the least 
quantity of material in the horizontal boom. 

To solve this problem it ia first necessary to find the most 
advantageous position of the hinges in the central span, and 
also the most advantageous position of the hinges in both the 
side spans. ._ 



a. Suhdiviston of the Central Span. 

Let the parts C E (Fig. 306) and C A (Fig. 307) be eut out 
of Pig. 305 and equilibrium mointained by applying the forces 
II and Hi respectively, which are the stresses in the booms. 
Taking momeots about S for C E and about Ai for C A. 



H,,h=pxil-x^+p(_l- 



'>('-i-') 



[1] 
[2] 



Now the sectional area of the booms can be found by divid- 
ing the stress in them by S, the safe stress of the material per 
unit of area. Therefore if F is the sectional area of the boom 
CE, and F, that of C A, 



and by substituting the i 
and 2, 



■s of H and H, from equations 1 
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By mnltiplying these sectional areas by the length of the cor- 
responding boom the quantity of material in CE and CA 
respectively is obtained, thus. 






[5] 
[6] 



and the amount of material in A E is 



(M + MO = gxs^'' -^* - '*• + 2«»). 



and (M + M^) is to be a minimum. 



[7] 



Fig. 305. 




Fig. 806. 



If in this equation x really represents the value that makes 
(M + Ml) a minimum, it is evident that the addition of a very 
small quantity ± A to <s (or, in other woi*ds, replacing x by 
[a; ± A] ) must have the effect of increasing (M + Mi), But 
this can only be the case if the first of the three terms added 
to the expression in bracket by changing a; to a; ± A, namely, 

is equal to zero. For otherwise, by judiciously choosing A 
the first*term[ (which would then be large in comparison to the 
other two) could be made negative ; and consequently (M + Mi) 
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would bo diminishoii. Therefore the condition for a rainimura' 
is tliat 

-P~ila + 6x's0:* [8] 

whence the following values for j and — j — are obtained: 

I 6 



0-G07G 



- = 0-333* I 



[1(1] 



or the laigths AC and OE must be approximately in the 
ratio 0-4 : 0-6, or*2 : 3, 

By substitiitini; the value of x from equation 8 in equation 
7, the quimfity of material in the horizontal boom from A to 
li is obtained ; 



Jf + M, = 0'47I84 -^ 



[in 



b. Subdivision of the Side S}>an3. 
The quantity of material J in the horizontal boom D F 
(Fig, 305) can bo found by substituting z for cb in equation 5, 
thus : 

And Ji, the amount of material in B L>, can be obtained from 
equation 6 by writing /, fur I and z for x. 



or replacing ?, by a 



Tlie quantity of material in tlio horizontal boom from B to 
G is tiierefoie 



" + ''-2is<--' 



• Or, ill citlipr wnnia, Ihfi Grat cliffi^ririi 
brackttB of equation 7 must be cqiuled In zi 



:,..'+ 2.'). [14] 

M'fficieDl of the cxiirctvdon in 
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If 2 ± A is written for z, the terms in brackets are increased 
by the expression 

db A( — ia« + 8a « + 6««) + A«(4a + 6*) ± a A»; 

and as before the value of z that makes 2 J -f- Ji a minimum 
can be found from the equation 

— 4a« + Sax + 6«*=:0; [15] 

whence the following values for z and a — 2s are obtained : 

jr = I a( - 1 + V2^) = 0-8874a [16] 

a-2« = 0-2252a; [17] 

from which 

^ = f = 0-6824 [18] 



is obtained. 

By substituting in equation 14 the value found for z in 
equation 16, the least quantity of material in the boom from 
B to G- is found to be 

2J + J, = 0-16706 1^. [19] 



e. Proportion of the Central Span to the Side Spans. 

X z 
The preceding numerical values for j and j- are quite in- 
dependent of the span of their respective openings, and there- 
fore also of the ratio 

a 

27 = ''- 
according to which the whole span is divided into three spans, 

a, 2 If a. 

The converse, however, is not true, and in fiEict the most 
advantageous division of the whole span depends on the sub- 
division of the single spans. 

It will be considered that the single spans have been sub- 
divided in the most economical manner in accordance with 
equations 9 and 18. 
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In this case the quantity of mBtorial required for Imlf th«^ 
wliolo spftD L is founil by adding equatiom II and 19 togc-thor^ J 

thus : 

M + M, + 2 J + J, = -L (0-4718i P + 0-lC70Ca'); 
or writing L — a for /, 

M + M,+ 2J + J, =,j^(0-47I84(L-a') t 0IG7O6B'). 

As before by changing a into a i A it will bo found that il 
tlic qtumtity of material is to be a minimum tlio iwndition 
-3 x(l471S4CL-o)' + 3 x016706a» = pi] 

nuist ohtiiiii. "Whence 

or writing I instead of (L — a) and n instead of -^ 

n = 0-8M3. [22] 

Applyinr; the results obtained in equiitions 9, 18, and 22 
In the previous numerical exiimple, it will he found that the 
whole span, 420 metres, is suhdivided as shown in Fig. 308. 

F[o. ;iOid. 
1_02M 2a.Gi 30.71^ ._._5S,2 ^.!«74 2i!M JMOA....^ 



It will he observed tliat the si>an of the central parahoHc 
girder is mther snuiUer than that of the two side ones. This 
would slifjhtly increase the expense of execution, and owing 
also to the uusymraetrical arrangement and to the unequal 
loading of the hinges, the diagonals in the hays immediately 
above the central piers would be in a state of stress even with a 
distributed load, thereby slightly adding to the quantity of 
material. 
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When it is considered also that the calcnlations in the above 
investigation are only approximate, it seems better to choose the 
simpler ratios 



fi = 



160* 



a 

7 



50 
80' 



z 



50 
80' 



making the girders symmetrical with respect to the central 
piers. 

Equations 1 and 2 also give the greatest stress in the 
booms of a girder with parallel booms. It is true that in snch 
girders the sta-ess in the booms decreases from the centre to the 
points of snpport, but this is more or less compensated by the 
dimensions of the diagonals and verticals increasing towards 
the abutments. 

It can therefore be assumed that the quantity of metal in 
such girders is nearly the same as that in parabolic girders — 
an assumption which will be found justified by comparing 
Fig. 27 with Fig. 57, and Fig. 291 with Fig. 800. The premises 
are therefore approximately the same as in the case of parabolic 
girders, and consequently equations 9, 18, and 22 may be con- 
sidered as approximately true for girders with parallel boom& 
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§ 36. — DETEItWraATION OF THE TdRHLNQ POINTa AHD LeTEE 

Ahms by Caloclation. 

Although a drawing to scale of the Btructnre under coneidera- 
tion can generally be made, upon which the turning points can 
be found by construction, and the lever arms, with ample ac- 
curacy, by measurement, yet cases may occur whereit is necessary 
to obtain these data by calculation and without the help of a 
drawing. In the following it will be shown that this is by no 
means difficult, and that when the structure is composed of 
straight bars the required results can be obtained simply by the 
comparison of two similar triangles. The examples have been 
chosen from the various structures already considered, and will 
therefore render the former calculations more complete. 

Boof of § 3. 
To find the lever arm a: of the stress X in Fig, 10, the simi- 
larity of the two triangles D M C and ADC can be employed 
thus (Fig. 309): 




and putting 

C D = 20, AD 
AC = ■/50' + W', 

as given in Fig. 8. 



V50'+ 2 



The lever arm y of the stress Y can be ascertained hy 
comparing the two similar right-angled triangles A L D and 
E F D, obtaining the equation 

V _ E F . 
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or sabstitating 



AD = 50, 



£F =r 15, ED =: ^ 12-5« + 15% 
. 50 X 15 



Vl2-5« + 15« 



= 88*4. 



Parabolic Oirder (§ 6). 

To ascertain the stresses Y^ and] Y3 the position of the 
turning point 8 (Fig. 26) had to be determined. This can be 
done from the equation 



SB + 2K x + dK 



= tana, 



obtained from Fig. 310 by comparing the similar right-angled 
triangles SDEand SFG. 



Fig. 810. 




Now, according to Fig. 21, 

X = 2 metres, 11 = 1*5 metre, v = 1*875 metre. 



Therefore 



-m^y- 



4 metres. 



Again, from the similarity of the two right-angled triangles 
SDH and G D F, the following equation is obtained : 

SD^OD* 
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from which, by substituting 
mid 




LaKfly, to find the lever arm DJ =« (for the momeat of 
the Btnss Z3 about D), the following equation is deduced from 

rig. ;5io, 



= 1-5- 



= = 1-474 motre. 



Sickle-shaped Truss (§ 15). 
i'(]uiition fiir X found above can also be put in the form 



TIlis equation ciin be. adapted to another parabola whosp 
onlinatcs arc n times those of the former, by writing nw for v 

and nu for u. The ratio - in the duriominatur of the alore 



equation becomes — , or remains unchanged. Consequently 

the Intersection of tlic chord EG, with the horizontal tlirouph the 
points of support is indepLudent of the height of the arc of the 
parabola. 

From this it follows that in the sickle-shaped truss of 
V'lg. 311 the intersection of the chords UN and MJ lies in the 
horizontal through the points of support. The position of O 
can tiierefore be found, us in the preceding case, from the 
equation 



Ur substituting from Fig. 11! the values 
A = I. '( - o-7in, I- = a-sb-i. 
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The position of the point L can be detennined by means 
of the similar triangles N B L and M QL, thus : 



— =— - — ,or- = — ; ; 



but from Fig. 114, » = 1 • 065, therefore 

0*852 



10 = 



1.775-0-852 



= 0-9231. 




To obtain the lever arm y (for the stress Y4 in Fig. 116) the 
similarity of the two right-angled triangles O P L and M Q L 

gives the equation 

y ^ 



in which 
and 



OL""ML 
OL = 2 + 4 + 0-9231 = 6-9231, 

M L = V0-852» + 0-9281* =1-256. 

The value of y thus found is 

6-9231 X 0-852 



y = 



1-256 



=r4-7. 



The position of being known, the lever arm t (for the 
stress Z4) can be found by comparing the similar right-angled 
triangles J G N and J B 0, thus : 



t OR 
« "OJ* 



^^^^^^^ZB^^^^I 


^^I^H^^^^^^^^^^^^I^^^^^II^^^^^I 
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andsiucoOIt: 


and 0J = a/5> + 0-71', ^^^^| 




^^1 




VM + 0-71' -^^M 


If, howovor. 


, the position of were not known it would be H 


better to find t fiom the ex^oation ^M 




hA- m 


The lever arm a (for the stress X«) can be obtained from ^ 


the equutioQ 
in which 


■^-U' 1 


whence 


1-278, OQ = 6,BiidOH=^GI+2-lS>, .^H 




6x1-278 _,_^^ -^^1 



But if the position of were not known this lever arm 
could be more easily obtained from the equation 



To calculate the stress V3, it is neeeesary to know the 
point of intersection of the two parabolic chords N F and M J. 
From Fig. 312, 

NT = ptano = t + ptan(, 



! = 1-065 find 
or, according to Fig. 114, 
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therefore 



1065 



p = 



0-4725 - 0-142 



= 8-22. 



The horizontal distance of U from A is therefore 

0- = 8-22 - 3 = 0*22. 
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6 A 



Braced Areh (§ 22). 

The position of the loading boundary at C (Fig. 174) can be 
determined from Fig. 313 by the equations 



or 



CN = (/+a?)tanc = (/-a;)taiia, 

^ /tan a — tan €\ 
~ Vtan a + tan €/ ' 
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Putting (from Fig. 174), 

/=r20. 



^ 5 A «* 



and 



LK 8-75 - _. 

/0:W5-0:25X 
\0-875 + 0-25/ 
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The loading boundary throngti Y (Pig. 192) Oftn be foniid I 

from the same equation by substituting for tan 0=^=1 
■ 0873, thtia : 

The intersection of the chorda of the parabola with the hori- 
zontal upi>er toojtt can be determined by the method adopts for 
parabolic trusses (page 236). Thus the position of the point M 
iu Fi^'8. 180 and 182 can be found from the equation (Fig. 314), 





„ mJ. 






^ 


-J^^- 


i 


'^^^^-^ 



but from Fig. 173, 

therefore, 

and 



The position of the loading boundary through E can now 
I obtained by putting tan a = -7-^ = i^ = ■ 336 in the 



previous equation, thus : 



'0-336 -0-25\ 
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§ 37. — ^Application of thb Method of Moments to find 
THE Form a Structure should have in order that rr 

MAY FULFIL GIVEN CONDITIONS. 

In all the preceding examples the form of the structure was 
given, and the method of moments was employed to find the 
stresses produced in the various bars by the application of 
known loads. It will ndw be shown how the same method may 
be employed to determine the form a structure should have in 
order that it may fulfil certain given conditions. 

The form and dimensions of the parabolic girder cal- 
culated in § 6 were given, and in determining the stresses it 
was foimd that when the bridge was fully loaded the stress 
in all the diagonals vanished, a property which was explained 
and found to belong to all parabolic girders in the subse- 
quent " theory of parabolic girders," § 8. The [operation could, 
however^ be reversed, and it might be required to ascertain 
what form must be given to a girder in order that it may possess 
the above property. If for instance the span, the number of 
bays, and the depth of the girder are given, from which (Fig. 
315) the points A, E, B, and likewise the positions of the loads 
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on the upper boom are determined, the only unknowns, if the 
girder be symmetrical, are the heights Ai, Ajy ^• 

%i can be found by forming the equation of moments for the 
part of the girder shown in Fig. 316, the turning-point being Oi, 
the intersection of the directions of the stresses X and Z. Now 
by the conditions this point must have such a position that 
T = 0. Hence the equation 

= - Dx, + Q f (ar, + X) + (J?i + 2 A) + (x, + 3 A) j • 

B' 
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Hilt 

BubBtitiiting and solving for flSi 

I, = 12 \. 

The height A, can now be calculated from the eqiiatioi 

A, _ #, + 3A ^ 15 

f ~ jr, + 1 A ~ tG ■ 

In a similar manner the following oqnation is obtained fronr I 
Fig. 317 : 

= - D X, + q ( (2, + A) + (t, + 2 A) ( . 

Fio. S16. 



hhl; 



-'^^^ssgi;. 



Fro. 317. 



7Q 

And again putting D = -^ and solving for 



whence h^ can be found from the equation, 

A, _ r^jK _ i 

h, ~.T., + a\"".v 
or replacing h, by its value in terms of h. 
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Lastly, to determine A3 (Fig. 318), 
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A, ""ar, + 2\"" 12 



Fio. 318. 
♦J5 (to 



d?,.:?^ 



As an example pat A = 2 metree, as in 
Fig. 21, then A, = 1875 metre, *,= 1-5 
metre and A, = 0*875 metre, or the dimen- 
sions given in Fig. 21. If farther, A = 2 
metres; or, = 24 metres, x, = 4 metres, and 

«s = 0*8 metre; thus assigning to 0„ 0„ and O, the same positions that were 
obtained gri4>hioall7 in § 6, and by oalculatioa in § 87. 




§ 38. — GiBDEB IN WHICH THE MiNlMUH JStBESS IN THIT 

Diagonals is Zebo. (Schwedler's Girder.) 

If the symmetrical parabolic girder of Fig. 35 be compared 
with the symmetrical girder with parallel booms of Fig. 69, it 
will be observed that in the first the maximum and the minimimi 
stress in each diagonal are numerically equal but of opposite 
signs, whereas in the second, if the diagonals are inclined up* 
wards from the centre towards the ends, the maximum stress has 
the largest numerical value, and the minimum stress is positive in 
all the bays except in those near the centre (and in fact the mini- 
mum stress in these latter diagonals would also become positive 
if the permanent load were sufficiently large in comparison to 
the moving load). It might therefore be expected that there 
exists an intermediate form of girder in which the minimum 
stress in all the diagonals is nothing. 

Tbis form of girder will now be found ; it will be assumed 
that the number of bays is eight (as in § 37), the depth of 
the girder at the centre = h, the length of a bay = \, and the 
span = 8 X. If the girder be symmetrical hi, J^y h^ are the 
only dimensions required to determine its form (Fig. 319). 

To find hi t^e -girder must be so loaded that the stress T is 
a minimum. This condition of loading is given in Fig. 319. 
Taking moments for the part of the girder shown in f^. 320 

R 2 
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abont the point 0]^ the intersection of the direction of the stresses 
X and Z, and pntting Y = o. 



bat 



= - Dar, + (p+ m) {(ar, + X) + (x, + 2a) + (x{+ 3a) J ; 



subfititating and solving for Xi 



ar, = 



24 (p + m)A 
2j9-8m 



Now hi can be found from the equation 



*, _ ar, + 8x 



or replacing Xi by its value 



*, _80p+_15m 
A ~82ji + 12m* 

Fia 819. 
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Fig. 820. 




In the second bay (counted from the centre) the stress in the 
diagonal will be a minimum when the girder is loaded, as shown 
in Fig. 321, and 
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Taking moments about Oa for the part of the girder shown 
in Fig. 322, and remembering that the stress in the diagonal 
iszerOy 

= - D«, + (l> +m) {(or, + A) +(ar, + 2a)| ; 

whence 



ar, = 



4p — « 
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Fig. 822. 



O, 




but J!4 can be foond from the equation 

A, _ y, + 2 A. 
*i ~«,4^8a* 



or snbstitating for x^ 



Aj_ 16£+6m 



[2a J ' 



Similarly 9^ and A3 can be obtained as follows (Figs. 323 and 
324) : 

= -« Dx, + (j> + m)(ap, + A) 

_ 8(p + m)A 
20jp - m * 

*!- *t + ^ _ 28p + 7m 
A,~«, + 2A""48p + 6m* 



«» = 



[8] 



[8A] 



67 uicans of tlie foregoing equations the effect of altering the proportion 
betiveeu the permanent and moTing loads can be studied. 




• », _ 75 ^ 

A " Tti ' h,~ 
Thiu, if, (ta example, A = I, 

These hcighla cftn bo plotted above the horiznalBl A B, t 
liolf can be plotted aboye and tbo other half bcaaaU), aa sb 
Fia. 325. 
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9, beoomes n^gatiTe, and Ai > 7^ In thia last ease the depth of the giider in 
the centre wonld be less than it is in the adjoining bays. For other obvioaa 
reasons it wonld not be advisable to constmot the girder thus; the conditionB 
cannot therefore be complied with in this case. 

Fio. 827. 




A. 



Fnrther, let ? = | , then from eqnationlA. ^ = g bnt, mstead of this, 



•p = 1 wonld be taken. The eanations for A, and A, are still applicable. For 

A 

A, 9 A. 2 

from equation 2Af ^ = -- , or A, = 0*9 A ; and from equation 8a, r^ = ^ ; whence 



10 



A, = - X 0-9A, or A, = 0*6A. 
3 



A, 8 



Thus if the girder be 8 metres deep and the epan 64 metres, the permanent 
load p = 12y00{l kilos., and the moving load m = 16,000 kilos., the dimeu&ms 

Fio. 828. 
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-22400U 



-224000 




-186670 



-M86G70 

Fig. 380. 

-810000 



-hsionoo 



-224000 



+ 210060 



224000 




Msieoo 



+210000 



+210000 



obtained would be those given in Fig. 828. The stresses can be found in the 
manner described in the Second Chapter, and are given in Fig. 829. If the 
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level of tbc rails ia aliovo iiitilcud of boluv, the gi/der would be of Uic fonu iliawn 
in Fig. 3ao. 

Thu utrctiscs in tbe verticals givau far boUi ginlera are computed on the OBsm 
tioii ttmt the whole of the pi'j-nianBiit load Is coDcuDtrnbtd at the joiota euTTing 
tho Imi^k, if, huwiirer, it ie suppoaed tbat hnlf the perraacenl lond is apjitied to | 
Iho iiji|.cr joints, and tbe othor Ijalf to tho lowor oaee (in unMirdoiKW with 5 13), 
- tSDDO kiloa. miibt bs nddod to Ibe stKia in all tbo voiticalB of Fig. Xi9, nod UlD 
BtrcEded In theau verticula. from the centra outwurdn, will bccotao : 



- 17000 



• +±0)00. 



In Fij,'. 3:10, IiQwuvcr, -f COOO kilos, miut bo luldod to tho stncsoa i 
vertiMli, tbua: 

-'I-moo, -42000, -48670, -48000, 



VVIjL'n — = 4, it ftppuan Ihnt x 



X (equation 2\ and irhcn - ^ 4, 



Dfgiitivr, ntid /i:>/i, . lu this case, tberefore, it vill be ncccssLTy to nittlce \ ^ 
as will an '1, i'i[iiii1 lu li. and tlje four c^itttsl hujs will bo nrctangnliu. If^ for 
tu^tLuun', /' -- 1000 hilus., m = SpDD Ulo., and \ = A = 2 metres (as ia tlie girder 
.■uli'iilnleil in § C), it will bo found that x, = G-4 metroa, and A, = 1-61S metre. 
Fi^'. ;i31 thiToforo reproBcnts lln' form of the girdir and Fig. 332 givefl tbo atressL-H 
iti it, (boBtt in the four Cftitml bnya L-oincidicg with those i>ivfri in Fig. CI. 

Fio. 3:;i. 
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§ 39.— GlBDBB HAYma THE MAXIMUM StBESS IN ITS 

Diagonals equal. 

The problem discussed in § 38, namely, that the minimnm 
stress in all the diagonals should be zero, is only a special case 
of the following : To determine the form of a girder in which 
the maximum stress in the diagonals is equal to some given 
quantity. 

Since by turning the girder upside down all the stresses 
change their sign — and consequently the maximum stress 
becomes the minimum, and vice versa — it is of no consequence 
whether the maximum or the minimum stresses be assumed 
equal to a given quantity. But as the minima stresses are 
usually negative, it is perhaps as well to make the assumption 
with regard to the maxima stresses. This will now be done, 
and it will be supposed that the girder is symmetrical, that 
there are eight bays, and that the maximum stress in the 
diagonals is equal to Y. 

FiQ. 333. 




The stress in the diagonal 
of the second bay will be a 
maximum when tiie girder is 
loaded, as shown in Fig. 333, 
and the equation of moifients 
(Fig. 334) is 

= Yy- Dx+pQt + K). 

Or by substituting for y its value : 



Fio. 334. 



0-^-' 




Ysinct 



y = (x 4- 2 A) sin a, 
= Y(x + 2A)giii m - Dx +/?(a? + A> 



Xi can be deterinined in the same miuiner fn 
live joints to the right of the section line beinj 

= Y (*, + S A) flin a, - D, I, + p K-t, + *) + I 
D, =3-5p+ 1-875 171. 
J, 3p + 3Ysino, 



A IS 


+ l-875m- 
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na, 






Fio. 335. 
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The form of the girder can be obtained from these three 
equations in the following manner. Some value being assumed 
for z, sin a can be found from the equation 



flina = 



V*« + A« 



and then x is known from equation 1, whence Zi (Fig. 334) can 
be determined from the equation 



fi 



x + 2\ 



M 



Xi can now be found from equation 2 by substituting 



sin Oi = 



W + A»* 



[5] 



and therefore Za ca^ ^ obtained from (Fig. 335) 

*• — ^i + 8x 

Likewise o^a can be obtained from equation 3 by substi- 
tuting . 

and A can then be found from the following equation (Fig. 



336) : 






[6] 



As an example, suppose that in the girder of § 6 it was wished to diminish 
the greatest compression in the diagonals, thereby inoreasiug the greatest tension. 
For instance, let it be assmned that the maximnm stress in every <ii<\gnyifti Bhooid 
be 8000 kilos., then in the above equations, m = 5000, p = 1000, and Y = + 8000. 
Assuming that « = i (taking the length of a bay as unityX the foUowing values 
are obtained by following the steps indicated above ; sin a = 0*447, x = 0*677, 
M^ = 0*798, sin oj = 0*625, a:, = 3*06, «, = 0*958, sin a, = 0*698, «, = 23*28, 
A = * 996. The form of the girder obtained is shown in Fig. 837, and the stresses 
in the various bars are given in Fig. 338. 

As another example, let Y = 0, the above equations then give the form of a 
girder the diagonals of which are alvrays in compression, and if at the same time 



- = ^, U wiU be found that 
P 2 
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Fig. 338. 



Fio. 339. 
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In the girders shown in Fig. 827 and Fig. 339 the diagoi 
oompresBion. If these girders were reversed the drntmnoio «. 
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all beoome zeio^ and the tmss takes the triangnlar fimn shown hi Fig. 840. 

If^ on the contrary, — = oo or m = 0, the limithig form is the parabdUo girder. 

It is obvious that it makes no difference whether the ordinates be plotted above 
or below the horiiontal thxoogfa the abntments, or whether a part be placed 

Fio. 340. 




Fig. 341. 




Fio. 843. 
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above and the remainder below. The diagonals in the girder thus obtained will 
always be in compresiion, and if it be reversed the diagonals will always be in 
tension. 



ifFig.M3wid + 500tothMBorFig. S44. 



B In P%. S33 Ih. la^ „„ ,^ U, O, am, trb, 
m.t«d of 10 He ].,.,, 11. ,^^Z y ,1^. „a T*^ , 

to d.l.m„e to r«m .f . girt., ,„ ,|j.j ,1^ j„.,^°J^ 
Y equal to tlus quantity. 

§ 40.— GlIiDEli a WHICH THE StMSBM I 
ABB THE SAME THROUGHOUT. (Pauli'g 

In tie symmelpical parabolic girder of Pig 
in the bow increase from He centre towards th 
tlie girder of fig. 70, witl, parallel bt»n>s, the 
boom., on the contrary, diminished from the 
the ends. It is evident, therefore, that some int 
must exist, in which tho stresses in the bow are 
out. It has been seen that the stresses in t 
greatest when the girder is fully loaded • th. 
need not, therefore, be separated from the pt 
Let Q be the total load on each loaded joint f J 
the eirder havinw pi^lit !,„..= *i, ■.- 



§ 40. — ^STBUOTUBES FULFILLING GIVEN CONDITIONS. 256 



vertical section catting through the bay in question, the inter- 
section of the diagonal and the top boom being the turning- 
point. 

Thus, from Fig. 345, are obtained the following equations 
to find the stresses Zi, Z^, Z3, and Z4 : 



Z.P. 

Z4P4 



Dx 
D2X 
D8A 
D4X 



Q(2x + x) 
Q(3X + 2X-|-X). 
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Let Ml . ... M4 be the sum of the moments on the right-hand side 
of these equations, then, after substituting for D, 

M, = 3-5Qx, M, = 6Qx, M, = 7-5Qx/ M^ = 8QX. 

Now, according to the conditions, the stresses Zi . . . Z4 must be 
equal, say, to Z : hence 

Z Pi = M| , Z ps = Iff, Z P( = M(, Z P4 = M|. 

Buppofle, for instance, that X = 1 and Q = 6000 kiloe., then M, = 21000» 
M, = 36000, M, = 45000, M4 = 48000. If, therefore, the stress Z is to be equal 
to 36000 kilos, thnnighont the bow, 



Pi = 



21000 



36000 12 



= 7o» Pt = 



86000 
86000 



= 1, p, = 



45000 
86000 



5 
4' 



Pi = 



48000 
36000 



4 
3 



To find the form of the girder by construction, describe 
circles with radii pi ••• p4 from the corresponding turning-points 
as centres, and draw the lower boom in each bay a tangent to its 
circle. Starting from the abutment A, Fig. 346 is thus obtained, 
and the depths Ai . «. A4 can be then found by measurement 



<mi », can be obtained from this , 
known. 

Fot the second bay, 



solving this quadratic eqaation: 



^'^{-h. 




In o simiJar manner the fcUon-ino < 
for the third and fcnrth bays ; 
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If the value chosen for Z were such that the lever-arm 
Pi = -~ = -^- became equal to X, then, from equation I., it 

appears that -^ = 00. Therefore the conditions can no longer 

M 
be complied with when =^ > X, or Z ^ D. 

M 

In the preyions numerical example — ! = D = 21000, if then Q remainB equal 

to 6000 kiloB., it would be impossible so to construct the girder that streeB in the 
bow should everywhere be equal or less than 21000 kilos. 

If Z has such a value that the lever-arm p, ^ -J becomes 

equal to X, equation U. takes the indeterminate form ^ = 00 x 0. 

In such a case, h^ must be found from equation % which, 
when X is substituted for p2» takes the form, 



and solving for A, 



^ Vx« + (A,-A,y 



A.= 



X« + A,a 
2A, • 



PlA.] 



or. 



A 2Va/ X/ 

This case occurred in the preceding numerical example (Fig. 346X ^^^ ^ was 
takenatS6000kilos.,and it was found that—* = 36000, therefore p, = ^ = x = 1. 

X /t 

Hence, finding the Talue of A, from equation I., rix. A, = 0*7182, and substi- 
tuting in equation ILl, 



*'=i(OT+°H = ^''=«'= 



then, from equation Hi, A, = 1*2811; and finaUy A4 = 1*8364 frcpm equation IV. 



The same course would have to be pursued if, in any other 
bay, the lever-arm of Z became equal to X. 

For instance, if Z ^ 48000 kilot., and the other data remain the same a^ in the 
previous example, namely, X = 1 and Q = 6000 kilos, (so that the moments are the 

8 



Btt afDaOoD IT. Un Am bMamdiMto IK^ Si a « 

CBlenlated bom Am eqiMtkn : 

Via. m. 



If the lever-arms p,...p, are halved 
doubled ; bnt if at the same time Q is 
alter. For JDstance, the dimensiona of the i 
348 would apply when Q = 6000 kilos, aod ! 
when Q = 3000 kilos, and Z = 48000 fei] 
in all cases when Z = 16 Q. 

, Fio. M8. 



If the girder be reversed, the n 
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loaded joint is 3000 kilos, (composed of a pennanent load 

» 1000 , ., J . • 1 J «» 5000 .., V Tj 
4r = — TT— kilos., and of a moving load, — = kilos.). By 

2 2 ^'22 . ^ 

imagining these two girders united to form Fig. 351, a girder 
is obtained in which the stress in the lower as well as in the 
upper bow is everywhere equal to 48,000 kilos. The ratio 
of the depth to span (1 : 8) and the loads (permanent load 
j9 = 1000 kilos., and moving load m = 5000 kilos.) are the same 
as those of the parabolic girder of § 6. The stresses in the 
horizontal booms in Fig. 351 destroy each other. mutually; 
this boom is therefore omitted as being unnecessary. ThQ 



Fia. d49. 
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OB'ia. 350. 
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Fig. 35L 
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» 48000 
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+48000 



stresses in the verticals correspond to the assumption that the 
points of application of the permanent as well as of the moving 
load lie in the horizontal through the abutments. 

If the girder is to have crossed diagonals, and not two 
half-diagonals meeting each other at the centre of the verticals, 
the depths Ai, Aa . . • %4 will have to be slightly altered ; but as 

8 2 
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may be expected tbese alterations will be small, and, in I 
Fig. u51 is an approximate form. 

To find tbe accurate form, the first Bt*p is to obtain i 
dimensions nf tlie girder shown in Fi". 352 (which will becomafl 
tho lower half of the reqiiired girder), when the stress in tha| 
bow ia thmuf»hoat «iual to the ^ven stress. 

The equations of moments are : 

Z p. = D (3 A + II.) - Q { (B fc + «.) + (A + M.) + ». I . [8] 
Fio. 382. 




As there is no difference in Figs. 345 and 352 in the first 
bay, /([ e;in be found from equation 1., and by substituting for 
pi its value from eqiuition 5. 



^■ir. 



[V.] 



To determine n^ and p^, the following equations are obtained 
from Fig. 353 : 

hi.- -h 



Solving the first equation for u.,. 
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and finding Z2 from the second by substituting for 1^, 



*« = 



A, + A, 



Consequently, 



2 A. A, ooB c. 



[10] 



Fio. 353. 



A-M« 




Substituting these values of «a and p^ ui equation 6, and 



solving for — H, 



A,^ (2D-Q)A, 



X 2ZA|Ooec, -D\ 



[VI.] 



From this equation &2 can be found when hi has been calcu- 
lated from equation Y., and the angle 62 is known. But 



OOB c, = 



V X« + (A, - A,y 



[11] 



so that cos €a depends on h^. Now cos 62 is less than unity 
and greater than cos €u therefore an approximation to A2 can 
be found by assuming for cos €2 some value between these 
h'mits (or one of the limits may be first assumed, say the limit 1). 
The value thus found for h^, substituted in equation 11, will 
give a nearer approximation to cos 62> from which a more 
accurate value of h^ can be obtained, and so on until the 
required degree of accuracy has been arrived at. 
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J'Vir the third bay, equations Bimilar ta 9, 10, 11 aro obbUOOJ 

— nmiiely, 



A, + A, 

_ 2 4, *, OQg), 
" *. + *, 






Uy substituting these rolaee of », oud p, in equation 7, and 

8ul\iTig lor — , 



A aZA,oOB(,-(ED-Q))L' 
Similarly, for the foortli bay, 



1 

Old 

I 



V A' + (A, - /,3V 

ami combining equations 15 and 16 with equation 8r 



[18] 

[17] 



H (I) -*i)\ 



A^aiti, nasumiiiK tbfil A. ^ 1 amJ Z = ItiQ, n« in Ihe formrr numcriail c 
nnililu (Fig. :(1S), tliu valuo of >,,, oblaiiiwi torn ciiimlion V„ itt 0-22i-2. i 
bi;forf. FulliiiR tliia value o( h, [ii ii]unlii>D VI., fllnl iisaumiiig cos f, = 1, A, 
rounJ tu be 0-3CG1 HB n Cret niipruxiinution. Equalion 11 tlitn gives 0-9a aa 




nennjr value for cos (,, wiiicli, bulistitiitcil in equation VI., gives h, = 0-3734. 
A n-pelitiuii of tliu turn: opi, ration giita coa (j = O-ySSi). and h, = O'STW aa 
11 tliirJ iij>)iri>!iiiiation. In a siiuilur uiaiintr, from equntions Vll. aud 14, 
h, = 04715, aii.1 from rqiintiond VIIL uuU 17, h, = dVHL (See Fig. 351.) 
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The stresses given in Figs. 355 and 356 have been cal- 
culated on the supposition that the total load on a loaded 

joint is 3000 kilos, consisting of a permanent load, ^ = 



m 



5000 



kUos., and of a moving load, — = —^ kilos. (A comparison is 
thus obtained with the girders of Figs. 349 and 350.) 



^sooo 



Fio. 355. 
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-i- 48000 



The combination of these two girders gives the girder shown 
in Fig. 357, in which the loading (permanent load j7=: 1000 kilos., 
and moving load m = 5000 kilos.) and the ratio of depth to span 
(0 * 9884 : 8) are the same as those of the parabolic girder of § 6. 
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TWELFTH CHAPTER. 
§ 41. — Dbtebmination of the Cboss-Seotional Areas 

OP THE BaBS IK A STRUCTURE. 

Each bar of a structure can be regarded as a bundle of 
rods firmly bound together, each rod having a cross-section equal 
to the unit of area. To oUain^ thereforSy the number of units 
of area which the cross-section of any lar of a structure must 
contain, it is only necessary to divide the stress in the har by what 
is considered to he the safe stress on a unit of area. 

So long as the stress is within the limits of elasticity, it can 
be considered safe. For instance, a wrought-iron rod whose 
cross-section has an area of 1 square millimetre can, on an 
average, have a stress of 15 kilos, applied to it without the 
limit of elasticity being exceeded ; but any increase in the stress 
would produce a set. Fifteen kilos, per square millimetre can 
be, therefore, considered as the limit of safety ; but in practice 
it is usual to allow only 6 or 8 kilos.* per square millimetre for 
wrought iron, and it is only in special cases, where the risk 
may be run, that the limit should be approached nearer. 

Thus, to obtain the area of the cross-sections in square 
millimetres of the various parts of the structures considered 
in the preceding chapters (supposing them to be made of 
wrought iron), the calculated stresses in kilos, should be divided 
by 6. 

For instance, the cross-sectional areas in square millimetres 
required for the braced girder of Fig. 61 are as follows : — 

1. For the top boom : 

3500, 6000, 7500, 8000, 8000, 7500, 6000, 3500. 

2. For the bottom boom : 

0, 3500, 6000, 7500, 7500, 6000, 3500, 0. 
* Thitf IB equivulent to 3' 8 and 51 tonfl per eq. inch. — Tbaks. 
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3. For the verticals : 

4000, 8500, 2604, 1818, 1125, 1813. 2604, 3500, 4000. 

4. For the diagonals : 

4950, 8683, 2567, 1592, 1592, 2567. 3683, 4950. 

5. For the counter-braces : * 

88, 767, 767, 88. 

It must, however, be carefully remembered that the resist- 
ance to compression cannot always be taken as equal to the 
resistance to tension; on the contrary, in many cases the 
resistance to compression is far less, when, in fact, the bar is a 
long column and is liable to fail by buckling. This point will 
be considered more fully in the sequel. (See " Besistance of 
Long Columns to Buckling.") 

Further, it must be observed that these sectional areas are 
those due to the stresses in the main structure only ; secondary 
structures may, however, be fused into the main structure, 
altering the sections accordingly. 

The stresses obtained in the preceding chapters were calcu- 
lated under the following assumptions : — 1. That, except the 
reactions at the abutments, all the exterior forces acting on 
the structure are vertical forces. 2. That the joints are the 
only points of application of those forces. 

To comply with these assumptions, it is generally necessary 
to add to the main structure intermediate bearers, which span 
the distance between the joints, and concentrate the load at the 
joints ; and also a system of bracing, to resist the pressure of 
the wind or any other horizontal force. 

Some of the bars of these secondary structures wiU run 
parallel, and close to some of the bars of the main structure. 
These parallel bars can either be left separate, or else, as it 
were, fused together. In the latter case, the stress, and there- 
from the cross-section of the resulting bar, can be found by 
forming the algebraical sum of the stresses in each of the com- 
ponent bars. 

* The second diagonal in ih& central bays u called a oounter-braoe. 
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§ 42. — BuAcisa bequibbd to bebibt ihe Pressdee of the 
Wind and Hobizontai. Vibratiokb. 

When a train i»asse8 over a bridge, horizontal forces are 
brought iuto play by the oscillation of the locomotive and of 
the can-iagns, and the presBore of the wind is also increased 
jiroport innately to the surfeoe of the train exposed. To resist 
these forces, a system of horizontal bracing is introduced, pro- 
ducing in reality a horizontal girder, the booms of which are 
formed by those of the main girders. 

The fitrfssea in this horizontal girder can be obtained in the 
manner explained in the Third Chapter; for the main girders 
being always parallel to each other, this horizontal girder will 
always have parallel booms. The distinclion made between the 
permanent loud (uniformly distributed) and the moving load (at 
times unequally distributed) will also have to be made in this 
case, for the train, in progressing along the bridge, adds con- 
tinually to the wind- pressure and to the horizontal oscillations. 
It is not far from the truth to assert that the proporlion 
between the permanent and moving load for the horizontal 
girder 13 the same a.1 that for the main girder. Thus, if it 
Jiappons that the width of the bridge is equal to the depth of 
the vertical girilers, the stresses in the horizontal girder can at 
once be found, as explained in the Seventh Chapter. 

There is only one point of dissimilarity between the two 
girders: in the vertical girder the loads always act downwards, 
but in the case of the liorizout;d girder they act sometimes on 
one side and sometimes on the other The latter must, there- 
fore, be constructed symmctricallj with rcfLrtnce to the central 
line, and the stresses in the booms ire to be marked with the 
fiigu ±, for each part of the boom wjll hive alternately to 
resist tension and compression of equal magnitude. 

Further, if (iiB in Fig. Gl) the diagonals are designed to 
resist tension only, counter-bra« os wUl have to be iutroduced 
in every bay, and not only in the four central bays, aa in Fig. 
61. There is, in fact, no difference in this case between a 
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brace and a cwoater-biace, for the bar tliat acts as a brace 
when the wind is blowing on one side of the bridge, will be a 
coanter-brace when the wind is blowing in the opposite direc- 
tion. Therefore, also, the greatest stresses id the diagouab 
of any bay are equal. 

Id Fig, 61 die line of railway is on a level with the apper 
boom ; it is, therefore, possible (to prevent lateral distortion) 
to brace the two vertical girders together. The lower booms 
can also be braced together to form a second horizontal girder ; 
and it can be assnmed that by means of the traDSverse bracing 
the load on the two horizontal girders is equally distribated 
between them. 

In continuation of § 41, let it be requited to find the aeo- 
tional areas of the various bars in these two horizontal girders. 

The total vertical load on the bridge was assnmed to be 
(see pp. 20 and 39} 

p + m = 6000 kilos, per metro ran. 

Supposing that the load on the horizontal girders is 
Pi + ■") = 857 kUoa. per metre nui, 
the requisite sections for these girders can be found (assuming 
that the breadth and height of the bridge are equal) by multi- 
plying those already obtained in § 41 by the ratio 

p, + m, _ 857 _ I . 
p + m "6000~7' 

remembering that the greatest sectional area obtained for any 
two symmetrical bars must alone be retained. Thus, for the 
left half of the girders the sectional areas, in square milli- 
metres, are: 

1. For the booms (either one side or the other): 

500, 857, 1071, 1143. 

2. For the cross-braces (corresponding to the verticals). 



3. For the diagonals (braces and counter-braces) : 
707, 526, 867. 227. 
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The atresaes in the bars forming tbe transverfie bracing can 

be olitttiniJ by simply reaolving the horizontal force, 857 

kilos.,' acting on each joint along them (siippoBiog them to be 

placed lit each joint). Thus in Fig. 358, if tliese braces can 

only resist tension, tho stress in them is (alternately) 

857 X */ 2 = + 1210 fcUo*. 

and tho urea of their croBft-section will be 

1210 „„« .„. ._ 

--^ = 202 sqaare milumistreH. 

Each vertical in the main girders receives an incrcaae of 
857 kilos, oompreicion, which should be added to the streeses 
already found, although this probably would not be done in 
jiractiee. The sectional area already tbund for each vertical 

should, thLTcfore, in this case be increaaed by —^ = 143 square 

millimetres (Fig. 359). 




The numbers given iu Kigs, ;I60 and :1G1 espress in sqnaro 
millimetres tlie cross-soetioiutl area of each bar of the girder, 
and they are arrived at by combining the results just obtained. 
These can be considered as the tinal sections, if the inter- 
mediate buiircrs between the joints are constructed separately. 

§ 43. — Ls'TEiisiEDiATE Beahehs, 
If the joints of tho main structure are so far apart that 
they do not offer a sufBcicnt number of points of support, it 

* TliP Botuul lioriMintal force un encli top jninl Li 2 x S,i7 Itiloa., nccording to 
tlio aM!HUi{ilioiiM, liut uiie-hnlf (if this is rt'sistcil by the top horisoiifcil girdor, lonv- 
inij ou]y B57 kilod. to lio communiculixl to tho lowtr Lorizoutal girder. — Tiia>s. 
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becomes necessary (to fiilfil the condition that the load on 
the main structure is concentrated at the joints) to introduce 
intermediate bearers that will span the distance between the 
joints, and transmit the load to them, and that will also furnish 
at the same time a sufficient number of points of support. 

These intermediate trusses bear the same relation to the 
loads upon them that the main girder does to its loads ; they 
can therefore be similarly constructed as a combination of bars. 

If the number of points of support offered by one set of 




Fig. 861. 




intermediate bearers be not sufficient, another set of a secondary 
order must be introduced. If even then the points of support 
are not near enough, a third order must be added, and so on 
until the required number of points of support is obtained. 
The triangles formed by the bracing of this last set may be so 
small that the material saved in the void spaces would not 
cover the extra expense for workmanship, and it then would be 
better to use a plate-web instead of the bracing. 

When all these intermediate bearers are placed in their 
proper positions with reference to the main structure, it will 
be found that several of the bars run side by side. These 
bars may, as it were, be fused together, and the stress in the 
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resulting bar will be tho sam of the streasee in tlie bars of 
which it is composed. 

In seyeral casea it is possible and advisable to design the 
intermediate girders or bearers geometrically similar to the 
miiin strncture. If this be done, the stresses in the resulting 
structure, however complicated, can be found by splitting it 
up into its primary forms, and often the stresses are easier 
determined in tliis manner than by employing the method of 
momenta, as will appear from the following example : — 

The truss of Fig. 362 can be considered as made up of 
the primary forms shown in Figs, 363, 364, 365, and 366. 




"'^'^ 


r^ 


-- ,^ 


. ■'' ^-^ V\<\.Z?&. 


f 




I 




i 




Now Fig, 363 can be regarded as a parabolic girder, having 
only one loaded point. As already explained, the laws relating 
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to parabolic giideis are independent of the number of loaded 
points. The equations of § 8, namely, 



ZZ 
"2/' 



\=PT, 



can therefore be used to find etreeaes in the bars X« and Z, by 
BQbBtituting 1 for <b. Thus (Fig. 363) : 

Now, since in this case the primary forms are geometrically 
Btmilar, the ratio -y is constant for all, and the stresses corre- 
sponding to Zo and X« in the intermediate bearers of the first, 
second, and third order can be obtained by dividing the values 
found above by 2, 4, and 8 respectively. 

Let the three systems of intermediate bearers be now 
framed into each other, and also into Fig. 363, so as to prodnce 
Fig. 362. The stresses in the different parts of the bars A. C 
and B vitl then evidently he as follows : 

X, = 3,(1 + 1) 
X, = X,(l + 4 + i) 
X. = X.(l + i + i + 4): 

and the stress in the horizontal bar A B is : 

Z = 2.{l + i + i + i) = |^(l + i + i + D. 



To find the stresses in the remaining bars, a similar process 
can be applied to Fig. 365, after Fig. 366 has been framed 
into it ; and again, to Fig. 364, after both the previous fignrea 
are combined with it. 

Let 2 f = 32 m6ttes,/= 6 -4 metier and 2 j) ; = 32,000 kilos.; 
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tlisn Fig. 3C7 gives the varions Btresses, omitting, howeTer, the ^M 


gysteim of Fig. 366. These stresses have been calculated on ^M 


the BuppoijitioQ that the points of lotuiing lie in the horixontal ^M 


A B, hut this only affects the stresses in the verticals. ^M 


It is easily seen that Fig. 368 is but a variation of the ^M 


above. ^M 


Fio. 3G7. H 
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In both these examples the position, as well as the form, of 
the intermediate bearers correspontled to those of the main 
structure. Figs. 369, 370, 371, and 372, however, roprospnt 
a ease in which tlie form of the intermediate bearers is similar 
to that of the main structure, but in which the position is 
different. Apart from this difference in position, tlio stresses 
can lie calculated as in the previous example. 
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Fig. 371 IB the roof truss of § 4, and the stresses then 
obtained could have been found as follows ; — 

The data were 2/ = 32 metres, the height of toof /= 6-4 
metres, and the total load 2pl = 32,000 kilos. The stresses 




in the main triangle, Fig. 369, can be obtained as in the 
preyious case (Fig. 863), and using the same symbols, 



7V '+(')"--*™»V'-^©'=-'"'™'' 
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Fig. 373 ropreseiits one of the intermediate bearers of the first 
order, and t he stresses given have been calculated by the method 
of moments. These strcBses once determined, those in the 
intermediate bearers of Ihe second order can be foiiud by dividing 
by two, those in the third order by dividing by four, and so on. 
Fig. 371 is obtained by combining the intermediate bearers of 




first and second order with the main triangle, and Fig, 372 is 
likewise formed by tlio addition of tlie bearera o£ tbiid order. 
The stresses in each case can be found by adding together the 
stresses iu the separate systems where the bars coincide. Thus 
in Fifr, 71 the stresses in the two bars meeting at the abutments 



20000 + 10000 + 5000 = + .15000 kiloa. 
- (21540 + 10770 + 538:.) = - a7G;>5 k[!oa. 

And the stresses in the same bars in Fig. 372 are 
20000 + 10000 + 5000 + 2500 = 37500 kilos. 
- (21540 + 10770 + 5385 + 26i>2-5) = — 10337;". kiloB. 

The stresses alrciuJy given in Fig. 19 can therefore be con- 
sidered as made up in the manner aliown in Fig. 374. 

Another way of subdividing the distance between the joints 
of the main structure is shown in Fig. 378, and Figs. 376 and 
377 show the manner in which Fig. 378 is derived from 375. 

The ]oad on this roof truss cau be considered as due to a 
loaded horizontal beam, severed over each loaded joint, and 
supported at these points by vertical columns. It is easy to see 
that each joint receives half the load on tlie adjacent bays of the 
beam, and consequently the stresses produced in each inter- 
mediate bearer by its load can be calculated by the method of 
moments iu the manner indicated with reference to Fig. 373, 
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If. iiH in lh(i former roofs, 21 = 32 metres, /= 6-4 metres, 
and 22il = 32,000 kilos., the stresses obtained are those given 
in Fig. 379. 

Tiie roof tnisa of § 3 could aiso be calciiliitod ia a similar 
manner, and the stresses given in Fig. 14 can ha considered as 
made up as sbovm in Fig. 380. 



1 
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In iiiltbe above slrnctures the application of the intermediate 
trusses increased the stress in the coinciding bars of tiie main 
truss becanse tlie stresses to be added together wore of tbo same 
sign, and for the same reason it was also nnnecessiiry to dis- 
tingnisb between the permanent and moving loads. It is, hoiv- 
ever, advanlaguoiis, if possible, so to introduce tho intermediate 
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bearers that the stress in the coinciding bars may be of opposite 
sign, so that when fuzed together the stresses may partially 
neutralize each other, thus effecting a saving of material. 

For instauce, in a parabolic girder of 100 metres span (see 
§ 34) the secondary trusses could be best arranged as shown in 
Fig. 381, when the compression booms of the secondary trusses 
will coincide with the tension boom of the main girder. 

The tension in this latter is, with the numerical values, 
given in § 34. 



H = 



(p + ^)/« (4 + 2)50« 



2/. 



2 X 12*5 



Fio. 381. 



= + 600 tons. 




|ti^-i?e_„^ 



50'w 
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The secondary trusses are small girders of 10 metres span ; 
they have to carry the whole of the moving load and about half 
of the permanent load. For example, let them be parabolic 

girders in which — i— = ^ = - , then the compression in 



span 
their horizontal booms is 



A= - 



(!+'>' 



2/i 



(2 4-2)5* 
2x2 



= — 25 tons. 



Therefore when the bridge is fully loaded the tension in 
the main lower boom would be 

H + A = 600 - 25 = 575 tons, ^ 

instead of 600 tons. 

The cross-section of the main booms could not, however, be 
diminished, for if only one bay were unloaded the stress in the 
part of the lower boom belonging to that bay would scarcely 
be reduced. But the whole of the material for the upper booms 



278 



BBIDQE8 AUD ROOFfl. 



of the secondary trasses ia saved. Since the quantity of material 
in their curved booms is very little in excess of tlmt required 
for Ihe upper booms, the material in the whole of the aecondftiy 
trusses will be to that in the main girder as the horizontal streaa j 
in th(! seronilary tniases ia to twice the horizontal stress in the J 
main girder, or in the ratio, 

as 1 

3x6M~48' 

If the main girder is rerersed as in Fig. 382, the eecondaiy ^ 
trusses will ulso have to be reversed to obtain the same ad- 
vantage. 



It is hardly neceasai^ to remark that the parabolic form 

has been chosen for the secondary girders only as an 
illuatration, and that tliey coidd be constructed as lattice 
girders, or, if the void apaeea between the bars become too 
small, as plate girders. In this latter case the secondary girders 
take the form of strengthening ribs to prevent the horizontal 
boom from bending, and it follows that the best position for 
this rib h above the boom when the line of railway i.s on a 
level with the top boom, and below the boom when the line is 
level witli the lower boom. 

In lattice girders with crossed diagonals an intermediate 
point of supfiort can he obtained by making the intersection 
of the diagonals a point of loading, the load being conveyed to 
it by means of a vertieal. (See Fig. 384.) 

By introducing triangular intermediate girders, the number 
of points of support can be increased exactly in a similar 
manner to that adopted for the roof trusses. Thus from the 
fundamental form of Fig. 383, the girders shown in Fig. 384, 
385, and 386 are derived. 

As to the manner of calculating the stresses in these girders. 
The stresses in Fig. 384 would first be found by the method of 
moments, and for the stresses in the booms the intersection 
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of the diagonals would be chosen as the turning-points. The 
stress in any diagonal can be found by remembering that 
the vertical component of the required stress is in this case half 
the vertical force at any section (in other words, half the shear- 
ing force). The stresses in Fig. 385 can then be obtained by 
following the method already explained for roof trusses. 

Fig. 383. 




Fig. 384. 




Fig. 385. 




Fio. 386. 




It must be observed that it makes a difiTerence in the cal- 
culated stresses whether the girder of Fig. 385 be considered 
to have seventeen loaded joints (which it really has) or only 
the nine belonging to the main structure (Fig. 384). (In the last 
case the weight of the intermediate trusses is supposed to be 
transmitted to the joints of the main girder.) 

Evidently the assumption that, as the moving load proceeds, 
one joint is fully loaded before the next receives any load at all, 
is, as pointed out at the end of § 12, not strictly true, but it is 
also evident that the greater the number of loaded joints — ^that 
is, the nearer they are to each other — ^the less will be the result- 
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iiif]; error. It follows that the streases given in Fig, 887 I 
oljtiiiiitd uii<]cT tho stipgxsitioti that the girder has only nino I 
loiided joiiil.s, will differ shghtly from those that would be ob- I 
tained if it wnre cODsidcred to hav« seventeen loaded joints, the I 
hilter bt-iiig tlio more aecunte values. It will also be observed, 
when it ie assumed that there are nine loaded joinfa and the 
moving load lias arrived over tho centre of one of the inter- 
mediate girders, that the next following joint of the rasiin girder 
has already received a part of its load, for it acts aa a point of 
support to the intermediate girder; and when the moving load 
has arrived at the end of one of tho intermediate girders, the 
joint of the main girder at this point haa not yet received its full 
load, for it acts as a point of support t*) the next intermediate 
girder whieli ia as yet unloaded. 

For the sake of comparison, the dimensions, &c., in Figs. 387 
and 388 are the same as those of the girder calculated in § 10, 
namely, depth = 2 metres, span = 16 metres, total load on the 
t,'irder = 48,000 kilos, (consisting of, permanent load = 8000 
kilos., moving load = 40,000 kilos.). 

The stresses calculated from tljese data for the girders of 
Figs. :184 and 385 are given in Figs. 387 and 388. 





By comparing these two girders with those of ^ 14, it will 
be seen tliat the number of pointu of supjiort in a oiinplc 
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girder Bach as that shown in Pig. 383 can be increased in two 
different ways, tiz. either by increasing the namber of triangula- 
tions or eUe by introducing intermediate trusses as explained 
above. 

The first method would evidently be the best if the sectional 
area required to resist compression were always proportional to 
the stress ; for then it would be possible to increase the 
number of points of support indefinitely without adding to the 
quantity of material, whereas in tbe second method every new 
diagonal and vertical requires extra material. But this advan- 
tage is only apparent, because with multiple latticing the 
compression braces become very thin and are therefore liable to 
bend or buckle, and hence require much larger cross-sections in 
proportion. 

The advantages and disadvantages of each system must 
however be considered specially in each case, for this is a point 
which cannot be decided generally. 

NoTE.^In pmotice it ia nannl to rivet the bncet together whore they intcr- 
BOct. This, in one respect, is not right, for the bracoa are therohy impeded from 
sctiDg independoDtly, bnt the great adTUitBge U obtained that Ihe tendency to 
bncklo of the comprcasion biacoa ia greatly rodnoed, and tbe objection to tanltiplc 
lattice girders, mentioned above, is svotdod. 



THIRTEENTH CHAPTER. 
§ H.- — Ox THE Deflection of Loaded Stbuctdhes. 

It has bcc-n found by experiment that the amount of alteratiott 1 
in the Ifingth of a bar is proportional to the stress, so long a 
the stress is witbin the limits of elasticity, aod this whether I 
tlie stress be compression or tension. 

Titus if B is the alteration of length in one unit of length j 
due to a stress S per unit of area, 



where E is a constant quantity. 

E is called tlie modulus of elastkiiy, and ffora equation I. 

it is evident that -p is the elongation or shortening in one unit 

of length produced by the unit stress per unit of area. Another 
definition of E can be deduced from equation I., namely, that it 
is the stress per unit of area that will lengthen a bar to double 
its original length. 

Its value for wrought iron is about 20,000 when expressed 
in millimetres and kilogrammes (equivalent to 28,450,000 when 
the English inch and the lb. avoirdujiois are tlie units). Thus 
every miliimetre of the length of a wrought-iron rod, whatever 
be the aeclion, increases its length by loJotr millimetre when a 
tension of 1 kilo, per square millimetre is applied to it. If, 
however, the rod were subject to a tension of 6 kilos, per square 
millimetre, each millimetre would increase ils length by jijoW or 
j^'sj millimetre. 

The actual inercnse of length is obtained by multiidying 
the original length / by S, thus : 

'.^ii. [11.] 
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A wrought-iron rod, therefore, of 10 metres length, subject to 
a tension of 6 kilos, per square millimetre, increases its length by 

X = 10000 X -fjs^ = 3 millimetres. 

Negative stress or compression produces negative elongation 
or shortening in the same proportion as above ; therefore equa- 
tions L and 11. can be used for compression as well as for tension. 

If the stresses in a loaded structure are known, it is a purely 
geometrical problem to find the change of form and the con- 
sequent deflection ; for the structure can be imagined taken to 
pieces and then remade, using the altered lengths of the 
several bars. 

A few examples will now be given to show how the applica- 
tion of the above laws can be transformed into a geometrical 
problem. It is also of use to know the deflection of various 
simple structures under a known load, for this will enable the 
proportion to be found in which the load on a complex structure 
subdivides itself between its component simple structures 
whence the stresses in these latter can be deduced. 

It will be assumed that in all cases the cross- section of any 
bar is proportional to the stress in it, so that the elongation or 
shortening of each part of the structure will be 8 for each unit 
of length. 

Thus in Fig. 389, owing to the shortening a S of the two bars 
A C and C B due to a load at C, the point C is lowered to Ci . 

Fig. 389. 




The position of Ci can be found by describing arcs from A and B 
with radii equal to a^aS. If EC = a8, ECi can be drawn at 
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rifrlit aii(;los to A C without appreciable error, Lecauso « S ie 
small, and the same is true for tbo otUer side. 
The tiiaiigles C E Ci and D A being eimflar. 



PI 



When tho abutments aie relieved from thrust by means of J 
a tie rod A B, the point C is further lowered by an amount Sj I 
due Iti the increase of length IS of AD. Suppoao tlmt at first , 
AC ivucl BC do not alter their length, then the position of Cj 
cim be found by describing arcs from Aj and Bi with radii d j 
(Fig. 390). 




From the similarity of the tri 



sCFC, audCDA, 



Tho tutd dejiression of tho point C is (lirrt'iorc 

. = „ + ,, = . ('iiii:). CT 

If the load, instead of being applied at C, is hung at D (Fig. 
301) and tmnsmitlcd to C by mciiii.s of the tension rod C U, the 
point \) will be lowered by an amount s', which is tho sum 
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of the depresBioQ of the point C and of the iucreaae in length 
o- of the C D, thus 



-^-*-"C^-^^)-"t 



The above equations are also true for the reversed position 
of the structure. 




In a siroilar manner the depressions of the points C and D 
in Fig. 392 can be determined hy first finding the part due to 
the shortening of A C and D B : 





and then that due to the shortening of C I) (Fig. 393) : 
The total depression is therefore 
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When the points A and B are connected together I 
tCDsioQ roJ (Pig. 394) a further depressiun of 

,, = a {^ + ''>'' 

ia produced, and in thia case C and D will be depressed i 

umoiint 

• = '' + '■ + "' = '(. J. )• "^ 

Fio. 383. 
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Fm. 395. 
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Lastly, when the loads are hung at E and F, Fig. 395, 
these points are lowered by an amount equal to a^, due to the 
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lengthening, of the tie rods, added to the depression of the 
point C or D found above. But o-j =? A S. Consequently 



o 
5 = »j + », + Ci + <r, = - [a» + 6c + (6 + c) c + A*] 



= 2-(a« + 6c> 



[7] 



This method of investigation can be extended to the case 
when there are three or more points of loading. 



§ 45. — Deflection of Parabolic Arches and 

Girders. 

The effect of the load on the inverted parabolic chain in 
Fig. 396 is to shorten the length of arc, and thus reduce its 
height from/ to /. The deflection Si at the crown can therefore 
be found from the equation (Fig. 396) 

Fio. 896. 











f 

When the ratio ^ of the height of the arc to the span is 

smally it can be shown that the length of the arc of the original 
parabola is given by the equation 

8 = 2^(i + *7^)!* 



* The equation to the parabola ia 



Differentiating with respect to x, 



7"^ 






CBol 
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CoiiKeqi 


iii^utly the length of arc of tlio compressed pumWlft 




8, = S(l-!) = 2 


'('^<ff)' 




nr substitut 


iiig for S its valae 








2/(i + i^)(l-a) 


.2,(, + ,4:). J 


■ 


and solviuf] 


; this equation for/,, 


J 


■ 




.,=/V''-'('+' 


^) ' 




=/{.-*('+»f.) 


-?{■-•?)'■•■ 


^ 


The error ( 


■ntiiiled by leaving out tUe expresaion "a' (' + i 


>pfm 


aiul tliosu 


that follow it is amaU, 


and hence, although ^ i 


as- ^1 


Hiimed lai't^ 


■0, 





approximately. 

Substituting this value of/, in equation 8, 



-^('-i;)^=^{'^'?)- 



Ilul the difrLTCiitiiil of 11.0 nrc S is givou Ijj 

or »|iiitoximntily, if Aie aiiiull, 

liilfgraliiig U'tBec'ii tlio limits — / nml + ;, 



.r(,.y:.).„.,(,.,^). 
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For example, let / = 20,000 millimetres, / = 5000 millimetres, 8 = ivStv* ^^^ 
«i = 18 (1 + ^) =18*75 millimetres, and this is the amomit the crown of the 
parabolic arch of § 22 sinks when the load produces a compression of 6 kilos, per 
square millimetre in the bow. 

Eyidently eqaation 9 is appL'cable to a saspension bridge, 
and in this case S will be the increase of length per unit of 
length. 

If the points A and B are connected together by a tie, the 
crown will sink by a farther amount 82, due to the extension 
of this tie. The structure then becomes a girder, since the re- 
actions at the abutments are vertical. 

FiQ. 397. 




82 can evidently be found by assuming that the tie alone 
extends by an amount 2/S, and that the length of the bow 
remains unchanged. Therefore equating the length of arc of 
the original pcu*abola to that of a parabola having a height of 
arc^ and a span 2 Z (1 + S), 

and solving this equation approximately for /a, 

/.=/[i+|(i-t^^)]. 

The depression of the crown due to the extension of the tie 
is therefore 

* 

The total depression of the crown when the bow is com-* 
pressed will evidently be 



j = #, + », = J5y 



[111 
u 
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If tbe load is communicated from the lower boom to tha i 
upper boom by means of Tertical rods, the extension of these \ 
ruiis will lower the centre of the tie by a further amount S^ 

But eincb llie above reeulta were obtained on the euppositiotl . 

that tlic ratio - was small, S/ can be neglected in comparison < 

to 8, more especially as in actual girders the greatest tension in 
the verticals iiccure with a partial load. 

Equation 1 1 is also true for a parabolic girder having the 

bow underlie atli. 

l:'xinn]ile.^lK ilio peralxilip giidei oUcutaleil iu § 6, the Bpui was IG metres, 

BDtt the height of arc 2iDetrtH; let > = ToSwt Iheii the dcflootion at the oown U 

3 e 8000* ,, , .„. ^_ 

2 20000 2000 uuuu"«"«. 



§ ■ii'i. — Deflection op Bbaced Girders with 
Parallel Boohs. 

In {girders with parallel booms the deflection a (in the 
centre) is composed of two parts, one entirely due to the booms 
and the other to the braces. 

To find the first part, Si, the centre line of the girder can 
be coiiaiciered as bent into the arc of a circle of radius p {Fig. 
3y8). Since Si is small, the length of arc differs but by a very 
small quantity from the chord ; the length of the choi'd is 
therefore 2 I, and the equation to the circle is 

but Si^ is small in comparison to 2 pSi. Hence, 



Further, the lengths of arc of the outer circle (formed by 
the lower boom) and tbe centre circle are as their radii, or 
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vhence 

r-f,- M 

SubBtitnting this valoe of p in equation 12, 

.,.9. . . [H] 

The deflectioD «i, due to the braces alone, can be obtained by 
conaidering that the booms remain unaltered, and then finding 

Fis. S88. 
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r 




/ 


i^^^^^^^^^^^j,,,^ 


*\::::::r: 


^. -'-' 



lil(l-td) 



the change of form prodaced in each of the right-angled tri- 
angles formed by a vertical, a diagonal, and a horizontal bar, 
by the lengthening of the diagonal and the shortening of the 
vertical (Fig. 3d9). 

Pio. 399. 



■ The point C of the triangle A B C is lowered by an amount o- 
io consequence of this change of form ; and tr can be considered 
as composed of two parts. The first, e, is doe to the lengthen- 
ing of the diagonal, and the second, X, to the shortening of the 
vertical. The extension of the diagonal ia e S, and e can there- 
fore be obtained from the equation (Fig. 400) 







• 
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The sbortcuing of tbo vortical ts X, and eridently ^H 


^^M 

^^^H 


^^H 


e'' ~/^ + a*, ^^^^^^ 


B 
f 


V If n is the nnmber of bays between ^H 

^\ thi! abutments and the centre, the de- ^H 

\^ UectioD S] will be n times it. Hence ^H 




■■\ ,....„....{(,^+,). J 


.i 


'■;0\^, or, since na = 1, ^H 


" "-^-- -...; \'tf ., = (s{(i'+2). [15] ^* 



By adding together the valnes of s, and s^ (from equations 
14 and 15), the total deflection at the centre of the girder 
abowu in Fig. 3D9 i8 found to bo 



^-^(p")l- 



CIO] 



If the bays arc square, 

^ = I and s = /! (' + 3): 
and if at the same time there arc eight bays, 



Ejc'impl,:—Thc iloflcction nt the centn- of the cinlor nfilculiilml in § 10 pjin 
be round b; nieniiH of tbia formula. The ?pMi is Iti iiit'ln'H, nod uaiiuniiiig that 
i = j^st; mmimctrcs, 

a = 7 X 8000 X ^,^.;,-ii = 16'8 millimetres. 

If tbe braces were constructed much stronger than neces- 
sary, the alteration in their length, and consequently the 
deflection due to them, might be neglected. The dulloetiou s 
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(eqnHtion 14), due to the booma altme, wonld then be the defleo 
tion at the centre of the girder, assamiag that the deflection 
curve is the arc of a circia These coDditions are approximately 
fulfilled in a plate-web girder ; the deflection of such a girder 
can therefore be ioond approximately from equation 14. This 
equation also eotUaim the general law of the deflection of a 
beam of equal depth and symmetrical cross-section throughout ; 
for the deflection at the centre can never be greater than nhen 
the bending or curvature at every point is a maximum — that a 
when the deflection cnrve is a circle. This is actually the case 
in a beam of uniform strength ; that is, when the fomi of the 
beam is so proportioned to the load that the greatest Aress in 
every croes-eection is constant. 
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FOURTEENTH CHAPTER. 

§ 47. — Theoet of Composite STBOcrnBEs. 

Tho two following questions can be answered by means of 
the eqimtions ubtained in the preceding chapter, or by means of 
others similar to them ; — 

1. In a structure composed of two distinct systems con- 
necfed togctlior, what strength and etiShess should each aystem 
Liive ill order that they may work evenly together ? 

2. What is the proportion of the total toad carried by each 
system ? 

As the common points of loading of the two simple systoma 
gradually sink owing to the increase of the load, the stresses 
in each will augment, and alterations in the lengths of tho 
various bars, Ac., will take place. So soon, however, as the 
limit of eiastidty in one of the systems is rpaehed, the load 
could not safely be increased, however remote the stresses in 
tho other system may be fi-om their limit of elasticity. This 
second system might tliercfore be made of weaker and less 
elastic material without diminishing the safe resistance of the 
whole structure, or, better still, the quantity of material in 
it might be reduced, so that in both systems the limit of elas- 
ticity would be reached at the same time. All the material 
thus saved is not only unnecessary to the structure, but is 
positively harmful, in that it adds to the dead load. Such 
combined structures should tLerefore, if possible, be so designed 
that the simple systems composing them are equally stiff. 

Tho proportion of the load carried by each system can, 
however, be found, whether this condition be complied with or 
not, by equaling the deflection of each system at the points 
where they are connected together, and these are also the 
points where the loads are transmitted from one system to the 
other. 
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An equation is thna obtained, ^ving -i, the ratio of the 

alterations of length per unit of length ; and from this it is 

easy to obtain the ratio ^, giving the proportion of the 

load carried by each system. 

It appean &oin the previooB inTostigation?, that the general 
equation giving the deflection of a load^ point can be written 

where A is a constant, depending on the form and dimensions 
of the atraotnre (the value of this constant can be obtained for 
the varioQS cases considered in the last chapter, from equations 
1 to 16). The deflection of each simple system at some point 
where they ate connected together will therefore be Ai £| and 
Aj Si reapectively. Henc% 

A,t, = A,),, 

or 

Now the loads producing the alteration in length £| and Sa 
per unit of length in each of the simple systems respectively 
can be found by the methods already explained; and since 
the total load on the atmotare is known, the part carried by 
each system cau easily be found. 



Ja "":"i ' i B« 



For example^ let two simple systems, one like Fig. 389 and 
the other like Fig. 398, be combined together as shown in 
Fig. 401. tf both systems are made of the same material^ 
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the condition that they may reach the ehistio limit together 
can be found by putting S, = 5,. Hence, from equation HL, 



or from rquations 1 and 14, 

a' /' 

whcEco 

[The value thus found for -^ may be tenned "the econo- 
h 
niiciil Tiitio of the depths " (with regard only to the quantity 
of lunterial, not necessarily as regards the cost).] 

If the elastic limit is not reached simultaneously, or if each 
system is niiide of a difierent material, it appears from 
equation III. that 



[181 



The economical ratio of the depths can be found in this ease by 
putting for 5, and Sj their values at the limit of elasticity, for 
the material of which the corrcfipoiiding system is made. 

From equation 18 the ratio — can be found, as follows: 

Let the load Qi acting on the simple system formed by the 
rods A K and B E. produce a stress Ki per unit of area in each 
of the rodf, and let F, be the sectional area of each rod ; then 

therefore, the shortening \ter unit of length in these two rods 



Again, if Fj is the sectional area of either of the booms of 
the girder (' I> iit the point E, the stress S^ per unit of area 
jiroduced bv tin; load Qo i^ 

^ - ^^' 
' ' ' - ^'i! ' 



I ^ 
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and the conseqaeot alteration.of lengtli per niiit of lengtli in 
this gilder ia 



_8.__QW 



eao] 



^ E, 2F,fB, 

Bf snhBtitnting these values of Si and Sj in equation 18, the 

following eqnation ia obtained : — 

Q. I* A* F. B. 

— = - - - . ^ . — ' . ran 

Q, a- /« F, E,' ^"^ 

from whidi, since Qi + Qi = Q is known, the distribation of 
the load can be ascertained. If the stmcture is made of the 
same material thronghont and complies with the conditioD 
expressed by equation 17, equation 21 becomes 

Q,_a Fj 



[m 



In the straeture showft in Fig. 402, composed of Pigs. 391 
and 398, the condition that the limit of elasticity may be 
FM. 402. 




reached in each system nt the same time when the material 
is the same in both, is (equations 4 and 14), 

f=^. [28] 

The general equation for the distribution of the load can be 

obtained in the manner indicated in the preTious example, 

and is 

Qj f'A' F, Bj 



which, combined with equation 
expressed by that equation 

Q.~ 7'P, ~/aF, 



CM] 
gives for the special ease 
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The last three equations are also tme for the reversa 
arrangement shown in Fig. 403. 

The three corresponding equations for the structure given in 
Fig. 404 can be obtained in a similar manner, by means of 



FiQ, 403. 




Fio. 404. 




equations 5 and 14 ; but in this case the deflection of the girder 
at the points C and D must be considered, and it is equal to the 

deflection at the centre of the girder multiplied by 1 — r^, for 

the deflection varies as the square of the distance from the 
centre. Hence the condition that each system may reach the 
elastic limit at the same time (supposing both to be made of 
the same material) is 






[26] 



The general equation for the distribution of the load is 
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whichy when combined with equation 26, gives for the special 
case expressed by that equation 



5l-^ p. 



[28] 



Exactly in a -similar manner, the following equations are 
obtained for Figs. 405 and 406, by means of equations 7 and 
14. 



Q, 2/«a(a« + 6c) F< B, 
QA^ch P, 



[29] 
[30] 
[81] 




Pio. 406. 




In all the preceding cases it was assumed that the altera- 
tion in length of each unit of length was the same throughout 
the same system, or, in other words, that the crossHsection of 
each bar was proportional to the stress in it. 

If a straotore is composed of sevend simple systems, each hayiog a differeDt 
degree d[ stifltaess, the total load on the stnicture wiU be distribated nneqaaUy 
between them, whatever the load may be, and those which owing to their want of 
ftii&ieflB reach their elastio limit last, evidently contain too much material. 



w 



\ 



It 



the booms, and coi 

portional to the hei 

layer is therefore 

centre, so that if t 

the centre, is subje* 

stress in a layer whose distance is u ttom tb 

5 = -S. 
to 

If the stress S is known at any cross-section 
in the same cross-section can be obtained fron 
layer symmetrically placed on the opposite 
numerical yalne, bat with a contrary sign. 

The total stress in such a layer is, if A be 

If such a beam be bent by the forces Kj, 
its axis, the maximum stress 8 at any seotioi 



i 



Fig. 408. 



a 



iP 



? 



Fig. 409. 
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§ 48.— TRUSSED BBiJfS .WITHOUT DIAGONALS. SOI 

exterior forces acting on the part B a/3 about Prmtist be equal to the sum of tiio 
moments of all the stresses about the same point. Therefore 

where :i is a symbol indicating that the sum has been taken of all the separate 

8 
moments due to the stress in the various layers. The factor - is common to all 

these moments, and can therefore be placed outside the symbol, or 

to 

Now 2 (« ti? A) is the ^ moment of inertia " * of the cross-section about the 
axis round which moments were taken, that is, about a horizontal axis in the 
plane of the section and passing through its centre. The moment of inertia is 
usually denoted by I. Hence 

M = ?I, 

to 

or 

to 

The value of I for any form of cross-section can be obtained by dividing up the 
area into very small parts (or elements), and multiplying the area of each 
element by the square of its distance from the horizontal axis through the centre 
of gravity, and then adding together the products thus obtained.! 



§ 48. — Trussed Beams without Diagonals. 

It was 3bo¥m, § 8, that the diagonals of parabolic trusses only 
come into play with a partial load, and also that they then 
become an indispensable part of the structure, that is, if the 
various bars are connected by single bolts, and are thus 
only capable of taking up stress in the direction of their 
length. Ify however, the diagonals are omitted, one of the 

* The moment of inertia is a term belonging to the dynamics of a rigid 
body, and the following is the definition : — 

If the mass of every particle of a body be multiplied by the square of its 
distance from a straight line, the sum of the products so formed is called the 
" moment of inertia" of the system about that line, which is also called the axis. 

In the present case, it will be observed, the mass of every particle or element 
has been taken as unity ; also from the symmetry of Fig. 407 it is apparent that 
the axis is horizontal and passes through the centre of gravity of the section. As 
will be seen in the sequel, the resistance to flexure at any oro8SH9ection of a 
body always depends on the moment of inertia of that cross* section about a 
horizontal axis in the plane of and passing through the centre of gravity of the 
cross-section. — Trans. 

t The continuation of this subject will be found in the Fifteenth Chapter. 
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Although it is not recommei 
(except when the load is uni 
trussed purlins of a roof), yet 
structures occur so frequently the 
will be illustrated by a few exam 

A theoretical parabolic girde 
one diagonal at least in the cent 
this diagonal the deformation si 




Fio. 41] 




with a partial load. This can, how 
the three bars A C, C D, and DB 
(Fig. 412). The structure is then 
even when fully loaded a part < 
directlv hv i>»<> o*^^ ^ — 
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must be determined by following the method indicated in 
§47. 

As soon as n is found, the distribution of a partial load can 
also be ascertained. Thus, for instance, if the point C alone is 




loaded with a weight Q (Fig, 415),^ the following distribution 
takes place. One part, 

= Q and 5q, 
forms the load on Fig. 416, and the remaining part, 

(i.?)q and .!q. 

is the load on Fig. 417. 

That this really b the case is easy to see, in the following 
way : — ^Evidently a load at D produces the same effect at C as 
a load at G produces at D (by symmetry). Now, since the hori- 
zontal stress in the bars A £ and B F b always equal, the stress 
in both verticals must also always be equal. A siugle load at 
therefore produces half the stress in the verticals that the 
two loads at G and D together do ; or, in other words, the loads 

onCandD(Fig.416)duetoQatCoratDare ~ Qand — Q. 

2 2 

The loads on Fig. 417 are evidently found by subtraction. 




Fig. 415. These stresses will rem 
D is loaded instead of the point 
when both G and D are loaded. 

The stresses in these bars, wh 
are therefore to those that the sa 
parabolic truss of the same form 
the number n depends on the reli 
system, and can only be 1 when t 
D. Thus it is evident that the • 



Fio. Aii 
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can be fonnd in exactly the same manner. The stresses in the 
structure of Fig. 419 can be calculated in a similar manner, 
obtaining the number m from § 47, in the same way as n. 

Fig. 419. 




§ 49. — Influence of Changes of Temperature. 

The results just obtained for composite structures are not 
practically useful, because the influence of the changes of tem- 
perature was not taken into account. As will be seen, the 
distribution of the load between the two simple systems, and 
also the economical ratio of their depths, depend on these 
yariations of temperature. 

It is found by experiment that all bodies, with one or two 
exceptions, expand as the temperature increases and contract 
when the temperature diminidies; and it is also found that 
the expansion or contraction is proportional to the increase or 
decrease of temperature. The ratio of the alteration of length 
due to one degree of temperature to the original length is 
called the coefficient of linear expansion. Thus, for wrought 
iron, if the temperature is reckoned in degrees Centigrade, this 
coefficient is 

a = 0-0000122; [82] 

that is to say, a wrought-iron bar increases or decreases its 
length by roTo^^Voo*^ ^^^ ^^ increase or decrease of 1° C. 

Since the alteration of length is proportional to the change 
of temperature, the ratio of the alteration of length due to f 
of temperature to the origmal length will be 

(In other words, A is the amount which a unit of length is 
expanded or contracted by a change of temperature of f.) 



fore, an increase of temperatui 
bar, the increments of length 
added together to obtain the tc 
of temperature occurs with c 
ments of length are to be i 
i > elongation or shortening will be 

the increment and the decrem 
increase of temperature, or ten 
ture. 

In the combination of bars 
of temperature of f^ would, ac 
raise the point C by an amount 

and this point would sink by the 
of^. 

The braced arch of § 22 can, as far a 
height of the hinge 8 is concerned, be r 
similar to the above. From the dimensi 
a' = 20000' + 5000*,* and assoming that 

__ _l_ / 20000' + 5000' 
^ " 4000 V 5000 

Consequently the hinge 8 is raised 21 
temperature of 20*5° C. takes place, and 
with a decrease of 20*5° C. If the va 
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If Si denotes the decrease in a unit of length due to com- 
pression in the two rods A E and BE (Fig. 401), produced by 
a load at C, and A the shortening per unit of length in the 
same bars owing to a coincident decrease of temperature, the 
total deflection of the point E is, according to equation 1 : 



« = («. + A) :j'» 



[85] 



and this deflection is to be equated to -^, the deflection in 
the centre of the horizontal beam (equation 18^, thus : 



/ 



[36] 



Solving this equation for ^ , and putting a^ = P + A^ : 



^UiJ(,^A;)- 



[37] 



The influence of the variations of temperature on the dis- 
tribution of the load can be ascertained by finding the effect 
produced by the change of temperature on the structure, sup- 
posed weightless, and upon which no exterior loads are acting. 

If A is the shortening per unit of length due to a decrease 
of temperature, the point E (Fig. 401), if free, would be lowered 

by an amount -7— , but the actual amount is less, owing to 

the horizontal beam CD; or, in other words, the stiffness of 
this beam produces a vertical force P acting upwards at E. 
Both struts are elongated by this f(H*ce, and this elongation 
must be deducted from the shortening produced by the de- 
crease of temperatura Therefore, if £1 is the elongation per 
unit of length produced by the force P alone, the actual 
depression of the point E isl 



.• = (A-«.) 



[88] 

X 2 
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Pa 



But, nccording to equation 19, 81 



2E,F,4' 

The dofiection at the centre of the beam duo to the force P 
is, from equation 14, s = -^, and snbstituting S, = „ — j i 

from equation 20, 

Hence by equating the valoes of s in equationa 39 and 40 : 
And solving for P : 



/^ E, F, /^ 
n* ■ E, ' F, ■ /' ■ 



Evidently P is the correction to be applied to the distribution 
of the load between the two systems found from equation 21 : 
in fact, a decrease of temperature diminishes the part of the 
load carried by the struts by the amount P, and consequently 
increases the load on tlie beam by the same amount. An 
increase of temperature has the reverse effect. 



By Bnbstituting in the aboye eqoatioi 



I 



- = 3, tilao 

E, = E, = 20000 (supposing that both ajotema iiro made of wrought iron), 
F| = F, = 10000 Biiuaro millimetres, snd A = ± j^,^ (correaponJiQg to n 
obango of teopomtiire of 20 ■ 5° C), tbo yulue of P is found to bo P = ±10700 

By introducing Ibc same data into crjaatioD 21, it ie found that 
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or if the totel load ia 80000 kiloB. 



Q.= 



9i 



-I 



4*608 

Q = T^KS X 80000 = 65740 IriloB. 
5*60o 



0,= 



1 + 






Q = 



5-608 



X 80000 = 14260 kUos. 



Thus, when the temperature deoreases 20*5° C, the load carried by the struts 
becomes 



and by the beam 



65740 - 10700 = 55040 kilos. 
14260 + 10700 = 24960 kUos. 



And when the temperature increases 20° '5 G. the struts carry 

« 

65740 + 10700 = 76440 kilos. 



and the beam 



14260 - 10700 = 3560 kilos. 



(This subject will be further discussed in the sixteenth chapter.) 



( 310 ) 



FIFTEENTH CHAPTER 

§ 50. — Resistance of Beams to Flexube. 

If one end of a horizontal beam be fixed, and a weight hong 
to the free end, the beam, originally straight, will be bent 
into the form of a curve, whose convexity is upwards (Fig. 420). 
If the beam be regarded as a bundle of fibres, whose direction 
is parallel to the length of the beam, and which are cemented 
together, so that they cannot slip over one another, it is easy 
to see that as soon as the beam is bent the upper fibres will be 



Fig. 420. 



Fio. 421. 





lengthened, and the lower ones shortened. Between the upper 
and the lower layer of fibres there must therefore be a layer 
in which the fibres are neither lengthened nor shortened ; this 
layer AB (Fig. 421) can be called the neutral surface. 

The greater the distance of a fibre from this neutral surface 
the greater will bo its elongation if it is above the neutral sur- 
face, and the greater its shortening if below. It can be assumed 
that the sections made by planes at right angles to the neutral 
surface before bending remain plane after bending,* and are 
still at right angles to the neutral surface, which is now curved. 
In Fig. 422, M and N are two of these planes very near to each 
other; originally they were parallel, but when bending took 

* This has been ascertained by cxporimont Soc *GivU EDginooring,' by 
Prof. Bankino.— Trans. 
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place they coDTerged in the directions CDaodEF. Nov, Bince 

the portions of the fibres lying between the two planes were 

originally all eqnal, the alteration in length of each fibre can 

be found by drawing a plane G H parallel to E F, and at a 

distance N M from it equal to the original length of the fibres, 

the distances between the ^,_, ^^ 

planes C D and G H are 

evidently the alterations in 

length of the fibres. Hence 

&om Fig, 422 for any fibre 

LQ: 

PQu. 
GG~»" 

or in words : The alteration in ^ 
Ungth of any jQire is propor- 
tional to its distant from Ihe 
neviral earfaee. Bat, accord- 
ing to the laws of elasticity, 
flie intensity of stress is pro- 
portional to the alteration of 
length, so long as the stress 
is below the limit of elasticity, hence the stress in any fhre is 
proporOonai to its distance from the neutral swrfaee to long as 
the ttreta in it is hdow ths limil of elasticity. 

Therefor^ if « is the stress (per nnit of area) in a fibre L Q 





at a distance 14 from the neutral sor&ce (Figs. 423 and 424), and 
if 8 is the stress (per unit of area) in the fibre £ 0, at a distance w : 



I 



:■ 



» , 



This stress will be tensio 
neutral surface, that is, when 
pression when the layer is be 
when u is negative. 

Let a section of the beam 
pendicular to the neutral surfac 

Fio. 425. 




downwards, a vertical force V, 
plied; and since the section pla 
y can be considered as acting a] 
prevents the part B N of the be 
the section plane, and it is call 
Kesolvincr tlip f/^»"^— 
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right to lefty and those below from left to right. The algebraical 
sum of these forces must be zero, therefore from equation 44 : 



g«/) = 0; [46] 



and since — is a common factor it can be omitted ; hence : 

2(/tt) = 0. [47] 

This equation shows that the sum of the products of the 
area of each elemental layer into its distance from the neutral 
surface is zero. 

But, as is well known, if i be the distance of the centre of 
gravity from the neutral surface, 

ii(/) = 2C/«) = 0. or i = 0: 

that is, the neviral swrfcuie passes through the centre of gravity of 
the section. 

The third condition of equilibrium is that the sum of the 
moments about any axis should vanish. Let the intersection of 
the neutral surface with the section plane be this axis, which will 
be perpendicular to the paper at N (Fig. 425), and is called 
the neutral axis. The moment of E about this axis is Eo; 
(called the moment of flexure or else tending moment)^ and the 
moment of the stress in the layer of fibres, whose distance is 

u from the neutral surface, is — - u. Hence : 

w 



2(5^«) = Kx. [48] 



or in words : The moment of resistance of the fibres is equal to 
the moment of flexure of the bending force. 

a 

The common tactoT — can be placed outside the sign of 
summation, thus 

^i(/u«) = K*. [49] 

But the expression X (fu^) is the moment of idertia * of 

* See footnote, page 301. 



I 



S is the stress per unit of 
is to from the neutral surface, 
distance that occurs, S will be 
found from 

s = 

when 

1 = 2 

is known. 

To find the value of I when 
sider a layer of fibres at a dis 
(Pig. 426), the area of this layer 

I = 62( 

or, according to the notation of tl 



I = 6 u« « 

J-4» 



Fio. 426. 
6 



U 



ih 



4 










v-^ 


t; 




X 


^.--- 






V. 







Fio. 



\0^ 
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ference of the two rectangular sections B H and bh, and hence 
its moment of inertia about the neutral axis is 



j_BH» 6A» 



12 



12* 



[55] 



The same value of t obtains for the section shown in Fig. 428. 
The moment of inertia of all sections that can be resolved into 
rectangles may be obtained in a similar manner by means of 
equation 54 so long as they are symmetrical with respect to the 
neutral axis. For instance, for the section shown in Fig. 429, 
which is the sum of two rectangles : 



6A« 6^« 
12 ■*" "12 



[56] 



and for the section of Fig; 430 : 



BH» 6A» _ 6^» 
12 "■ 12 12 • 



[57] 



Fio. 429. 





[NoTB. — It is sometimes necessary to find the moment of inertia of irre- 
galar figures whose contour is not determined by any simple carve, the 
section of a rail for instance. 

In such cases the moment of inertia can only be obtained approximately 
by finding that of a figore composed of rectangles, as shown in Fig. 4dOA, and 
the greater the number of rectangles the nearer will be the approximation. 

It becomes therefore necessary to know the moment of inertia of a rect- 
angle about any axis parallel to one of its sides. Let the moment of inertia of 
the rectangle A B (Fig. 4d0B) be required about the axis T 0. Take an 
elemental strip P F of the rectangle, of width d x. The moment of inertia of 



I 



. -r ^' % 



••••••« •*• •••••»••••»• 



n/ 



t-r- 



N P L 



1^ 



N~ 



£ 



.. -TT 



•© : ? : 
. : I 



• • 



s: 



• • • 

*\ * ! I 

■■ ■■^■■l■ "''^' ■ M T J m^ » ^ I ••^■•••■t*- ! 



HP* •*••»«•• aft • 



Applyiog this to the case of Fig. 4; 
section about the axis N N is found to be 

The axis N N passes through the centr 
position of this point must be found by 
graphic method of finding the moment of 
any section is given in 'Graphic Statics 
Lieut G. S. Clarke, RE.] 



If the section is circular (Fig. 4 

2(/u*) = 2( 



\nr « 



^r:r^^-^ 
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2 (/as*) can evidently be fotrnd by replacing / by the area 
of the elemental annnlos (Fig. 432) whose radins is x, and 
breadth ^ The area of this annnlns is 2 a; ir A ; therefore, 

Or in the notation of the Integral Caloolns : 

Fio. 431. Fio. 482. 





and if the diameter of the circle is D, 



tSS] 



The annular section shown in Fig. 433 can be regarded as 
the difference between two circles ^ ^^ 

whose diameters are D and d respec- 
tively. Hence, in this case : 

I = ^(0" -<!•). fM] 




If the section remains constant 
thtonghont the length of the beam, 

— will also be constant, and it appears (from equaticm 50) that 

in this case the greatest intensity of stress will reach its 
greatest value in the beam at the point where the bending 
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moment is amaximiim. This is evidently the cfi8« when 


iB = l; and if 8, is the greatest Htreas in tlie beam : 


|l = K(. [60] 


If the beam has a rectangular section (Fig. j»4}, tr = • . nnd frooi Di)imti'Ki 


51j I = ^ ; ecjUQtion 60 tlieroforo takes the form 


?f.K. r«.i 


Fis. 434. 


si 


^1 . „, 


^w m 


1 


1 r n 



Ptn nn example, let K = 125 kilos., ( - 800 millimetrea, 6 = 20 millimetres, 
- 100 luLllinittrcs, then the greatest stress in the beam ie, 



20 X 100' 



3 kilos, per ecjuare millimetre. 



The JBtcnaity of the stK^ss ia indcpcndciit of tlie iiatiue of the nuiteria). By 
comiMirilig it liowevfr vith the slress per squan? millimetre cuni-iikroil mte 
f.ir the iiinteriiil in qucatioii, it csn he; nHoettnitieil whether the rrsiBtBUce i)f 
the lx«ni ia aullleieiit or not, nr to v,b»t extent the load might be iDcrenatd so 
Ihiit tlie snfi; slriCfl should just be ntrived nl Tliua if the nlioTe beam were made 
of wroufrht iron, the load K could bo doubled (2.'i0 kilofl.), in which ease: the 
greatest streea per square millimetre would be 6 kilos, (ecc page 2G4). 

FiO. 4^5. 



-IK _= '' " 



The greatest stix'sa in a lieam supported iit both ends 
(Fij;. 430), and loaded at any point A, can ho found from equa- 



§ 50. — BESISTANCE TO FLEXURE. 319 

tion 60 by writing for E the reaction at one of the abntments, 
and for I the distance of the load from that abutment. For if the 
part A Bi be considered fixed (encased in a wall^ for instance), 
it is evident that A B is in the same condition as the beam of 
Fig. 434, with this difference, however, that the bending force 
in this case acts upwards instead of downwards, and conse- 
quently the greatest tension occurs in the lowest fibre. The 
reaction E at the abutment A is found by taking moments 
about the other abutment, thus : 

and substituting in equation 60 

(Since Ei 7i = E Z the same equation would be obtained if the 
greatest stress in the part A B^ were found). 

[Note. — ^If M is the bending moment at any section of the beam distant x 
from B| , it is easily seen that 

80 long as the section is situated between B| and A, and 

Q/. 

when the, section lies between A and B.] 

When a beam, supported at both ends, is loaded imiformly 

and p is the load per unit of length, the reaction at either abut- 

19 li • 

ment is E = "^-^ , and jp a? is the load on the part B M == 

(Fig. 436). If the part A M of the beam be imagined fixed 
the part B M becomes a beam fixed at one end and acted upon 
by two loads, namely, the reaction E acting upwards at B, 
and the load px acting downwards at the centre of BM. 
Taking moments about M : 

M = Kx-pa:| = ?il*-^. [63] 
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Substituting in equation 51, it ajipcarB thttt the greatest 
(re3s in >i isection wlkosB distance from one of the abuttDents 
i X cwn be found froui the equation 



J^fil 



The prnihict « (L — ir) is greatest when « = ^ . Henoe the 
greatefit streea in the beam is given by the equation : 



By putting L = 2 / and x = l-z in equation G3, the general 
equation for the monipiit of flexure at any section is obtained, 
distances being measured from the centre of the beam, thus : 



'(^y 



[G5] 
[GG] 



Kijuation C5 can be cxliibitcd graphionlly by taking the 
diflcrent values of z as abscissa, and the corresponding vahies 




of M as ordinates. The curve shown in Fig. 437 is thus 
obtained. 
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The shearing force (Fig. 496) at the section through M is : 

for this is the vertical force that would have to be applied at 
this section to maintain equilibrium. 

Putting as before L = 2 Z and x = I ^ z: 

Y-pz, [66a] 



§ 51. — Deflection of Beams. 

The curved line A B (Fig. 422), into the form of which the 
neutral surface is bent, is called the curve of deflection. 

The element of arc M N of this curve can be regarded as 
the arc of a circle whose centre is at 0, the intersection of C D 
and E F. This circle is, in fact, the circle of curvature of the 
curve at MN, and /> its radius is the radius of curvature. 
Since the two triangles C G M and M N are similar : 

OG MG 



MN"ON 



CG 



Now irpj^ is evidently the elongation per unit of length of 

the fibre E C, the stress in which is S per unit of area, therefore, 
according to equation I : 



OG 

MN 



S 
£ 



Further M G = w and O N = />. Hence : 



S to 8 E 

- = - , or - = - 
Jbi p to p 



[67] 



Substituting this value of - in equation 51 : 



li = M. 



[68] 



The radius of curvature of the element of arc MN of the 
deflection curve A B (Fig. 438) is therefore : 

EI • 



EI 



M K (/ - x) 



[69] 



V 



A\/A^ • 



K 



Fi( 




* 

/ 



/ 



/ 

4" 



ft> .' 



c/ 



•J?- 



0/ 






r 

I 



Now, consider the horizontal 
AM resolved into its elements A. 
above equation by its successive ' 
adding together all tlip ^^ 



»nTi 
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curve at M makes with the horizontal). Let the beam be 
prism^ that is^ let its cross-section be the same throughout; 

then I is constant and p-y is a common factor of all the terms 

contained under the sign of summation in the right-hand 
expression. Hence : 



• = :^SK/-xA)] = #,[/2(A)-2(*A)]. 



EI 



EI 



[72] 



but 



2(A) = a? and 2 (x A) = - 



Therefore : 



=ftO*-?)- 



[73] 



If (B = I, 09 becomes a, the angle the tangent to the curve at 
the end B of the beam makes with the horizontal^ and 



a = 



2£I 



174] 



In the triangle MNP 



c = A tan fi>; 

but since the curvature is smeJl, a> is a small angle^ and con- 
sequently 

tan 09 = ctf, 

or 

€ = « A. [75] 



Substituting in equation 73 



[76] 



again replacing x by its successive values differing from each 
other by A, and summing up the values of e thus found : 



2(0 = ^[/2(*A)-JS(i:«A)]. 



[77] 



Now 2 (e) is evidently equal to y, the vertical projection of 
the arc A My and further, 



S(«A) = J. 2(x«A) = ^ 



Y 2 
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therefore equation 77 becomes : 

^ = ei(t-"6)- ^^ 

According to the notation of the Di£ferential Calcnlns, 

A=rfx. t-dy, "=^» ftod ^ = <'«' = <' (j~)- 
Eqnation 70 therefore takes the form 

Aasoming as before that I is constant, integrating twice and remembering 
that when x = o, j^ = o, and y = o, so that the constant oocnrring in eaoh 
integration is zero. 

E.,=K('-f-i). 

From a reference to Fig. 438 it will be seen that when « = i, 
^ = 8, and therefore the deflection of the end B is (equation 

78): 

' = 8EI- ^» 

Dividing this last equation by equation 60, 

and substituting ^ = 8, and 2tD = h, (assuming that the centre of graTity of the 
croes-seotion is equidistant from the top and bottom fibres), 

It is evident that this equation is also true in the case of the beam repreeented 
by Fig. 485, when the weight Q is hanging at the centre. This equation can 
therefore be employed to find what alteration wiU be produced in the equatiiOQ 
found for the compound system of Fig. 401, when the beam, instead of being of 
uniform strength, has an equal section throughout. Thus, putting 1 8,, instead 
ofa„ 

and equation 21 becomes 

Q, _, /f A^ E, F, 
Q; -*•«»•/* 'E,F/ 
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[NoTB. — ^The equation 



OG _MG 
MN" ON 



is quite independent of the manner in which the beam is loaded or supported, 
and is in £Act a geometrical property depending only on the cnrvatnre. Equation 
68, Tiz. 



EI 



= M 



is therefore perfectly general and is applicable to the case of any beam under 
bending stress. 

Now, it is shown in works on geometry that for any curve referred to reot- 
angnlar axes, 



P = ± 



(■ * (ST 



dx* 



Let the straight line through the abutments be taken as the axis of «, then the 
tangent of the angle the tangent to the curve at the pointJ(a;, y) makes with the 

axis of X is -T^* But by a previous assumption the curvature is very small, and 
as 

therefore this angle wilT also be very small for every point of the deflection curve ; 

consequently ( ^) m^y be neglected in comparison to 1. Hence in the present 

case, 

1 



P = db 



df»y 



Therefore, 



(/x«"=*=EI 



dy 



The positive or negative sign being taken according as -— increases or 

a X 
diminishes with x. 

This is the differential equation to the deflection curve, and when M and I 
are known for any point (j?, y), the equation io the curve can be found if the 
integrations can be effected.] 

The beam instead of being horizontal before being bent may 
make a yery small angle a> with the horizontal, Fig. 439. In 
this case the angle a the tangent at B makes with the hori- 
zontal, consists of two parts ; one part is the angle a and the 
other is the deflection angle that would obtain if the beam 



3'2i; 
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had hecii nrigiually horizontal, and whicli can be foQcd from 

tquation 7-t. Therefore: 

■- + .¥■■ m 

In the Bame manner the deflection 8 can be considered as 
Via. 139. 




made up of two parts; one part is I tan m = I a (since u is a 
email nngle) and the other part can be obtained from equation 

79. Hence: 

,^l<^+?JL. [81] 

Tlie above equations (80 and 81) can also be adapted to the 
case wlieu the loaded point B is not at the end of the beam. 
If, in Fig. 440, C is tlie end of tlie beam, the part BC will 
remain straight if there be no hmd on it. Tlic angle made with 




the horizontal will be the same at as nt B, and is consequently 
equal to a (equation 80). The deflection at C is equal to the 
deflection at B added to a tan a = a a (siuee a is a small angle). 
Therefore : 



= ?" + = 



[S'^] 
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And substituting for a its value from equation 80 : 



or = (/ -f a) 09 4- 



K(2/» + 3a/«) 
6EI 



[83] 



Or adopting the notation of Fig. 441, that is, writing x 
instead of Z, Z — a; instead of a, and b instead of o- : 



a = C0 + 



Kg* 
2EI* 



8 = /»4- 



K(3/g«-ay») 
6EI 



[84] 



[85] 



If there is also a load at C (Fig. 442), the deflection-angle 
and the deflection at C will be increased by an amount which 
can be found irom equations 74 and 79, thus : 






2EI ' 2EI 



6EI 



3EI 



[86] 



[87] 



Pig. 441. 



Fig. 442. 





These equations are evidently also true if E and Q act up- 
wards instead of downwards, when, however, their signs must 
be changed. 

In the last equations put co s 0, Q =: and fdx instead 
of E, further d a instead of a and d s instead of 8, then : 



6BI 



[88] 



[89] 
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These equations give the effect^ on a beam originally hori- 
zontal, of the element pdxoth distributed load. 

Integrating between the limits x =: Xi and x zsit^ for the 
case shown in Fig. 443 :* 

[90] 



_p (ar,»-X|») 
"" 6EI 



pP(V-V)~kV-^/)] 

6EI 
Fio. 443. 



[91] 




K the whole span is loaded with a load p per unit of length 
the limits of the integration are o^i = 0^X2 = I and then : 



a = 



6EI' 
'"SET 



[92] 
[93] 



* Lastly, if the original inclination to the horizontal at the 
point of fixing A is a> and there is a load Q at C besides the 
uniformly distributed load : 

[94] 



""•'■*'6EI"^2EI* 



-7 . !>'* ^ Q^ 

*-'*''*"8El"^3BI' 



Fig. 444. 



[95] 




Fig. 444 represents a beam supported at both ends. If the 
left half be considered fixed in a wall, it is eyident that the right 

* The load is suppoeed to be uniformly dirtribated 8o that p is a oonstani — 

TfiAMS. 



§ 51. — DEFLECTION OP BEAMS. 



329 



half is in the same condition as the fixed beam of Fig. 442, 
when © = and Q = — K, and the deflection can therefore be 
obtained by substituting these values of o) and Q in equation 
87 and writing — a instead of a, thus : 

K(2/8-3/ar«-far») 



8 = 



6£I 



[96] 



[Note.— If sc = the beam is loaded with a central load 2 E, and 

2K/» 



s = 



or replacing 2 E by Q, 



5 = 



6EI' 
6EI' 



The equation to the deflection curve of a beam supported at both ends 
and loaded in the centre, can be found from the equation given at p. 325, 
namely : 

If the beam is of the same section throughout, £1 is constant, and 
(Fig. 444a) taking X and Y as axes of reference, the moment of flexure 
at any point P is 



so long as » is less than l. 



M--2-, 



Fig. 444a. 




Hence: 



dx» 



2EI 



X. 



The negative sign being taken because -^ diminishes as x increases. 

ax 

Integrating 



dy 
dx 



4EI 



X* + constant. 



! ¥] 



y = ^l{'" 



but when y = 0, a; = 0, hence constan 

^ (i 
'' = 4ElV 

— the equation required. It will be obeei 

the centre of the beam, for at this point 1^ 

but epdently the two halves of the deflc 
Tne greatest deflection occurs at the 
writing s for the greatest value of y^ 



9 = 



6E 



or the value found above.] 

The deflection due to a unifo 
found from equation 96 by first 
an element of load pdx\ thus wri 
instead of E : 

p (2 /» - 3 / g ' 
6E 



(fs = 



a,^... 



Fio. 44 
I 



^ 



jp i. 

! A i 
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If the whole span be loaded, the limits of the integration are 
fl?! = and X2 = I, in this case, therefore : 



"*El' 



[99] 



Since the load on the left half of the beam produces the same 
deflection as that on the right half, it is obvious that if the load 
on one side be removed the deflection in the centre will be 



Fia. 446. 




halved. The deflection at the centre of a beam loaded as indi- 
cated in Fig. 446 will therefore be : 

'- 12EI • *^^^J 

If the left half of a beam supported at three equidistant 
points as shown in Fig. 447 be imagined fixed in a wall, the 




right half is evidently in the same condition as the beam of 
Fig. 442 when © = 0, 8 = 0, and Q acts upwards or is negative. 
By substituting these values in equation 87, 



= 



_ K(3/x«-ar» ) Q/» 



6EI 



3EI* 



and solving for Q, 



s, x^^ 






[101] 



Further the sum of the reactions at the three points of 
support must equal 2 E. Hence : 



P = 2K-2Q = 2K-k(3jj-^V 



[102] 






or 



W = k{1-; 

The reactioDs of the end sup] 
taking moments, thns : 

i rj '-^('47 

j r and 

'' ; /I — X 

' U=K( — - 

\ 2/ 



Fio.448 
O W 

A A 



zs S 

A 

or substituting for W its value : 
The bending mompnf «♦ - * 



which, when 



becomes 
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383 



/ 



/ 



tj = 



5-tt»' 



[109] 



This equation determines the position of the point where 
the bending moment is zero. 

The value of the bending moment for every point in the 
beam is represented graphically in Fig. 449, for the bending 
moment at every point from A to B is given by equation 107, 



Fig. 449. 




and this equation represents a straight line, M and z being the 
variables. 

Let it be supposed that the beam is subject to a uniformly 
distributed moving load, then equation 109, when put in the 
form 



•V'-l- 



[110] 



Fzo. 450. 




N 



M B 



(mix) 



Fio. 451. 



N 



-^(miil) ^ 



"7^ 

c 



determines what parts of the beam should be loaded to produce 
a maximum or a minimum bending moment at N (see Figs. 450 
and 451). 
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[Note. — The truth of this oui ta shown as foUowa: — It wilt be foaod I 
that by >! II bsti luting for V in vtlae from aqnatioa 105, and putting u befonl J 



= V, that the equaiioQ 

M = K(«-0-V(i-0 



1 = ^(5-!- 



Thus, cviik'iitly any load sittuttcd betireeo C tnd B produces n positive 
licndiii;; muiDi?nt at N. A little conaideration will show that all loads on the 
other span nlsii produce positive bending momenta at N. Hence Fig. 450. 



>^^-l 



a R iind A. Therefore the greatest 
occurs .It N when the part H A h 



that is, when tlic load is phced 1*1 

loaded as in Fii;. 45L] 

'Wlien llie reactions prorluceil by a single load K have been 
found by means df e'lnations 104, 105, and 1011, the reactions due 



I 



to a uniformly distributed load can be obtained by writing pdx 
instead of K and intef^rating between tie limits .t, and X2 (Fig. 
452). Thus : 



^ = ,{^'^7 + »?-7h 



■ /';■ I '' "■ 
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If several portions of the girder are thus loaded, the total 
reaction is found by adding together the reactions produced by 
each part separately. 

Again, when the load is uniformly distributed over both 
spans, the reaction at either outer support can be found if p dx 
be written instead of E in equation 101 and the integration 
performed between the limits and Z, thus : 



and 






[lllA] 



P, =:2p/-2.{/>/=fp/. [lllB] 

If, therefore, p is the uniformly distributed load per unit of 
length, and m is a uniformly distributed moving load on the 
part «3 — Xi of the beam represented in Fig. 452, the reaction 

Vis, 

V = IP' + ^. { ^(V - ^,*) + '(V - ^i') - i(V - ^1*) } . [112] 

Fig. 453 represents a beam uniformly loaded and supported 
at three equidistant points, the central support being at a dis- 
tance 8 from the horizontal straight line joining the outer points 
of support. 

Supposing the central support to be removed, the deflection 
8 at the centre of the beam would be found- from equation 99. 



«, = 



EI* 



¥T 



[113] 
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Again, the upward deflection a, produced by an upward 
force P acting on the unloaded beam, can be found from 
equation 96 by putting x = and 2 E = P, thus ; [ 

PP 

riui 



I 



». = 



6E1' 
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Now s is evidently equal to the difference of these c: 
tioDB, therefore 

[iVoTE. — 'Yhh reaiilt can also be obtained as followB : 

ir, ill (Siurtijon, 95 - Q be written for Q, - • for «, naA a> = 0, 



equation evidently applies to cither half of tlio beam in Fig, 4, 
2Q + T = 2pl, nr Q = pl-t 



"EI 6EI" 

Equiitiim liri cun be used to find the distribution of the 
load in Fig. 401, Hhen the beam has the same cross-section 
throughout and is uniformly loa'fed. For the force P, takon in 
the opposite ilirei'timi, <lillefts the apex of the struts by an 
aoiuunt 



[110] 



and by equatin<]; these l«o values n 



If the cross-sention of the beam is recfaugulur, F; its area, 
and fi; its hfif^bt, 



according to equation 
P becomes 



ri4, and the above er|nation solved for 



This equation ;;ives the part of the load supported by the 
.-struts, siipposini^ that the tenijieralure does not alter and that 



§ 51.— DBPLBCnON OP BEAMS. 337 

originally, before loading, the tkree points C, E, D were in a 
straight line. 

If, for instanoe, -'=:i,^ = |,-^ = l, and =r = 2, the equation gives 

P = 1128i>/. 

p 

If =r = 0, P = |p/, or the same value that was obtained (equation 111 B) 

for the reaction at the central support of a uniformly loaded beam resting on 
three equidistant points placed in a horizontal straight line.* 

When the temperature decreases the portion of the load 
carried by the beam is increased, the struts being relieved of 
the same amount, and the reverse occurs when the temperature 
increases. This ** temperature load " P can be found by equating 
the deflection of the centre of the beam (equation 39) to the 
deflection of the apex of the struts (equation 114), thus : 



V 2B,FjVA, ~6E,I,' "■ ■' 



Substituting for I = ^ ? , and solving for P, 

2 A E, Fj ^ 

If E,=: £,= 20,000 kUos., Fi= 10,000 square millimetres, F, = 20,000 square 

millimetres,- = 0*8, — = 0*6, t^ = 3, and A = 777;;;; (corresponding to a de- 
a a- .A, 4000 

erease of temperature of 20° * 5 C), it wm be found that P = 5873 kUos. And if at 

the same time the beam is subject to a uniformly distributed load 2p / (see 

equation 118), 

P = l-128p/-5878kiloe. 

for a decrease of 20^*5 G. ; and similarly 

P = 1128/>/ + 5873 kilos, 
for an increase of 20^*5 G. 

It was shown, page 321, that the general equation for the 
radius of curvature of the elastic curve is 

f» = ~^, [121] 



F 

* Since =r — 0, the resistance of the struts is infinite, and they therefore act 
Fi 

as a fixed point of support. — Tbanb. 

Z 
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where I ia the moment of inertia, and M the bending moment 
for the cross-Bection at ivhich p is taken. 

Thns nhuQ the ratio ^ is conatant for all sections p is con- 

stant, and the defiedion curve is a circle. 

Now in a beam of equal section throughout, I is constant. 
A prismatic beam can therefore only bond in the sliape of a 
circle when M is constant. This would he the (!asB, for instance, 
in Fig. 422, if instead of the single force K, a couple acted at 
the free end of the beam. 

If, however, both M and I vary, and M„ Ii are the moments 
of bending and inertia respectively at any given section, for 
instance at one of the ends of the beam, then the equation 



\ 



I, 



[132] 



{ 



expresses the relation that must exist in order that the 
dellection curve may be a circle. 

For example, in the case represented in Fig. 454, the 
general condition takes the funn, 




If z= h, as in Figs. 455 and 456, the equation to the curve 
to which tiie beam must be formed in elevation is 
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Agaiiiy i{u=:hy 



M X 



[125] 



showing that the beam should be triangular on plan when of 
constant height 



FiQS. 455 AND 456. 




Figs. 457 and 45a 
I 




The deflection of the point of loading can be found from the 
equation to the circle, viz. (Fig. 459), 



But since the amount of bending is very 
small, s? can be neglected and I can be 
r^arded as the length of the beam. 
Hence, 



Fio. 459. 



« = 



2p 



[126] 




y 



Substituting for p from equation 67 

If the section is symmetriccd with 
leference to the neutral axis, as in the case 
represented in Fig. 454, so that 2ti; = A, 

S 
and further if S be written for ^ (see equation I., page 282) 




•=>; 



[128] 
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In a boam sTipporled nt Imth eniU nnd lauded id the oenti^ the deflertioa 
curve will pviJenlly be a circle, if each half uf the beam be of the form shown 
eithLT ID Figa. ISS and 45G, or iu Figs. 457 und 458, the lliln end being placed 
at the atiutnient. !□ the calculatiom connected with Fig. 401, it was saaumed 
that tliH d>'flf]''tiou curre vaa n cirole. This asEumptiOQ therefore reiiuir<« thai 
the bEam should have either of the forma indicated above when ita unu-iMetiaii 
is reolunguliu'. 

I 



point of fixing, viz. -^j, aiid equation 121 tlien becomes 

- 51'. 
*■ ^ k; ■ 

wlience, from equation 126, 

2EI, *- J 

Hence, in a beam of the form shown in Figs. i57 and 458, 
in which the curvature is constant, the deflection ia 1 "5 times 
greater than that of a prismatic beam of the same depth 
see equation 7C), 



§ G2. — Resistance of Long Columns to Bending 
AND Buckling. 

If the straight priamatio beam shown in Fig. 460 be subject 
to forces E K producing ooiiipression, tlie points of application 
being at the centre ol gravity of the end sections, and tlie 
forces acting in the direction of the length of the beam, the 
stress will be uniformly distributed over the area of every 
cross-section of the beam, and if F is the area of tlie cross-section 
the stress per unit of area will be 

s, = ^ . [12a] 

Let it be supposed that by ony means whatever the column 
is bent until the height of arc of the curve formed is / 
(Fig. 461), and further that the bent column is acted upon by 
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the two forces K, and tliat these forces ore of themselves able 
to maintain the column in this bent coDdition. 

The BtresB at any cross-Be^tion can in this case be considered 
as made up of two pirts' the first is ihe uniformly distributed 
compreasioD S, (from equation 129), and the second is the 

Fioa. 460 AHD Kl. 



f 1 



bending stress. The fibres od the concave side will evidently 
be compressed by the bending, and since the mazimam bending 
moment 

M = K/ [130] 

occurs at C, the greatest compression will also be at this point. 
Substituting for M its value &om equation 52, the greatest 
intensity of compression S, due to the bending, is 



^ = ^K/. 



psi] 



And the greatest compression per unit of area in the column 
is evidently 

8 = B, + 8r [132] 

From the above it follows that there are two different ways 
in which a column can resit^t the action of a compressive force 
K. The first is illustrated by Fig. 4<)0, and in this case the 
compression is uniformly distributed over ihe section and equal 
to S) per unit of area. Tlie second way is shown in Fig. 461, 
and in this case the maximum compression atta.ns the greater 
value 8i + St per unit of area. In determining the safe 
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section F ot the colujnn, it betiomos a qaestion whether 
column resista the foroe K in the first or in the second maimer. 
If it be in the first way F can be found directly from equation 
129, hy substituting for 8i the safe resistance to cnisliing ; hut 
if it bo in the second way the section must be such that the 
sum S, + S^ is equal to the safe resistance to crnahing. 

In the case of long thin columns the smallest accidental 
curvature is sufficient to enable the compressive forc^ to 
[iroduce bending. Therefore in such a case the second mode 
of resistance obtains (unless the column be so supported along 
its length ns to preclude the possibility of its bendiug), and 
therefore to the direct compression Si per unit of area must bo 
added the compression Sj due to bending, giving to the lever 
arm/ its greuteat possible value. 

Now a value ciui be assigned to / of ■which it may be said 
with certainty that if the column is gufficiently strong to reeist 
safely the force K, the height of the arc to which the column 
may be bent will not reacli /. For let it be supposed that the 
curvature at every point of the column is the same ; that is, the 
column will be bent into the arc of a circle. Now if the bend- 
ing be so great that the grentost comprcsBiou due to it alone is 
equal to the elastic limit, it is evident that by adding the direct 
compression the elastic limit will be overstei)ped. If the force 
K could produce such a state of things tlie column must be 
considered too weak. If therefore th(! corresponding value of 
/ be substituted in equation 131 the value of S^ found will 
obviously be greater than the compression due to the bending 
produced by the force K would be iu a column of sufiicient 
strength, and consequently the section F found by using this 
value of Sj will be nitiier greater than required. 

If in equation I. (§ 44) s means the elastic limit of com- 
pression, B will be the shortening per unit of length at the 
elastic limit, and the sought value of / can therefoi-e be found 

from equation 127 by substituting S for r; and / for s, thus : 
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Then if in equation 131 / be replaced by this yalne, and E 
by the value obtained from equation 129, 

S.= -2i-.S.. [134] 

Whence the greatest compression in the column is (equation 
132) 

S = S»(l + ?.y); [135] 

or putting the whole length of the column 2 Z = L and repre- 
senting the ratio tt- by n, 

S B FL« 

In this equation Si is the uniform compression per unit of 
area that would occur were it not for the bending, and n is the 
number of times the greatest intensity of compression S may 
be made to exceed Si by the bending— or in other words, S is 
the safe stress per unit of area of the cross-section that can be 
applied to the long column under consideration. 

The number n therefore gives the fradion of the safe resistance 
to crushing thai can he applied to a long column, so that it may 
he safe as regards hending. 

Substituting the value of 8 at the elastic limit for various 
materials, the following formulas are obtained : 

Cast iron S - -— n = 1 + -i- — ^ . [1871 

10000 ^ 6333 I '" ■' 

WKHHshtiron t = ^ ^ = 1 + ^1^. [188] 

In these equations I is the moment of inertia of the section 
of the column about that axis through the centre of gravity of 
the section, which is perpendicular to the plane of bending, 
that is, at right angles to the direction in which bending takes 
place easiest It is in fact the minimum bending moment of the 
section. 
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If, for instBiice, the section u rtrttmgol'u; 



Id the U 



: if, however, H is tlie onallei of tbe two ditneiiaiaiu, I = 



I-^BH- 



and Uie dIwvc fonQola beoome 

CMt iron, » = I + OOOISB (gV; 

Wtongbt iron, n = 1 + 0001125 /^Y; 

Wool, B = 1 + O0OS7 (gV; 

from nliJcL tLe roUoiriiig table has been couttniclcd : 



CI") 

[11!] 



r.u ton. 


1-225 


1-9 


3025 


Wroughl iron, n = . 


[-1125 


1-45 


2 0125 


Wood. 11 = 


1-27 


208 


3-43 



Thu9 if 6 kilos, pcrsquare millimetre b<i taken as the aaf? resistance to oninhing 
of wfiuglit iron, then llio safe compretiainn per square millimetre on a long coluaiD 
of tbo siimt- mnterial of rectangular sactioii whoee length is twentj times it8 least 
dimension H, is 

S, =-= ~-- = 4-l4kiIo8,r 

a. and B = 40 mLlIimelres, the greatest 

K = FS, = 400 X 4-14 = 1656 kilos. 
If the Hcclion is a hollow reets[if,-lc as in Fig. 427, 
F B\i -l,h 



iiid the furmiila for wrought 

n = 1 +0001125 



becomes, 

(BH-',/OL' 



[143] 

froiight iron tube the thickness of whicli is 
- 1 + 0-01)062 (^) ; ;i44] 



§ 52. — RESISTANCE OP LONG C0LUB1N8. 



345 



and if at the same time H is ^th of the length, 

n = 1-248. 



6 



Such a tube oonld therefore only be loaded with Sj = TTnTS = ^*8 kiloB. per 

square millimetre. 

For a oiroolar tube of exterior diameter D and interior diameter d. 



F 
I 



(D« - d*) 



^(D^-^0 



16 



D« + rf' 



[145] 



and equation 188 beoomes in the case of wrought iron. 

Let ^ = 0-9, ~ = 20, then n = 1-8815 and S. = 4-5 Idlos. 

U; howeyer, d = 0, and ^ = 20, it wiU be found that n = 1*6, and 8, = 
3*75 kilos. 

If it be supposed that one half of the column of Fig* 461 is 
finnly fixed (encastr^), the state of stress of the other half 
— and consequently the greatest compression at 
C — will not be altered thereby. Therefore the 
general equation 136 is also true in the case 
represented in Fig. 462.* And writing 21 
instead of L, 

[146] 



n=l+2-r 



If a round wrought-iron column be loaded in this manner, 
and the length B G = / is twenty times the diameter, it will 

be found that n = 8*4, and St = r-r = 1 *76 kilos. For instance, 

3*4 

if the area of the section is 100 sq. millim., the safe load is 
K = 176 kilos. If the same column were placed in the con- 
ditions of Fig. 461, it could carry safely a load K = 375 kilos. 




It appears from the aboTe that the sectional 
areas obtained in §§ 41 and 42 for the com- 
pression braces, can only be adopted if by their construction 
the value of n for them differs very little from 1. 

* This is the case of a long column having one end fixed and the other free 
but not ** guided." If the free end were guided the strength of the column 
would be materially increased. This subject will be found Tery fully treated 
in *Der Gonstructeur,' by Prof. Beuleauz.— Tbaks. 
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It also appears thnt, as & rule, a greater aocUon is required 

to resist compression tlian to resist the same amomit of tension, 
and that tho greater the ratio of the length to the least 
dimension of the cross-section, the greater must be the Bection 
to resist com[iression, but not proportionately. 

And lastly, that if the length remains the same and also 
the form of .section, the less the load to be borne, the greater, 
proportionatoly, will the section bo. 

From tiiis last remark it follows tliat, if possible, bars in 
compression should not be split up into several isolated parts. 
Ill this respect, therefore, the simplest forms of construction 
are the best ; for instance, braced girders with a single triaiigu- 
liition are to be preferred to trellis girders. Trellis girders 
have, however, this advantage (already pointed out in § 43), 
that owing to the greater number of points of support ob- 
tained, there is a great saving of material in the longitudinal 
girders. Wlien deL'iding on the depth of a girder, it should lie 
remembered that the resistance of the compression braces 
dimiuislics rapidly aa the depth increases. 

Further, it appears that the (!esi;'u of the structure should 
be such that the comprt'Sj^ion bniccs are iis short as possible. 
For this reason, girders in which the verticals are in compres- 
sion and the diagonals in tension, are generally to be preferred 
to other forms. 

No g.meral rule can, however, be framed by means of which 
it can be decided wJiat form, what number of triaiigulations, 
juid what depth u girder should have in order that the bridge 
may contain the least quantity of material. 



{ 
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SIXTEENTH CHAPTER 

§ 53. — CJoMPouND Lattice and Suspension Bridge — 

Span 60 Metres. 

Determination of the led rcUio between the depth of the girders 
and the height of the arc of the suspension chains. 

The general design of the bridge is shown in Fig. 463. 
In this figure,, however, the points A and B are represented as 
fixed points, so as to remove at first from the calculations 
the consideration of the back-stays. The arrangement of the 
bridge* in this respect is shown in Fig. 491.* The material is 
wrought iron. 

Fio. 463. 





>^b<y><^kbd><i><i><[^^^ 



wmA>^. 



K 



n 



The two lattice girders are continuous between the abut- 
ments, and the section of the booms is the same throughout. 
Each girder is connected to a suspension chain, by means of 
vertical rods attached to each top joint of the girder and to a 
point in the chain. The suspension chains are in the form of 
a parabola, or, more strictly speaking, of a polygon inscribed 
in a parabola. 

The total load on the bridge is 0*575 kilo, per millimetre 
run, consisting of a permanent load j> = 0*375 kilo., and a 
moving load m = 0*2 kilo, per millimetre run. 

The first step is to decide what the proportion between the 
depth of the girder and the height of arc of the chain should 

* This bridge was constructed by a Gennan firm to be sent out to the Brazils, 
and the author, at the request of the manufacturer, furnished the following 
calculations. 
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ho, iu urder that the quantity of material in tbe rtmetare may 
be a minimum. Although the greatest stress will be reached 
iu certain parts of the ginler when the moving load is uneTenly 
distributed, yet for the present inquiry this ean be ignored, and 
the moving load couaidered as covering th6 bridge. 

When tin.' temperature varies, the length of the snepension 
chains will itlter, and consequently the distribiitiou of the load 
between the two systems will also alter. The changes of tem- 
perature must therefore be taken into account. 

If S is the greatest elongation per unit of length produced 
in the chiiiiis by the load alone, the deflection of their lowest 
jioints will be, according to § 45, 



4 



"'■?(..,s. 



[HI] 



In the present case, as will be seen, the ratio 



= S * - (approximatply). 



[148] 



And if, further, A is the tlongutiou per unit of lenj^h duo to 
the greatest increase of temperature (Fig. 464), the deflection 
due to both causes is 

f = J(5 + i)|^. [119] 



The deflection in the centre of a prismatic beam, subject 
to a uniformly distributed load, is from equation U9, § 51, 

in wiiich equation q is the load per unit of length, Ii the 
moment of inertia of the section (siippused symmetrica] about 
the neutral axis), jimi Ei is the modulus of elasticity of the 
muturial. (Fig, 465.) 
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The greatest bending stress, Si, in the beam can be found 
from equation 64, § 50, 






[151] 



Substituting the value of Ii, obtained from this equation in 
equation 150, 



-A?if!. 



^, = * 



E, A, * 



[152] 



Fig. 465. 




and writing Si, the greatest elongation per unit of length occur- 

g 

ring in the beam instead of -i , 






[153] 



According to § 49, the economical ratio -i is found by 

h 



equating the two deflections, thus : — 



Whence 






A f(« + 4) 



[154] 



[155] 



If it be supposed that the bridge is erected at the mean 
temperature, A will depend on the difference between the 
greatest temperature that occurs and the mean temperature. 
Since the chains are of wrought iron, if this difierence of tem- 
perature is 41** C, A = sjhru I l>^t if the difference is 20° • 5 C, 
A = TT^. Further, the modulus of elasticity of wrought 
iron is 20,000 kilos, per square millimetre, and the safe stress 
can be taken at from 5 to 10 kilos, per square millimetre ; 
therefore S and Si vary between Y^^isjf and yoVoo « Assuming 
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that the height of the arc of the chains A = 4 metres, the 
following table can be formed from equatioa 155 : — 



s 


((juir). 


mh^ 


^ 


<-.u 


nh. 


i^SflB 


nfei 


W„1. 


•*" 



(TcaiIienlnTfralDii(iU«i). 



3-«2t 
l-6«7 



In using this table it must be remembered that, althongh 
both the chains and the girders are made of wrought iron, yet, 
for tho following reasons, the value of S, should be taten 
smiilh.T than 8. 1. Si in the girders depends on the resistance 
to compression, wberese in the chains S depends only on the 
resistance to tension. 2, Because even when the bridp;e is fully 
loaded and tlie lumperature is at its highest, the maximum 
stresses in the girder^* are not reached ; for they are also subject 
to the effect of the horizontal pressure of the wind, and of the 
unequal distribution of the moving load. 3. Because the points 
of attachment of the chains, although considered fixed, really 
approach each other sliglitly owing to the extension of the land 
ties, and this has the same effect as if the elasticity of the 
chains were increased. 

It would appear, therefore, that H' h = i metres, then h, = 
1'5 metre is a good value for the depth of the girders, this 
value being the arithmetic mean of those in last column, when 
tlie two first are omitted. 
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Changes op Temperatube. 
AVhen the temperature diminislics. the chains shorten and 
their lowest points consequently rise. This inducer stresses in 
tlie (-haius and girders, whicli an.' to be adihd to those produced 
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by the loads ; but they will be calculated separately by con- 
sidering that the structure is totally unloaded. 

The ends, Ai and Bi, of the girders can be considered 
as capable of resisting an upward as well as a downward 
reaction (see § 66). The shortening of the chains due to a 
diminution of temperature will be accompanied by an upward 
bending of the girders. (Fig. 466.) The resistance thus pro- 

Fio. 466. 




duced will have the same effect on the chains as a uniformly 
distributed load — say, k per unit of length ; and the chains will 
be prevented from rising to the same height that they other- 
wise would do. The actual amount s the lowest points of the 
chains rise, is therefore equal to the difference between the up- 
ward deflection 8i, produced by the diminution of temperature, 
and the deflection a^, due to the load k per unit of length. 

If the shortening per unit of length due to a decrease in 
temperature be represented by A, 



'-*^? 



[156] 



The horizontal tension in the chains, due to the load k 
per unit of length, is, according to § 8, 

[15T] 



H = 



2A 



If, therefore, E is the modulus of elasticity of the material 
of the chains, and F the sectional area of both chains at 
their lowest point, then B the elongation due to A; is 



» = -?- = 

£F 2EFA 



[158] 
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whence tho tleHection of the lowest points of chains is 

and the ucfiiul upward deSectioD is therefore 

'-''~'. = i^j-i^,- ['CO] 

The upwiird deflection of the girders must be equal to s, and 
since it is produced by an upward uniform load k per unit of 

length, 

Equatino; the two values found for s, 

or 

* = - — 7^ jr- ■ ['S3] 

If F, is the sum of the effective sectional areas of the four 
booms of tlie two lattice girders (Fig- i67), 

I, = 4aF,)Cl^>" = ^"' [1043 

Fi(i. in-. 



And substituting in the above equation 
2iEFA 



~B 
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For example, let A = Winr, E = Ei = 20,000 kilos., A = 
4000 mm,, F = 7500 sq. mm., Fi = 15,000 sq. mm., I = 
30,000 mm.; then k = 0-074,896 kilo, per millimetre, or 
nearly 75 kilos, per metre mn. 

If A were negative, h would also be negative ; and thus it 
is seen that the action of an increase of temperature is to unload 
the chains and load the girders by the amount k per unit of 
length. Thus, if the bridge be constructed at the mean teiyi- 
perature, the girders will be unloaded by the amount of 75 kilos, 
per metre run, and the chains loaded by the same amount when 
the temperature is 41° C. below the mean ; and when the tem- 
perature is 41° C. above the mean, exactly the reverse will take 
place. Therefore the load k, which can be called a tempera- 
ture load, is applied to the chains when the temperature 
decreases, and to the girders when the temperature increases 
and produces stresses which must be added to those due to the 
ordinary loading. In the chains this temperature stress is 
by equation 157 

8 = 2^ = 1-1234 kilos, per aq. mUlimetre ; [166] 

and for the booms of the girders, from equations 151 and 164, 

8, = =—- = 2-996 kiloB. per aq. mUlimetre. [167] 

*, A, 



§ 55. — Calculation op the Stresses produced by the 

PERMANEin Load. 

Let the uniformly distributed load on the bridge be p per 
unit of length, and let np be the portion carried by the chains : 
(l — n) p will therefore be the load on the girders (Figs. 468, 
469, and 470). Now, similarly to equation 159, the deflection 
of the lowest points of the chains is 

and the deflection of the girders at the centre is (equations 
161 and 164) 

'-* E,F,A«, • ^^^^ 

1 »w 
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Theruforp, equating these two values of a, 
' US' *■ ~ 




If, therefore, tlio dead load per metre run is 375 kilos, (or 
P = 0-375 per inillimetre ruu), it is distributed as follows : 
On thf oliainR, 



332R7 kilo, per millinielrc run r 

2-67 kilos, por metr.- run. [173] 



Oil the girders, 
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And the stresses prodnced in the chains and in the booms of 
the girders are respectively, 



8 = 



npl^ 



!1 = 4*993 kilos, per sq. millimetre ; 
2 f A 



[175] 



Si = ^^ r.^1^^^ = 1-685 kilo, per aq. millimetre. [176] 

*, A, 



§ 56.— Calculation op the Stresses produced by a 

Moving Load. 

It was shown in § 8 that if the curve of equilibrium of a 
chain is a parabola, the load must be equally distributed over 
the span or horizontal projection. Now, in the present case 
the deflection of the girders is but small ; it may therefore be 
assumed that the chains retain always their parabdieform. It 
follows that the chains must in all cases be uniformly loaded, 
even if the load be concentrated at one or more points on the 
girders. 

In Kg. 471 let the elements dz of the span, at equal dis- 
tances z from the centre, be loaded with q per unit of length ; 
then q dz will be the load on each element. Further, let q dn 

Fio. 471. 




represent the uniformly distributed load that the chains have 
in consequence to bear (Fig. 472). dn can be found, as before, 
by equating the deflections of the chains and of the girders. 
According to equation 159, the deflection of the chains is 

qdn ,'l* 



8 = 



EFA* 



[177] 



The deflection of the girders is equal to the deflection that the 
two loads q dz, would produce of themselves (Fig. 473) minus 

1 K.^ 



^^^^^^^^H 




■ 


m 


HH^H 
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m 


■ 


tlie deflection due to the upward imifoi'mly 
q dn per unit of length (Fig. 474). 
From equation 97 the first part ia 


distributed 


toad 




■• = 6^»'--='- + -'^ 


[178] 




and from equation 


99 the second part ia 










[179] 






Wta.412. 






^1^ 


^ifrtrrrTT^ 

qdm 


w 




,,.i 


PiO. 473. 


,d. 






^jiJalJmg^u^ 



I 



Ilenco the iictuiil deflection is 

.' = .', - •, = g'',,;'\- C-i /= - n ;--' + ;>) ~ 
aTid equaling the- two vidnos found fm- s, 

or, 

, (2 I' - 117 ;' + :') . /r 

1*: . 



;"(-!S) 



[isi] 
;i82) 
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Substitating from equation 164 

and integrating the right-hand side between the limits Zi and 
Z2f and the left-hand side between the limits Ui and ^2, 

or, 

^* y + '^s' E ' ¥ ' hi') 

Thus, when the bridge is loaded as shown in Fig. 475, the 
uniformly distributed load the chains have to carry is (wa — Wi) j 
per unit of length of the span. 

Fig. 475. 




<? («t - ^'i) 



9 i^t - 'i) 



(Putting »i = 0, 02 = h aud rii = 0, Wa = w, so that the uni- 
formly distributed load covers the bridge. 



n = 



ErTrii?=«'=°'"'^= 



^ + A • E • F * A« 



[185] 



or the same value that was obtained from equation 172.) 

Evidently each of the loads q (z2^Zi) has. the same ef- 
fect on the chains ; each of them, therefore, produces a load 

of ( -^"o — ) ?. P^^ ^^^* length of the span. This is shown in 

Figs. 476 and 477. In this case the deflection of the 
girders is compounded of the downward deflection due to the 
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loud q (2^ — ^i), minus the upward deflection dne to the uni- 
fonnly distributed upward load I - " — ' \ q produced by the 
chainB. (Figs. 478 and 479.) 

FBI. 476. 




C-'-^')' 




C^), 




Tlierelbrc the bendiiifr moment at h [Kiiiit distant x to 
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the left of the centre, is the difiference between the bending 
moment due to the load q (»3-«i) Fig. 478, 

Mi=D(/-ar); [186] 

and the bending moment due to the loading shown in Fig. 479, 

«.=(^)'r-^')- p"3 

The resulting bending moment is therefore 

M = M.-M. = D(/-x)-('!LZ^)g(?^^'). [188] 

Similarly, it will be seen that the shearing force at the 
same point is 

V = V, - V, = D- ('^»)5^. [189] 

In both these equations, D is to be replaced by its value 
derived from Fig. 478, viz. : 



2 V" 2/ /• 



[190] 



It will be observed that the direction of M and V, when the 
bridge is fully loaded, has been taken as the positive direction. 



§ 57. — Determination of the Worst Condition of 

Loading for the Girders. 

To find what conditions of loading produce the greatest 
bending moment M, and the greatest shearing force V, 
respectively at any given section of the girders, the points must 
first be found where a load must be placed so that M = and 
V = respectively ; for it is evident that these points separate 
the loads that produce positive from those that produce negative 
values of M and V respectively. 

The values of M and Y found in equations 188 and 189 
can be regarded as the sum of the increments due to each element 
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oftheliii.l q (Ja-B,)- L*^! dMand d V represont the incrementfl 
produced by a load qdz situated at a distance a from the centre 
(Fig. 480). Then proceeding as in tlio former ciise (equations 
18S and 1S!I), the foUowiug equations are obtained : 



;(/-.:>»- j) .,dn(!'-:r') 



Cl!»l] 




wiiicti become, wlien <J n is replaced by its Talue obtained from 
equation \%'l 



,,V = ' -^'—^-^ 



•■(?*^m I 



[191] 



Evidently the position of the load whii;h produces no 
bending moment at the section under consideration, can bo 
fitiuid by putting (?H = 0. Thus (writing u instead of s as a 
distinction) ; 



"(= 



substituting Ji = — 7— and solviti;,'. 



[195] 
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Only one root of this quadratic equation applies to the 
question under consideration ; for the other root would make 

mi 

-j^ > 1, which is evidently inadmissible in the present case. 

V 

The same remark refers to equation 197 below. 

Proceeding in the same manner for d V, and representing 
by t; the value of z, obtained by putting d V = 



or, 



u('+'^) = '''-'^"'-''- 



7 — V-i^>-»l''F-¥)- 



[197] 



[198] 



El Fi ^ Ai 1-5 , 

As before, put ^ = 1, jt = 2, -r- = -j- ; then the equa- 
tions for u and v become 



- = 1 - / 768 a: + 47 1 



[199] 



7-V3- 



721 / 
512 X 



[200] 



Both these equations refer to the case when the load is 
placed to the right of the section under considerations. If i^ 
and Vi are the distances to the left of the centre of the points 
where a load must be placed to produce no bending moment 
or shearing stress respectively at a section situated between 
them and the centre, it will be found that 



M, _ J /47/-768a 

/ " V 266 (/ - 4?) 



[201] 



^-^/ 



8 + 



721/ 
512 jp 



[202] 
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The foUowiDg table has been computed from tbe above four 

equations : — 



! 7 


■■ 


i 


!! 


_ 1 




- 0-2616 




- 0-3816 


- 0-75 




- 0-18 




- o-os&t 


- (I-7U1I 











- 5 




- o-6sM 




+ 0-5TI5 


- 0-4fl!M 








-*- I 


- 0-40aM 




0" 






- O-liS 




+ 0-1358 






- 0-24 




+ 0-1*84 






- 0-2 




+ 0-1919 






- 0-12S 




+ 0-29B35 








+ 1 

+ 0-5715 


+ 0-411B 
+ 0-6715 






+ 0- 1)012 


+ 0-4n8 


+ 1 






+ 0-125 


+ 0-295S5 








T 0-2 


4 O'lOlO 








+ 0-24 


+ 0-I*G* 








+ 0-23 


+ 0-1358 








+ 0-4082 











+ o-«m 






+ 1 




+ 0-5 


- 0-6594 




+ 0-571S 




+ 0-7011 











+ 0-75 


- o-'ia 




- 0-n5!l4 





§ 58. — Calculation of tub Stresses produced in tue Booms 

OF THE GlHDEUS BY THE MoVING LoAD. 

The above table shows that for all value,-i of a; betweeu 
+ 0-0012 i and — 0-0(il2Z there are two zero-{ioin(s for the 
beiuliiig moment (calling, for shortness, tbe point where a loaif 
must be placed to produce no bending moment, tbe zero-point), 
und that for uU other values of x thi-rc is only one zero-jioint. 

When x= 0, that is, for tlic centre of the girders, the two 
zero-points lie at eijuid distain'os, m = m, = O-oTl;') ?, to the 
right und to the left of the centre. These two zero-jmints 
separate those loads that produce positive from those that 
proiluco negative bending moments at the centre of the 
girders. For iTistjim'e, if the moving load were distributed 
as shown in Fig. 481, the positive bending moment at the 
centre would be at its mitximum, and its value can be found 
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as follows: — The first step is to find the part of the load carried 
by the chains. This can be done by means of equation 183, 
and in the present case the limits of the integration evidently 
are »i = and n2 = n; «i = and «2 =0*5715 1. It will then 
be found that 



AS 0*6988. 



[203] 



Fio. 481. 
0-5715/ 0-5715/ 




Now, since the moving load is m = * 2 kilo, per millimetre 
run, in the present case the uniformly distributed load on the 
chains will be 

nm = 0-6983 x 0-2 = 0*1396 kilo, per millimetre run of the span. 

This is also the upward uniformly distributed load on the 
girders. 

If Ml and Mq denote the bending moments at the centre of 
the girders due to the loading shown in Figs. 482 and 483 
respectively, the resultant bending moment at the centre is 

M = Mj - M, [204] 

and 



M, = m«/ — 



mz' 



M.= 



nml* 



[205] 



[206] 



Further 8^ the stress per unit of area due to the bending moment 
M, can be found from the equation, 



.^ Sm Ii Bm ' 1 ^i 

ih, 2 ' 



or, 



8« = 



2M 



[207] 



(1- -897656) x200 = 




As a farUier example, let it \ 
mam bending moment at th 
X = 0612 1 to the left of the 
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Now, as explained at p. 357, the value of » for the "ptat of 
the load from the centre to 0'4118 I is half the valae of n 
when the load extends to 0'41i8 I on each side of the centre. 
The limits in equation 183 can therefore be taken as n, = 0, 
Hi = 2 »', ^1 = 0, and Zj = 0'411S I; and substituting these 
valoes is equation 184, it will be found that 
n' = -270172. 

The same applies to the part of the load from the centre to the 
left abutment, and from equation 185, 



and hence the value of n for the distributioD of the moving 
load shown in Fig. 484 is 

n = n' + n" = 0-714. 

Then, proceeding as in the previous case, it will be foond 
that the stress in the booms, at the section under consideration, 
is: 

8. = °'°''*^'' = 0-98 kilo, per >q. millimetre. [209] 




The value of S. for all valaes of a; can be similarly ob- 
tained, and the result is expressed graphically in Fig. 485, 
which shows that the greatest bending moment occurs when 
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^ 50.— Calculation op the Stbesses pboddoto bt ti 
1'kuma\ent and Tempeuatork Loads im the Booms 
OF THE Girders. 

It now remains to find the streams in the boama of the 
girders produced by the permanent load and tlie temperature 
load. 

The part of the permanent load carried by the girders 
will evidently be uniformly distributed over the span. There- 
fore, if BFo is the bending moment at the centre, the bending 
moment 31, at a distance » from the centre can be found from 
the equation (see equation 65) : 

This ia the equation to a parabola, as shown iii Fig. 486. 
Fio. 486, 



The stress S,, evidently also follows the same law as the 
corresponding bending moment M, ; and since the value of 
Sp at tlie centre is 1 ' 085 kilo, per square millimetre (see 
equation 176), 



S,. = l-fiCJ (i - ~\. 



[211] 



Further, the stress IS, due to the temperature load, can bo 
similarly obtiuned, since tJiis load ia also uniformly distributed 
over the span. And by equation 167 the value of this stress 
at the centre is 2'990 kilos., therefore. 



'i'-iy 



[212] 
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The followmg table has been constrncted from equations 
211 and 212, and from the result obtained in § 58 : — 



Yaloes of 

I 


StresseB in the Booms of Oiiden prodooed bj 


Moving Lotd. 


Pennanent Load. 


Temperature Load. 


Total Strvs. 




Sm 


Sp 


St 


Sm + Sp + S( 



0-0612 
0-125 
0-2 
0-24 
0-25 
0-408 
0-5 
0-6 
0-75 
1 


0-95 
0-98 
1-07 
1-15 
1-20 
1-22 
1-34 
1-344 
1-28 
1-0 



1-685 
1-68 
1-66 
1-62 
1-59 
1-58 
1-40 
1-26 
1-08 
0-74 



2-996 
2-98 
2-95 
2-88 
2-82 
2-81 
2-48 
2-25 
1-92 
1-31 



5-63 
5-64 
5-68 
5-64 
5-61 
5-61 
5-24 
4-85 
4-28 
3-05 




This table shows that the maximum stress occurs when 
X = '125ly and that it is then equal to 5 '68 kilos, per square 
millimetre. It must, however, be observed that these stresses 
will be further increased by the pressure of the wind, and also 
by the extension of the land ties. The effect of both these 
causes will be treated of in § 62 and § 63. 



§ 60. — Calculation of the Shearing Stbess produced by 

THE Moving Load. 

The table at the end of § 57 shows that for every value 
of X there is only one zero-point. This zero-point forms a 
loading boundary ; there is, however, a second loading boun- 
dary, which is situated at the section under consideration itself 
for a load can produce no shearing force at the section imme- 
diately below it. 

Thus, for instance, Fig. 487 shows the arrangement of the 
load that gives the greatest shearing force Y. at the section 
whose distance is cb = 0*75 Z to the left of the centre. Now, 
fix>m equation 189, 

v., = D -^nrnx; 
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and it. will In? found by means of equation 184 that. 

a* =0-7376. 

Tlierpfore (sco equation 190) : 

,, „„(0-75i-OO5fl4O/, 0-7S: + 0'0594/\ 
\, - 0-2- 2 ^1 + 27 / 

-0-3688 X 0-2 X 0-75=! 1250 B kiloa. 




If the value of V„, for a series of values of '.t, be calculated, 
and the results plotted, the curve shown in Fig. 448 will be 
obtained. Tlii.s curve shows that the vertical aheariug force 
V„ due to the movinj' load, has one maximum and one minimum 




value on each eide of the centre and a maximum value at the 
centre. The groiitt-r miiximiim (strictly speaking, it is not a 
maximum) oi'curs at the abutments, and is 2031 '6 kilos, ; the 
smaller muxinmm is at the centre, and its value is 1500 kilos. 
The minimum is at a distance \ I from the centre, and is equal 
to 1103'!) kilos. 
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§ 61.— Calculation of the Shearing Stresses dub to the 
Permanent and Temperature Loads, and of the 
Maximum Stresses in the Braces. 

The permanoDt load on the bridge produces a uniformly 
distributed load of 42 * 13 kilos, per metre run on the girders 
(see equation 174). The shearing force at any section of the 
bridge can therefore be found by means of equation 66a, and 
by substituting the various values it will be found that 



Vp = 1263-9^ 



[213] 



The temperature load being also uniformly distributed, the 
shearing stress Y<atany section can be found from the same 
equation. This load amounts to 75 kilos, per metre run. 

Hence: 



V*=:2250^ 



[214] 



The results obtained are embodied 


in the following table : — 


X 

1 


Vertical Shearing Force prodaoed by 


Moving Load. 


Pennanent Load. 


Temperature Load. 


TotaL 




Vm 


Vp 


Vi 


V«, + Vp + Vi 





1500 








1500 


0-25 


1419*5 


3160 


562-5 


2298-0 


0-5 


1103-9 


631-9 


1125-0 


2860-8 


0-75 


1250-8 


947-9 


1687-5 


3886-2 


10 


2081-6 


1263-9 


2250 


5545-5 



If the girder is divided into square bays by vertical braces, 
and if in each bay two diagonals are placed wl&ch can only 
resist tension, the verticals will be in compression. On refer- 
ring to the above table, it will be seen that the compression in 
the vertical over the abutments in each girder is ilim — 
2772 ' 75 kilos., and that the stress in the succeeding verticals 
gradually decreases as fietr as to the centre, where its value is 



5 62.— Calcdlation op the 

AND Wl 

A paKboIio form can be g, 
7^ "Meeting them by ho, 
01 the girder, as she™ i„ f 
braeed together, and thus a eon 
penB,»,ehain,nn,ilartotben„ 




As before, the firet step is to 
<^ot the wind-stay, and this eai 
ofJ,and/,. 2-25 metres (the 
of i,m equation 156, thus: 

225 T 
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«i 



TSVTTO 

10067 
TooiJiF 

loSoo 

TUWSJf 



Towryry 
ioooo 

TWffBXS 






s 



-I, 



You '6 



m. 
3-7125 

5-4 

4-387:) 

4-725 

6-4125 

6-075 

8-1 



In choosing a value for / from this table^ it should be con- 
sidered whether it is probable, or even possible, that all the 
anfavoarable circumstances can occur simultaneously. If they 
do occur simultaneously, then one of the larger yalues of/ 
must be taken. 

Now, it is most unlikely that a high wind will be blowing 
when the temperature is at its maximum, and furtlier, a rise 
of temperature of 20° -5 0. (A = ttjW) above the mean is really 
an ample allowance. It would therefore appear that / can 
be made 4 metres, although it must be admitted that a greater 
height of arc would be preferable, if the breadth of the abut- 
ments will allow of it. It will be observed, however, that a 
greater height of arc can be obtained, as indicated in Fig. 490. 

Fio. 490. 





/" 



W^~^ 



•» * i ' 




[NoTB. — It is thought that this arrangement of the wind-stays is open to 
the following objections. The bars connecting the centre joints of the lower 
booms to the chains, are struts, and would therefore require a larger scantling 
than the corresponding ties in the arrangement shown in Fig. 489. Further, 
these struts are in unstable equilibrium — ^that is, with the slightest displace- 
ment of the end attached to the chain a tendency to turn about the other end 
would arise. These struts would therefore have to be braced up to the side of 
the main girders.] 

2 B 2 



If E = Ei,F. = 15000 sq.n 
metres,/ = 4000 miUimetrea, /i 
fonnd that 



d 



Let it be assamed that the wini 
millimetre run ; then the part ca 

0-S393x0-2 = 0107861 
and hy the horizontal girder, 

a - 0-5393) X 0-2 = 009214 

The stress at the centre of thi 
equation 175, thns: 

„ 0-10786/' - „,., 

^ = -2^7^ = ^■"°'" 

and, from equation 176, the stress 
of the lattice girders is 
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that is to say, when the temperature is 41^ 0. above the mean, 
the girder vnH have a temperatare load of 51 '2 kilos, per metre 
run, and when the temperature is 41^ C. below the mean the 
wind-stay will have a temperature load of the same amount 
(supposing that there is no temperature load at the mean tem- 
perature). 

These loads produce the following stresses : 
In the wind-stay, 

S' = 4*608 kiloB. per sq. millimetre ; [223] 

in the lower booms of the girders, 

8\ = 2*73 kUos. per sq. milUmetre. [224] 

The maximum horizontal load on the girder, due to the 
wind and change of temperature conjointly, is 

(1 - fi) w + A = 0*14834 kilo, per miUimetre. [225] 

The maximum shearing stress at the abutments is therefore 

[(1 - n) w + A] / = 4300 kilos. [226] 

It will be seen from the table at page 369 that the maximum 
shearing stress at the abutments on each of the vertical girders 

5545 ' 5 
is — - — = 2773 kilos. If, therefore, the braces in the hori- 
zontal girder are arranged in the same manner as those in the 
vertical girders, the stresses in them will be to those in the 
vertical girders as 4300 : 2773, and their sections will have to 
be made larger accordingly. 



§ 63. — Influence op the Extension op the Back-stats. 

In the previous calculations, the points of attachment of 
the chains A and B (Fig. 491) were considered as absolutely 
fixed. If, however, A and B are placed at the top of vertical 
columns A Ai and B Bi capable of free rotation about their 
lower points Ai and Bi, back-stays A C and B D must be intro- 



■^ 



be slightly lowered in consequence, a 
correction in the distribution of the lo 



Fio. 492. 




If the original angle of inclinatioi 
(Fig. 492) is 45°, and its extension p 
horizontal displacement of the point A 

AP = 2«o; 



nr\A +liA A^a^^: — -^ ^» 
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main chains that would produce the same deflection (supposing 
A and B to be fixed points), then, according to equation 148, 

« = iD'^. [228] 

A 

Equating these two values of 8^ 

P = 2^ [229] 

or substituting a = 4 metres and Z = 30 metres, 

? = iV. [230] 

Applying this result to equation 165, it will be seen that to 
find the temperature load transmitted from the main chains 
to the girders, when the extension of the back-stays per unit 
of length is the Tsame as that of the main chains, it is only 
necessary to multiply the previous result by 1 + -A. (It will 
be observed that equation 230 is true for negative, as well as 
for positive values of B.) 

It was found, by means of equation 165, that an increase 
of temperature of 41° C. produced a temperature load of 75 
kilos, per metre run on the girders. Therefore, owing to the 
simultaneous extension by temperature of the back-stays, this 
load will be increased by -A^ x 75 = 20 kilos, per metre run, 
and the total load will be 95 kilos, per metre run. The stress 
in the booms of the girders at the centre corresponding to the 
former temperature load was 3 kilos, per sq. millimetre; it 
wiU now be increased to 

8', = (1 + ^^) 3 = 3-8 kilos, per sq. millimetre. [231] 

The former vertical shearing force at the abutments,' due 
to temperature, was 2250 kilos. It now becomes 

V, = (1 + tV) 2250 = 2850 kilos, [232] 

It will be observed that there is an important difference 
between the extension in the back-stays, due to elasticity, and 
that due to temperature ; for the maximum increase of load due 
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This deflection must be equated to that at the centre of the girders given by 
equation 169, thus : 

* EPA« '*'*EPA«~* EiPiA; ' 
from which it will be found that 



111 = 



Now, 



therefore. 



ij-ji. ^« + ^ E, F, A? 
i + ifij.— 7— • EPA, 

2a + / _ 2 X 4 + 80 _ 
/ - 80 "^' 

14-JL ^' ^* ^? 
^*^'«EPA, 

The part of the loctd taken by the girders will be therefore 
increased in the ratio, 

l-ih 0- 18816 , „„ 

I^ = 001234 = ^'23. [284] 

or 23 per cent. ; and the stresses in the booms and the shearing 
forces will be increased in the same proportion. The stress S, 
in the centre of the booms was 1*685 kilos, per sq. millimetre ; 
it now becomes 

8V = 1*685 X 1*28 = 2*07 IdloB. per sq. miUimetre. [285] 

The vertical shearing force at the abutments was 1263*9 kilos. ; 
it is now 

V, = 1268*9 X 1*28 = 1554-8 kilos. [286] 

In applying this correction to the stresses produced by 
the moying load, it is to be observed that the most unfavour- 
able arrangements of the load will be slightly altered ; or, in 
other words, that the zero-points will be shifted. It will be 
found, for instance, that instead of u =0*5715 2 in Fig. 481, 
u = 0*685 1 gives the position of the load when the stress S. in 
the booms at the centre of the girders is a maximum, as will 
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235, 237, 231, 219, and 224, it will be found that the stresses 
due to these various causes are : 

8', = 2*07 IdloB. per aq. millimetre (permanent load). 

8'i» = 1 • 12 kilos. „ „ (moving load). 

8't =3' 8 kilos. „ „ (temperature load). 

S'w = 4*9 + 2'73 „ „ (wind-pressure occnrring with highest ' 

temperature). 

Adding these together, the greatest tension in the lower 
booms is found to be 

8 (max.) = 14 *62 kilos, per sq. millimetre. [239] 

The compression in the upper booms will also reach its 
greatest value under these circumstances, and can be found by 
adding together the first three stresses, amounting to 7 kilos, 
per sq. millimetre (the wind-pressure has no effect on the upper 
booms). 

The maximum vertical shearing force at the abutments is 
found by adding together the values given in equations 236, 
238, 232, thus : 

y p = 1554 kilos (permanent load). 

Vm = 2373 kilos. (moving load). 

Y't =2850 kilos (temperatnre load). 

or 

V («„.) = 6777 kUos. [240] 



And this is evidently also the maximum stress in the bars 
A Ai or B Bi (Fig. 463) to which the ends of the girders are 
attached. 

These bars, it was seen, have also to act as struts; it is 
therefore necessary to find the minimum stress in them. Now 
the vertical shearing force produced by the moving load alone 

when covering the whole bridge, is evidently ^=^ x 1554 = 

829 kilos. Thus the minimum added to the maximum shear- 
ing force produced by the moving load will be equal to 
829 kilos. 
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Therefore, 

V'« = 829-2873= - 1544 kaoe. 

The mmimum stress in the bars A Ai or BBi is therefore 

V(»i...) = + 1554 - 1544 - 2850 = - 2840 kilofi.; [241] 

and they must consequently be strong enough to resist a thrust 
of 2840 kilos. 

The stress in the main chains reaches its maximum value 
when the bridge is fully loaded, and the temperature is lowest. 
The total load on the bridge is 575 kilos, per metre rup^ and 
of this the chains carry, according to equation 233, 0*862 x 
575 = 495*56 kilos, per metre. The temperature load is 95 
kilos, per metre (see page 375). In the most unfavourable case, 
therefore, the chains have to carry 590*56 kilos, per metre of 
the horizontal projection, and the corresponding stress at the 
lowest points of the chains is, from equation 166, 

« 0-59056 X 30000« _ .^ ^, .,_. ^. __ .__ 

® "^ 2 X 4000 X 75 00 ^^^ ^^ ^' ^' °**1^«*^ [242] 

If the section of the chains is constant, the stress at the 
abutments will be (see § 8) 



8 • 86 // 1 + i^y = 9-13 kilos, per sq. millimetre. [243] 

The stress in the back-stays will, however, evidently be 

8*86 kilos, per sq. millimetre, since their section is V2 times 
that of the main chains. 

If it be assumed that the weight of the chains is 4500 kilos., 
then the sum of the stresses on all the verticals connecting the 
chains and the girders is 

(max. load on the chains) 

590*56 X 60 - 4500 = 30934 kiloB. ; 

30934 
and the stress in each will therefore be — rr- , where N is their 

N 

number. 

The wind-stays are under the worst conditions when the 
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wind-pressure is greatest and the temperature is lowest Hence 
from equations 218 and 223 the maximum stress in the centre 
of the wind-stays is, 

9*7 + 4*6 = 14*3 kilos, per sq. millimetre. 

From equation 226 it will be seen that the greatest shearing 
force taken up by the horizontal wind-braces, is 4300 kilos. 

And lastly, the maximum tension in each of the horizontal 
rods connecting the wind-stays with the girders, is 

(107*86 + 51*2) X 60 _ 9540 

N. - N, * 

according to equations 218 and 222, Ni being their number. 



§ 65. — Adjustment op the Vertical Eods coNNECTiNa 

THE GiRDEBS WITH THE SUSPENSION CHAINS. 

When investigating the effect of the permanent load, it was 
assumed that the structure was weightless and the girders 
perfectly straight The permanent load was then applied, and 
the centre of the bridge consequently deflected by a certain 
amount. Now, on account of the compound nature of the 
structure, it is only by chance that this will be the actual 
deflection of the structure when subject to its own weight, and 
it is only in this case that the distribution of the load found by 
means of equation 171, will be the true one. In &ct, it is 
eyident that by shortening the vertical rods connecting the 
girders with the suspension chains, the part of the load carried 
by the former will be diminished, and the reverse effect will be 
obtained by lengthening these rods. 

It therefore becomes a question whether by altering the 
length of these rods the stresses cannot be more uniformly dis- 
tributed between the various parts of the structure. 

The deflection at the centre of the girders produced by 
the permanent load alone, as found from equation 169, is (sub- 
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stitutmg however Ui for n (from equation 233) to allow for the 
extension of the back-stays), 

4 

0- 13816 X 0-875 X 30000* 
' = * "20 000 X 15000 X 1500^ = ^''^^ millimetrefl ; [244] 

and from equation 235 the stress in the booms corresponding to 
this deflection is S', = 2*07 kilos, per sq. millimetre. But as 
already explained, this will only be the actual stress in the girders 
if, when put up, the deflection is 51*81 millimetres, supposing 
that the girders are perfectly straight when in the condition of 
no stress. But if, after erection, the girders are made straight 
again by shortening the vertical rods by means of set-screws, 
the stress Sp = 2-07 kilos, per sq. millimetre will disappear, 
and the maximum stress (equation 239) will be reduced from 
14 '62 to 12*55 kilos, per sq. millimetre. At the same time 
the part of the permanent load, viz. 51*81 kilos, per metre, 
formerly carried by the girders, will be supported by the sus- 
pension chains. 

The tightening of the screws may however be continued 
until, for instance, an upward deflection of 51 '81 millimetres has 
been obtained ; the maximum stress in the booms would thereby 
be further reduced by 2*07 kilos, and would become 10 *48 kilos, 
per sq. millimetre, and the total increase of load on the chains 
would then be 2 x 51*81 = 103*62 kilos, per metre of the 
horizontal projection. 

Tightening up the set-screws, although it diminishes the 
stress due to a positive bending moment, evidently increases by 
the same amount the stress due to a negative bending moment ; 
that is, when the girder is bent upwards. 

The limit to which the set-screws may be tightened up 
with advantage is therefore reached, when the greatest positive 
bending moment is equal to the greatest negative bending 
moment. 

The greatest negative bending moment under the original 
circumstances occurs at the centre of the bridge, for although, 
according to the table at page 367, the moving load produces its 
maximum effect at a distance x = ^l from the centre, yet it 
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wOl be found that the other causes are safficient to make the 
negative bending moment greatest at the centre. 

If /9 is the stress in the lower booms at the centre produced 
by the moving load alone when covering the whole bridge, 

it is evident that sr = ;^;?f- ^^^ S, = 2*07 kilos, per sq. 

Op o75 

millimetre. Hence 

5 = Iff X 207 = 1-105 Iriloe, [245] 

Now the sum of the maximum and minimum stresses 
produced by the moving load must be equal to 8. Hence 

iS'iM..) = S'» - ^ = 1-12 - 1-105 = - 0-015 kUoB. per sq. mfllimetre [246] 

To this negative stress must now be added the negative 
stress due to the lowest temperature, — 3 * 8 kilos, (equation 
231), the negative stress produced by the wind-pressure at the 
lowest temperature, — (4*9 — 2 '73) = - 2 '17 kilos, (equa- 
tions 221 and 224), and lastly, the positive stress, + 2 * 07 kilos, 
produced by the dead load, thus : 

8(«6,.) = -0015- 3-8 -2-17 + 2-07 
= — 3*915 kiloB. per sq. miUimetre. [247] 

Therefore, if the set-screws be tightened up until the girder 
is straight S(Mtn.) will be increased to 

— 3*915 — 2-07 = 5-985 kilos, per sq. millimetre ; 

and if the tightening be further continued until the upward 
deflection of the girder is 51 '81 millimetres S(M«n.) will become 

- 5*985 - 2*07 = — 8*055 kilos, per sq. millimetre. 

It thus appears that the set-screws may be tightened up 
with advantage until the centre of the girder deflects upwards 
51 '81 millimetres. For under the original conditions the stress 
at the centre in the lower booms varied from + 14 * 62 kilos, 
to — 3*915 kilos.; whereas now these limits will be + 10*48 
kilos, and — 8 * 055 kilos. ; and f urther, the stresses in the suspen* 
sion chains will only be increased to 10*41 kilos, per square 
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millimetre at the centre, and to 10*73 kilos, at the points of 
attachment, representing a load of 590-56 + 103 '62 = 694-18 
kilos, per metre of horizontal projection. 

fNoTE. — ^The ratio of the greatest stresses ia the booms of the girders is : 

1048 524 
8055 "■ 4 ' 

and since the ratio of the resistance of vrrought iron to tension to its re- 
sistance to compression is. approximately the same, it appears that the set- 
screws should not be tightened any further.] 

The total maximum load on the rods connecting the chains 
and the girders will now be increased to 

80934 + 60 X 103-62 = 37151 kilos. ; 

and the stress in each will therefore be — =rr— . 

N 

The vertical shearing force at the end of the girders will be 
diminished by 30 x 103*62 = 3109 kilos., and therefore (equa- 
tions 210 and 241) : 

V («a..) = + 6777 - 8109 = 3668 kUos. [248] 

V (««..)= - 2840 - 3109 = - 6949 kilos. [249] 

Therefore under the new conditions, the bars A Ai or 
BBi in Fig. 463 must be capable of bearing a thrust of 
5949 kilos. 

Since the deflection of 51 * 81 millimetres at the centre of 
the girders corresponds to a load on the girders of 51 * 81 kilos, 
per metre, or of 375 kilos, per metre on the whole bridge, it 
follows that the upward deflection of 51-81 millimetres will 
disappear when a load of 375 kilos, per metre has been applied 
to the bridge. Therefore, to ensure the above distribution of 
the stresses the following can be specified : ** The deflection at 
the centre of the girders is to be zero when a load of 375 kilos, 
per metre run is placed on the bridge at the mean temperature." 

A temperature load on the girders of 51*81 kUos. will 
eyidentiy produce the same effect. Now an increase of tem- 
perature of 41^ C. loads the girders with 95 kilos, per metre ; 



§ 66. — COMPOUND LATTICE AND SUSPENSION BRIDGE. 385 

therefore, the temperature at which the temperature load will 
be 51 '81 kilos, per metre, is : 






[250] 



The desired result can therefore be obtained if, when the 
temperature is 21^*24 C, the girders are made straight by 
means of the set-screws. 



§ 66. — ^Remarks on the Degree op Accuracy op the 

Method employed. 

The method adopted to calculate the coefficient of load* 
distribution n is only approximate. But, as will be seen, the 
errors involved are very small, and to a certain extent they 
balance each other; they are therefore of no practical im* 
portance. To prove this, it will be sufficient to consider the 
simpler case given in Fig. 463, in which the points of attach- 
ment of the chains are considered fixed, and the difiference 
between the value of n found from equation 172, and its cor- 
rected value, can be considered as a measure of the error. 

It will be observed that equation 170, obtained by equating 
the deflection at the centre both of the girders and the chains, 
is not strictly accurate. For if the bottom ends of the rods 
connecting the girders with the chains were free, they would, 

Fio. 493. 




;«* h 



• '• •■•■••••«•«., 



when the chains deflected, be in a parabola (Fig. 493), whereas 
their points of attachment to the girders would be in an elastic 
curve (Fig. 494). These two curves cannot cover each other. 
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and by sabstitatiDg the value of 



Again, the height of arc of the 
is, according to equation 169 : 
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Hence, snbstitnting for a and y, and mt^;ratiiig between the 
limits: 

(l-«)pt> 
■"-** E,F,V ■ 

Equating both valnes of J : 



^ "*"**■ E ■ p ■ A' 

Whence »= 0-88352 (instead of 0-887656) and l-» = 
0-11648 (instead of 0-112344). This correction therefore 
diminishes », but even for 1 - n the error is only 3*7 percent. 
Secondly, the extension of the TOrtical rods connecting the 
chains with the girders was not taken into account. If the 
elongation of these rods is £ per unit of length, their lower 
extremities will lie in a parabola whose height of arc is S & 
(supposing that the suspension chains do not alter). Since 
this parabola has its conyex side upwards, 5 h must be sub- 
tracted from the deflection t produced by the lengthening of 
the chains, and if, further, £ is also the extension per unit of 
length of the chains, the actual deflection at the centre of the 
span is 

p 

j-JA = JB-r- ih; [237] 

or more accurately, replacing the member ^ •= previously 
omitted (see equation 147) : 
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Kubstitufiug 
and reducing, 
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[2S9] 



Tliia value of a — S & most be written instead of a in equa- 
tion 1G8; it will then be found, by means of equation 170, 

tlrnt 

[260] 



,+A ^ ^ *-!-' (l-i-)' 



From tliia cciuation n = ■ 88884 (instead of ' 887656). Th ne 
tbc st>e<inrl error partially ueutralizos the first. 

If both corrections be made, the raoro accarate formula for 
finding n i» : 



l + U 



" k ■ 



-ii)' 



whence M = 0-88474 (insteail of 0-887656), showing that the 
former value of n was only i, per cent, in error, and that the 
value of 1 — » is 2-6 jier ccut. in error. Obviously, therefore, 
the simpler mctliod possesses ample accuracy for practical 
purposes. 
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a. Loads on Boofs and the Eeactions at the Abutments 

CAUSED BY THE WiND-PRESSUBE. 

The manner of estimating the loads on roofs followed by Professor Bitter does 
not accord with the best and more recent English practice. Professor Bitter 
assumes that all the loads on a roof are vertical and evenly distributed over ttie 
surface. Now this is obviously erroneous as regards the wind-pressure, for it 
cannot act vertically on a roof nor on both sides at the same time. This manner 
of estimating the loads on roofs was, however, adopted by Tredgold, but in hia 
time little was known about the pressure of wind. 

Although the scantlings obtained for wooden roofs by means of Tredgold*s 
assumption, coupled with a large factor of safety, have been proved by experience 
to be sufficiently strong, it cannot be inferred that this would be the case for 
iron roofs, at any rate, not for those of large span. And further, in iron roofs one 
end should be left free to move, to allow for the expansion and contraction 
produced by changes of temperature, a circumstance which a£fects the stresses 
due to the wind-pressure. A proper distribution of material is also of greater 
importance in an iron than in a wooden roof. 

It is therefore necessary to arrive at some more accurate estimate of the loads 
to be borne by roofs. 

These loads consist of: — 

Permanent load, such as the weight of roof-covering, framework, and in some 
oases of the weight of a ceiling, lantern, &c. ; 

Variabk had, the wind-pressure, and in some countries the weight of snow. 

The weight of roof-covering, purlins, ceiling, &c., can always be readily 
obtained.* The only permanent load which is difficult to ascertain is that due 
to the weight of the truss itself. It can be found approximately if the weight of 
some similar structure is known. Or else approximate calculations can be made 
considering the roof truss to have no weight, and the scantlings thus obtained 
will give the required weight near enough for practical purposes, a correction 
then being made to the scantlings to allow for the weight of the roof truss. 

The allowance to be made for the weight of snow will depend entirely on the 
locality in which the roof is to be erected. In this country it is not likely that 
snow will attain a greater depth than 6 in. on a roof when a strong wind is 
blowing, and this depth will also diminish as the pitch increases. An allowance 
of 5 lbs. per sq. ft. of horizontal surfietce covered would therefore seem ample. 



* See Hursf s * Architectural Surveyor's Handbook,' or Molesworth^s * Pocket 
Book of Engineering FormuUs.* 
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oooorred but momentarily and in a very expoaed situation. To meet this greater 
wind-pressnre, it may, however, be advisable to increase the scantling of those 
bars which are most affected by it. Since the wind has been assumed to blow 
horizontally, t will be the angle made by the slope of the roof with the horizontal^ 
or, in other words, the pitch of the roof. 

The wind-pressore can only act on one side of the roof at one time, and, owing 
to want of information on the subject, is assumed to be uniformly distributed 
(except, of course, in curved roofs). This assumption is, however, not altogether 
unfounded, for although, no doubt, eddies are produced by the walls of the 
building, &o., yet it is well known that a cushion of air is formed against the 
side of the roof which tends to equalize the pressure over the surface. 

The following table * will be found of use in calculating the wind-pressure on 
roofs and the stresses caused thereby : — 





» (pitch of roof). 


P« 


P-t 


P»t 






o 


Ibe. per sq. ft. 


lbs. per sq. ft. 


lbs. per s(\. fu 






5 


6-3 


6-1 


0-5 






10 


121 


120 


21 






20 


22-6 


21-3 


7*8 






30 


88-0 


28-5 


16-5 






40 


41-6 


31-9 


26-8 






50 


47-6 


30-6 


36-5 






60 


500 


25-0 


42-5 






70 


51-3 


17-5 


48-1 






80 


50-5 


8-8 


49-8 






90 


50-0 





500 





The inaccuracy in the values of P, for 60°, 70*^, and 80°, is due to the 
empirical equation a being only approximate. 

To resist the wind-pressure the supports of the roof must supply horizontal as 
well as vertical reactions, and these have to be determined before the stresses 
produced by the wind can be found. 
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Let Fig. 497 represent a body supported on two points in a horizontal straight 
line, and acted upon by a force F inclined to the vertioaL This force can be 
replaced by its vertical and horizontal components X and T, and the reactions at 



* This table has been taken from ' Instruction in Construction,' by Colonel 

Wray, R.E. 

t It is shown in a pamphlet by Professor Unwin, ' On the Effect of Wind- 
Pressure on Bpofs,' that these values of P« and Pa agree very well with some 
experiments made by Fronde and Wenham. 
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ToTO qiiilibrium bting tbat their snni i'b (hjiieI to tho horiaintftl tMinponent X of 
F, Tbis will I'D 60811; understood when it is coDsidcred thut if the support A 
wcrs Btdootli (matbematicall;), the whole of X wonld have to be auppUoil fa; B, 
and rin- iwaii. The vnluoa or H and H' depend Uiereforo on tho natnro of the 
Bupj«irts. 

NuH , in trnn roofs 11 ia necessary to allow fiir the expansion and cnatraotion 
nriBing fmtn cliiiugw of tempcratura, and to do this, it is nBual to fls ono end of 
the truss. leBTinf Ibo other Creo to moto, In small roofs it is sufficient if tho 
sLoc at tho free end simply resla on the template, bat in large roofs a apedal 
arrungcalcnt of ftiction-rollcra is generally provided, 

Kvidently Iho horizontal mimponcnt of the renction af the free end of llio roof 
enn iicvit cxrocd the rcBistanL'o (o luutioo of that cud. Tijie rcsi«tiincc is /i V 
whtre n Ih the cmfliciiint of frii^linu, nod V tlie vertical reaction ut tho free end. 
lu siiiuti roofs nherc no rollers nro providrd, n vill iisuatly lio tlie coefficient of 
friction of iron (cast) ngainet stone, and muy l)o taken at from *4 t» '6. It 
liiny lmp]H'n lliat, owing to a chnngo of tenipemtnre, the free cticl of the roof is 
just on tlic point of motion. Tho full frictional resistance woaM tlien-by be 
c»l]oil into piny, nud pnssilily tlio iviud-prc:^im! uiight product' a borizoiitid cotn- 
[MiLicnt I'qual nnd np|Kiiiitc lo thi<i risistnnee. For instance. let Fig. 4US rejircseiit 
a roof of wliich tho end A is Cscd mid the i-nd B is fruu to movo, WlioQ tho 




z,.iiliil forrps /( . 
iilnivo iiBsuiiiptiou. nlioo the end It is on tlio |ioint of lu 
dondy, therefore, the horizontal niiction nl A is 



^" 
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and at B it 18 zero. A similar case may oocur when the wind is blowing from the 
left and the temperature diminishing. It is possible that this distribution of the 
horizontal reactions may produoe greater, stresses in some of the bars than the 
more normal distribntion, and should therefore be considered. Thus in small iron 
roofs there are four cases to consider, namely, — 

2 W* d 1ft } ^1"^^^ reaction at free end equal to friction. 

3. Wind on right. '|_. ^ . .. .. , 

4 W'nd n left. I ^o*^"**! reaction at free end zero. 

In large roofs with a roller end, /t is so small (being the coefiSoient of rolling 
friction) tiiat it may be neglected in the present inquiry. It may therefore be 
assumed that the horizontal component at the free end is always zero, and only 
two cases need be considered, namely, — 

1. Wind on right, 1 „ . x i ^ ^ j> j 

2 W*nd on left I horizontal reaction at free end zero. 

This will also meet the case of a roof truss having one end (the free end) sup- 
ported by a column, and the other by a wall. * 

In calculating the stresses in a roof it is best first to find the stresses 
produced by the weight of the roof-covering and framing when those occasioned 
by snow can generally be found by simple proportion. The stresses due to the 
wind are then to be ascertained as indicated above, and may be found by the 
^ Method of Moments." If the results thus obtained are collected in a tabular 
form, the greatest tension or compression in each bar is easily found by inspection. 

b. STABILITY OF PIEBS AS REGARDS OVERTURNING. /^ V 

Is the calculations made both at p. 149 and p. 185 to ascertain the stability of 
the piers as regards overturning, Professor Bitter takes moments about the lower 
edge F of the pier. Since the resultant compression on the bed-joint at F does 
not appear in these equations of moments, it must act at F, or in other words, the 
total compression on the bed-joint is concentrated on the outer edge F. The in- 
tensity of pressure on this edge would therefore be so great that the material of 
which the pier is composed would be crushed. (Mathematically speaking, the 
edge is a line, and the pressure would therefore be infinite.) It is evident 
therefore that moments should not be taken round the outer edge of the pier, but 
about some axis inside Ihe pier represented by the point £, Fig. 502, the position 
of this axis being such that the greatest intensity of pressure shall not exceed the 
safe resistance to crushing of the material (or of the mortar). It is proposed to 
find the position of £ when the pier is rectangular on plan.f 

In large structures of this kind the tenacity of the mortar should not be taken 
into aocoimt, for unequal settlements are liable to occur, which dislocate the 
joints. The pier will therefore be regarded as built with *' uncemented blocks." 

Now consider a body rectangular on plan (Fig. 499) pressed against a plan^ 



* See last paragraph p. 85 of * Lectures on the Elements of Applied Mechanics,' 
by Professor M. W. Grofton, F.B.S., in which tiiis is pointed out 

t For further information on this subject see * Applied Mechanics' and * Civil 
Engineering,' by Professor Bankine; ^Engineering and Arohiteotura/ b^ E«^« 
Oanon Moseley ; < Instmotion in Gonatmctlon; Yxj Oo\ons^^i«il^^&i^- 
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IWrr-o P, ihe sido of the body in contact being aLn pUoe, Porfl 

L tl]B ditaotion of P be a« iudicatal in the figore, «a that E thc'l 

iMir,' 19 aituated on G F which U parnllel to and equidiatiuit from t 

Tiio jtasHuro eviJently ftaauot be nniformly diatrihuted, aoleaj E ' 

Fic 430. 




liivi'ls (; F, but u filir assumption to make ia that it Turics unifonnly. Or in 
■ ■tliir wiirda. tlic jiroBflure will reiicli its Rroatoat iiileniily along tho odge A D, 
■,iud it will iliminisli uniformly towards tho ed^a B C. And farther, since E id 
u.|iliiliatint from A B and D C, the inlf naity of pressure at ell points on any line 
parallel to A U will be the same, and hence (he ]>ros3Uro along G F reprtsents 
ihiit ovor the whulo area. 

Thus,if theposidonof E Ijcsnch that tliepresaiiro at F is nothing, the triangle 
ti F K Fig. 500) will rcprcsCTit tho intensity of nonnal pressure at every point in 
tho line G F. Tlie resultant normal preaeura will eviJontly pass llirough Ihe 
I'ontri" of gravity of this trinngle, hence 



GF.= 



IGF. 




II however. GE<1GF (Fig. 501), tho prcssaro will vanish at a point P'. 
GE = 40F, 
i:d from F' to F there will be no pressure, 

Hviilcntly the m.iiintum intensity of pressure is twice whnt it would be were 
he pri'ssure uniformly distributed over G F', for if H bisecta G K the area of the 
■■ftlimgle H F' ia rquni to that of the triangle G F' K. 
The /lOailioD of £ to fulfil tlic coaiiiliini Uuit the maximum intensity oF 
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preasure K G should not exceed the safe resistance to crashing of the material, 
can probably be easiest ascertained by the graphic method. 

For instance, let LM6F (Fig. 502) represent a pier rectangolar on plan 
subject to a thrnst P. The weight of the pier is W, and acts in the vertical 
through the centre of gravity of the pier ; O T and O S represent P and W in 
magnitude and direction, then by completing the parallelogram of forces the 
resultant R is obtained, represented by O U. The resolved part O X of R at 
ri^ht angles to G F is the total normal pressure on the bed-joint and the inter- 
section E of O U and G F is the centre of pressure. Thus all the elements for 
finding the maximum intensity of pressure are known. 

Fig. 502. 
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As a numerical example let the dimensions of the pier be: the breadth 
6 = 20 feet, and the thickness G F = 6 feet. Let also W = 52 tons, P = 
18 tons, the angle T O G = 24°, and the height of O above G F = 7 feet. It is 
then found by measurement that O X = 60 tons and G £ = 1 foot, or G F' = 
3 feet as previously explained. Hence the greatest intensity of stress along the 
edge of the pier represented by G is 

= 2. ^^ 



= 2. 



6.GF' 
60 



20.8 
= 2 tons per square foot 
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' "' ■ -— LocariUimi, Square uui 
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Sponi Tables and Memoranda for Engineers; 

selected and arranged by J. T. HuRsT, C.E., Author of ' AichitecluraJ 
Surveyors' Handbook,' 'Hurst's Tredgold's Carpentry,' etc Seventh 
edition, 64mo, roan, gilt edges, u. ; or in cloth case, u. fid. 
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Goat podtet, and containing a far greater amount and variety of informatiou than most people 

readers aa a useful little pocket companion. " — hmgiiutrin^. 

A Practical Treatise on Natural and Artificial 

Ceneteti, Us Varittiti and Conslrtulhit Adaplatians. Bf Hbnry Rbid, 
Author of the ' Science and Art of the Manuiketure of Portland Cement,' 
New Edition, vdlh 59 weedctili and ^ flalti, 8vo, doth, ijj. 

Notes on Coturete and Works in Concrete; especially 

written to assist those engaged upon Public Works. By John NbwvaN, 
Assoc. Mem. Inst. C.E., crown Svo, cloth, y. 

Hydrodynamics : Treatise relative to the Testing of 

Water-Wheels and Machinery, with various other matters pertaining to 
Hydrodynamics. By James EmerSON. Wrt niimerBut ilbistratmu, 
360 pp. Third edition, crown Svo, cloth, 4J. &/. 

Electricity as a Motive Power. By Count Th. Du 

MONCBL, Membre de I'lnstilut de France, and Frank Geraldv, Ingi- 
nieur des Fonts el Cbau&s^es. Tr^inslated and Edited, with Additions, by 
C. J. Wharton, Assoc Soc TeL Eng. and Elec With 1 13 engrmdngt 
and diagrams, crovm Svo, cloth, "js. 6d, 
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Trcalisc on Valve-Gears^ with special consideration 

of l!ii^ Link-Molions or LocomatiTC Engioes. By Dr. GusTAV Zbuner, 
I'l'DfL-^.or i>r Applied Mecbuiics a.C the Confederated I'olylechnikum of 
iCuiicli. I'lanslated from tlie FourlJi German Edition, by ProreskorJ. F. 
Kl.LIs, l,eiiighUiiiTersity, Belhlehe™, Pju /lliatrated, 8«., cloth, lit. td. 

The Fn nek -Polisher's Manual. By a French- 

Puli'.lji:!; coDlaibing Timber Sluning, Wubing, Matcliing, Improving, 
i'aintLiii,', Imitations, Directioiu for Staining, Riling, Embodybg, 
Smiiiiiliing, Spirit Varnishing, French- Polishing, Direction* for Re- 
^olishiii)'. Turd edilion, royal jsmo, sewed, 6d. 

Hops, tlicir Cultivation, Commerce, and Uses in 

z'liiiiiiis CfiiHlrus, By P. L. SlKUOKDS. Crown Svo, cloth, 41. bd. 

A Pviutical Treatise on the Manufacture and Distri- 

huUnH .1/ Coal Gas Bv WILLIAM RiCHAkDS Deinj'4to, with «i 
vtooii tii^atings and 3,^flata, cloth, zSj 
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DynaniO'Ehtlrit Mmhuury A Manual foi Students 



PUBLISHED BY E. & F. N. SPON. 9 

The New Formula for Mean Velocity of Discharge 

tf Rhieri arid Canalt. B]r W, R. Kuttek. Tnuulated ftom utidei in 
the ' Cultur-Ing^niear,' b^ Lowis D'A. JACKSOK, Assoc IniL C.E. 
8vo, doth. I2>. bd. 

Practical Hydraulics ; a Series of Rules and Tables 

for the use of Engineen, etc, etc. By Thomas Box. Fiflb edition, 
tataumts flala, post Svo, clotti, 5f. 

A Practical Treatise on the Construction of Hori- 

iBHtai and Vtrtka! Walervh^i, speciaUf designed for the nse of open- 
tive mechanic*. By William CnLLEN, Millwriehl and Engineer. With 
II Plata. Second edition, revUed and enki^ed, amall 410, cloth, iTi.ftd. 

Tin: Describing the Chief Methods of Mining, 

Dressing >nd Smelling it abroad ; with Notes npon Arsenic, Bismuth Mkd 
Wolfnm. By ARTHUR G. Chakleton, Mem. American Inst of 
Mining Engioeeis. With plain, Svo, cloth, lis, id. 

Perspective, Explained and Illustrated. By G. S. 

Clarke, Capt R.E, With iUiitttalions, Svo, cloth, y. &/. 

The Essential Elements of Practical Mechanics; 

bated en the Principle of Work, designed for EneineerinE Students. By 
Oliver Bvkke, fonnedy Professor of Mathematics, College for Civil 
Engineer!. Thiid edition, ■wUh 14S viood atgraoingt, post Svo, dotb, 
7/. W. 

CONTBNTS : 
Chip. I. Ha« Work Is Mcuurtd by i Uiiti, both with and •riihout rcrennce to a Unit 
at Timt— Chap. i. The Work of Living Aeciiii, (he Influence of F'rklion, and IntrDducci 
aiHoflheintHlbuutirulLawsaf Motion— Chap,), The princi^ea cipounded in the linl and 
Kcond cfaaHen art applied to Ihc Molionof Bodic*— Chap. 4. The Tranimiuion sf Wadi by 
siAplfi Uacbinea-^liap. 5- Uieful Propuiliont and Rulcfr 

The Practical Millwright and Engineer's Ready 

Xeckoner; or Tables for finding the diameter and power of cog-wheels, 
diameter, weight, and power of shafts, diameter and strength of bolts, etc 
By Thomas Dixon. Fourth edition, izmo, cloth, 31. 

Breweries and Mailings : their Arrangement, Con- 

Etraction, Macfamery, and Plant. By G. Scamell, F.R.I.B.A. Second 
edition, revised, enlarged, and partly rewritten. By P. Colyer, M.I.C.E., 
M.I.M.E. With ioplalei, Svo, cloth, i&i, 

A Practical Treatise on tlte Manufaclure of Starch, 

Glucose, Slareh-Svgar, and Dextrine, based on the German of L. Von 
Wagner, Professor in the Royal Technical School, Buda Pesth, and 
other aulhori-.ie*. By ICLius Frankel; edited by Robert Hutter, 
proprietor of the PhiUdelphia Starch Worka. Wilk 5S illuttratioiii, 
344 pp., Svo, cloth, iSt. 
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A Practical Treatise on Mill-gearings Wheels, Shafts, 

f^-^'tu '-"■; for the use of Engineers. By THOMAS Box. Thitd 
edilion, ^oM il plata. Crown 8vo, clotli, ^^. bd. 

Mining Machinery: a Descriptive Treatise on the 

Mjci.inei}-, Tools, and other Appliances used in Mining. By G. G. 
Asrin£, I'.G.S., Assoc Insi. C.E., Mem. of Ihc Society of Eiieineers. 
Koj'al 4I'), unifonn with the Author's Treatise on ConI Mining, con- 
laiiiing 1S2 flata, acciuiLlely drawn to KOle, with descriptive text, in 
3 voli., dull], 3/, 121. 

Contents : 

Maiihiucnr Tit TroipeclinB. EiciTatiiiB, Hauling, mc! HoiilJng— Vrarililion— JNinpinj— 
Tmlmcni uf Miii'jT^ul Producls, ladlaiiag CoEd aul fiUfa, Copper, Tin, ud Lead. Iron 
Cvali Su1(iiiu[. U.uti C\t,j, Brick Sanb, etc 
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A Treatise on Ropetnaking as practised in public and 

frivale Rope-yardt, with a Description of the Manofacture, Rules, Tables 
of Weights, etc., adapted to the Trade, Shipping, Mining, Railways, 
Builders, etc By R. Chafmah, formerly foreman to Messrs. Huddart 
and Co., Limehouse, and late Master Ropemaker to H,M. Dockyard, 
Deptford. Second edition, l3mo, cloth, 31. 

Laxlon's Builders' and Contractor^ Tables ; for the 

use of Engineers, Architects, Surveyors, Builders, Land Agents, and 
others. Briclilayer, containing 3i tables, with nearly 30,000 calculatiotis. 
410, cloth, Is. 

Laxtoiis Builder^ and Contractors' Tables. Ex- 
cavator, Earth, Land, 'Water, and-Gaj^ containing 53 tables, with nearly 
24,000 calculations. 4(0, cloth, Jr. 

Sanitary Engineering; a Guide to the Construction 

of Works of Sewerage and House Drainage, with Tables for facilitating 
the calculations of the Engineer. By Baldwin Latham, C.E^ M. Inst 
C.E., F.G.S., F.M.S., Pasl-Presiiienl of ihe Society of Engineers. Second 
edition, -ailA nutatnus plain and wotdcuU, 8vo, cloth, l/. lOJ. 

Screw Cutting Tables for Engineers and Machinists, 

giving the value: of Ihe difTerenl trains of Wheels required to produce 
Screws of any pitch, calculated by I-ord Lindsay, M.P., F.R.S., F,R.A.3„ 
etc. Cloth, oblong, w. 

Screw Cutting Tables, for the use of Mechanical 

Engineers, showing the proper arrangement of Wheels for culling the 
Threads of Screws of any required pitch, with a Table for making the 
Universal Gas-pipe Threads and Taps. By W, A. MaRTIN, Engineer. 
Second edition, oblong, cloth, \s., or sewed, dd. 

A Treatise on a Practical Method of Designing Slide- 

Valve C<ari by Simple Gtoiaetrical Construetion, bosci upon the principle* 
enanciated in Euclid's Elements, ami comprising the various forms of 
Plain Slide- Valve and Expansion Gearing ; together with Stephenson's, 
Goocb's, and Allan's Link-Motions, as applied either to revering or to 
variable expansion combinations. By Edward J. Cowling Welch, 
Memb. Inst. Mechanical Engineers. Crown 8vo, cloth, 61. 

Cleaning and Scottrifig : a Manual for Dyers, Laun- 
dresses, and for Domestic Use. By S. CHKisToriiER. iSmo, sewed, 6t/. 

A Handbook of House Sanitation ; for the use of all 
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A Glossary of Terms used in Coal Mining. By 

W1M.1AM SriTKELBV Gkbslkt, Abboc Mem. InsL C.E^ F.G.S., Member 
□rihe North of England Initiinte of Mining En^tineen. Illuitrated mlh 
numtraiis -.aoadailt and diagramt. Crown 8va, dolh, 51. 

A Pocket- Book /or Boiler Makers and Steam Users, 

comprising a variety of useful information for Employer and Wotltman, 
Government Inspectors, Board of Trade Surveyors, Engineers in cliarge 
of Works and Slips, Foremen of Manufaclorics, nnd the general Slcatn- 
using rubllc. By Mauricb John Sbxtok. Second edition, ro^al 
32mo, roan, gilt edges, 5/, 

Electrolysis: a Practical Treatise on Nickeling, 

Coppering, Gilding, Silvering, the ReBniog of Melnls, and the treatmenl 
of Ores liy means of Electriaty. By Hjppolvtb Fontaine, translated 
from the r'rench by J. A. Bekly, CE., Assoc, S.T.E. iVilk engraviHgw. 
8vo, clolli, 91. 

A Practical Treatise on the Steam Efis^ine, con- 
taining Plans and Arrnn];emenls iif Details for Fiicd Slcani Engines, 
with Essavs on the Principk'S inv<ilvca in Desii;n anil Ccmslruclion, By 
Arthur 'Rcgd, Engineer, Member i^f the Society of linyinccrs and of 
the Royal Institution of Great llrilain. Uomy 410, (opi.msly iliuslralid 
with ■n'lnxlatti and ^ plnles, in one Volume, half- bound morocco, si. zi. ; 
or cheaper edition, clolb, 251. 
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Barlow s Tables of Squares, Cubes, Square Roots, 

Cht Rcols, Rtiifroials 0/ all Inlt-^r Numkrs up I.. 10,000. Post 8vo, 



Camus {M.) Treatise on the Teeth of Wheels, demon- 
strating the best forms which can be given to them for the (lurpo'^cs of 
Macbinciy, such as Mill-work and Clock-work, and the art of finding 
their numbers. Translateil from (be Freneb, witb details of Ihe pre^'iit 
practice of Millwrinhls En!,-ine M;ikLT., anil oibtr Machinists, by 
\%\\c !1.UVK(N>. 'niir.l edition, -..H/, lA fl,i/-i. Sv", clolli. Sj. 
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A Practical Treatise on the Science of Land and 

Engineering Surveying, Levelling, Eilimaling Quan/ilia, elc, w[th ■ 

Eneral description of the ECveraJ InstmmCDta ceqaired for Surveying, 
ivelling. Plotting, etc By H. S. Merrett. Fonrth edition, revised 
by G. W. UaiLL, Assoc. Mem. Inst. C.E. 41 flattt, with illuitrotivnt 
and labia, loyal 8vo, cloth, lis, 6d, 

Principal Contents 1 

Put I. Introduction Bid tha Prludpla of Geomclrf. Put >. I-and SumT<ni: fan. 
pitilnf Gcoenl ObBemtfonr-Tlw ChiiBi— Oflwu Surveying by ihe CI-:-;" ™il 
Hillr Ground— To Sur>» u Eiiue « Puiih b; die Cbiia only- 

"■ ■ ■■ " - .. . 3u„jyi„g_riapp|ng. _ .. 

TrfapniDiattry. FiR 3. Lcr . 

■PufiuiKiitUT PUn *wt Section- 



Hillr Ground— To Sur>» u Eilue at Puiih b; die Ciaia only— L . „ 
Theodolite— Miidng and Town SurmyinB— Rnilroiid Suruying— Majmng— Dli 



Simple oncj Compound Lc¥eUinp-Th« Level Bocdc— PufiuKntATy PUn 

Levelling widi a Theodglite— Gndlent*— Woodea Curm—To Lajr out ■ I) _. __. . 

Seltiag oDi Widlht. Fnn > r.wi.rim Qsutltiee entniOy for Euiiiwtct— Culllnti uid 
EmbankdientB — Tunnela— Bri ck w w l t ^ltongw J f k —Tlmper Henaurinf^ Pen c, Dcecriptioa 
■uidUieof lutrunHDtifaiSmveTtiis ADdPlotlliig — Tbe Improved Dumpy L«vef—7Wu^lon't 
Level— Tbe Priimetie Conpen— PioportiopiJ Compnit— Boi Seiant- Veniln— >»!■- 
graph — Memtt^e Improved Quednnt — Improved Computation Scale— The Diuonal Scnl^ 
Slcalglit Edge ud Senior. Pan 6. Losarithmt of Niunben — Lnguidimle Slnei and 
Co-Sinet, Tangenu and Co-Tangenti— Natural Sines and Co-Sines— l^blo for Earthmnfc. 
for Setdng out Curves, sod Tot vaiioui Calculaliooi, etc, etc, etc 

Saws: the History, Development, Action, Classifica- 

lian, and Compariion of Saws 0/ all kinds. By ROBERT GriushaW. 
With no illuitralions, 410, clolh, I2i. W. 

A Supplement to the above ; containing additional 

practical matter, more especially relating to tbe forms of Saw Teeth for 
special tnAteiial and conditions, and to the behaviour of Saws under 
particular conditions. Wili ISO illujiralions, clolh, 91. 

A Guide /or the Electric Testing of Telegraph Cables. 

By Capt V. Uoskkbk, Royal Danish Engineers. WUk iltuilratianj, 

second edition, cronn Svo, cloth, 4J. 6d. 

Laying and Repairing Electric Telegraph Cables. By 

CapL V. HosKitER, Roysl Danish Engineers Crown 8vo, cloth, 
y.td. 

The Assayer's Manual: an Abridged Treatise on 

the Docimastic Examinalion of Ores and Furnace and other Artificial 
Products. By Bruno Kerl. Traoslaled by W. T. Beanht. mik 65 
illuilraiiens, fivo, cloth, tzr. dd. 

The Steam Engine considered as a Heat Engine : a 

Treatise on the Theory of the Steam Engine, illustrated by Diagrams, 
Tables, and Examples from Practice. By Jas. H. Coitkrili, M.A., 
F.R.S., Professor of Applied Mechanics in the Royal Naval Collie. 
Svo, cloth, \2s.ki. 

Electricity: its Theory, Sources, and Applications. 

By J. T, Spragub, M.S.T.E. Second edition, revised and enlaced, with 
numtraui illuiiraUeni, crown Svo, cloth, 15/. 
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The Practice of Hand Turning in Wood, Ivory, Shell, 

etc.y with Instructions for Turning such Work in Metal as may be required 
in the Practice of Turning in Wood, Ivory, etc ; also an Appendix on 
Ornamental Turning. (A book for beginners.) By Francis Campin. 
Third edition, with wood engravings, crown 8vo, cloth, 6x. 

Contents : 

On Lathes — ^Turning Tools— Turning Wood — Drilling — Screw Cutting — Miscellaneous 
Apparatus and Processes— Turning Particular Forms— Staining — Polishing— Spinning Metals 
— Materials— Ornamental Turning, etc. 

Health and Comfort in House Building, or Ventila- 
tion with Warm Air by Self-Acting Suction Po7ver, with Review of the 
mode of Calculating the Draught in Hot- Air Flues, and witli some actual 
Experiments. By J. Drysdale, M.D., and J. W. Hayward, M.D. 
Second edition, with Supplement, with plates, demy 8vo, cloth, *js. 6d, 

Treatise on Watchwork, Past and Present, By the 

Rev. H. L. Nelthropp, M.A., F.S.A. With 32 illustrations^ crown 
&VO, cloth, ds. dd. 

Contents : 

Definitions of Words and Terms used in Watchwork — ^Tools — Time— Historical Sum- 
mary—On Calculations of the Numbers for Wheels and Pinions; their Proportional Sizes, 
Trains, etc.-^Of Dial Wheels, or Motion Work-^Lcngth of Time of Going without Winding 
up — The Verge —The Horizontal — The Duplex— The Lever— The Chronometer— Repeating 
Watches— Keyless Watches— The Pendulum, or Spiral Spring— Compensation — Jewelling of 
Pivot Holes — Clcrkcnwcll — Fallacies of the Trade — Incapacity of Workmen— How to Choose 
and Use a Watch, etc. 

Notes in Mecha^iical Engineering. Compiled prin- 
cipally for the use of the Students attending the Classes on this subject at 
the City of London College. By Henry Adams, Mem. Inst. M.E., 
Mem. Inst. C.E., Mem. Soc of Engineers. Crown 8vo, cloth, 2j. dd. 

Algebra Self-Taught. By W. P. Higgs, M.A., 

D.Sc, LL.D., Assoc. Inst C.E., Author of * A Handbook of the Differ- 
ential Calculus,* etc. Second edition, crown 8vo, cloth, 2^. dd. 

Contents : 

Symbols and the Signs of Operation— The Equation and the Unknown Quantity- 
Positive and Negative Quantities — MultipHcation-^lnvolution — Exponents — Negative Expo- 
nent.s — Roots, and the Use of Exponents as Logarithms — Logarithms — Tables of Log^arithms 
and ProiK)rtionaie Parts— Transformation of System of Logarithms — Common Uses of 
Common Logarithms — Compound Multiplication and the Hinomial Theorem — Division, 
Fractions, and Ratio— Continued Proportion— The Series and the Summation of the Series- 
Limit of Scries — Square and Cube Roots— Equations — List of Formula;, etc. 

Spons Dictionary of Engineering, Civil, Mechanical, 

Military^ and Naval; with technical terms in French, German, Italian, 
and Spanish, 3100 pp., and nearly 8000 engravings, in super-royal 8vo, 
in 8 divisions, 5/. 8j. Complete in 3 vols., cloth, 5/. 5^. Bound in 
superior manner, half-morocco, top edge gilt, 3 vols., 6/. I2j. 
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Canoe and Bckii Building: a complete Mar.ual wr 

Amalenrs, conWirJng plain and cumrrebeaaivB (iirKSoo* 6:r :air -^un- 
itrscion of (liRoa. Ko»iiig ind Siil zij B-:a:i. laii Kazin^ 'ZnA. 
B? W, P. Stephess. iCaJi ieu>uT^-as c.".3.-.Tj:iw».- jj*i ij gutc^ jj 
Wiirkiitt DrmatK^. CtD*Ti 8*0, daitu 7j. SJ: 

Cultural Industries far Queensland-. Papers en the 

calCTilion of nscftil PTiau saiMil fci liie .;L=;a;; of ■ ^-I'^ez:?; jaii. litgir 
■alod u Food, in the Arts, m'i in Mislicme, and [cu:>iMii t ocdimruj 
fiei( proiticti. Bj U A- Bsisats, FX.S, F-R-O-s, Svc, 'iC: >.-iZ 
7r. 6i/. The iame, ic doch, &r. 

Proceedings of the National Conference o/E'ectricixns. 

FUiadtlpkis, October Sch to ijib, [S&|. iScio. cI'Kii, >-. 

Dynamo - Electricity, its Generation. Application. 

Traaaaiisiirin, Swra^r, an'! Heas=r:iiKnl, Bt G. B. PlESCOtT. SCirt 
543 iCiutratiani. Sr?, doth, il i/. 

Domestic Electricity /or Amaliurs. Translated from 

the Freceii of E. Hos?rrjiiTE«, Editoc of " L'Etfrtricen," bt C. J. 
Wn.vlTo5, Amac. %<-c. Td. £ag. Xumjraui ii^jtra^inu. Dcm; S<ra, 



Wrinkles in Electric Lighting. By Vixce>t Stephen. 

tt'iih iUustTitians. iSmo, docb, 2r. &/. 

7"^^ Practical Flax Spinner ; being a Description of 

tbe Gmwrti, 3^iniptiUtion, ind Spinning of Flu isJ T'?v. F* Lz^XtK 
C. MASiKALL, of Bfltaat. Wisk UUOrMianj. Siro. doch, ijr,' 

Foundations and Foundation Walls /(*r all classes of 

BmUin^t, I^e DriviDg, BniMing Scones lad Bdcts, Fi« sod Wall 
'' \ Mortan, Limes, Cements, Concretes, SCaccos Ac. 64 b'.W- 
;. T. PiWELL aa>i F, BArMA^i. Sto. doth, lOf, W, 
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Manual for Gas Engineering Students. By D. Lee. 

iSmo, clolh IT. 

Hydraulic Machinery, Past and Present. A Lecture 

delivfn-il lo Ibe London and Suburban Railway Offidds' Association. 
By \\. Adams, Mem. Inat, C,E. Folditig plate, Svo, sewed, ii. 

Twenty Years with the Indicator. By Thomas Pray, 

Jun., C.E., M.E., Membei of Ihc American Society of Civil Enginecn. 
2 vols., ro>al Svo, clolb, lis. td. 

Annual Statistical Report of the Secretary to tlie 

Ahni'frs oflhe Jren and SUd Auacinlian tm Iht ffomi and Fortign Iran 
and Slrcl Ittduiirki in 1884. Issued Marcli 1885. Svo, sewed, 5». 

Bad Drains, and How to Test than i with Notes on 

the Ventilation of Sewers, Drains, and Sanitary Fittings, and the Origin 
and Transmission or Zymotic Disease. By R. Harris Reeves. Crown 
Svo, clotli, 31. dd. 

Standard Praclical Plumbing ; being a complete 

Eneyclop^clia for PrnLticil I'lnmbors aw\ Guide for Arohiltcls, Buildtrs, 
G.1S I'ittCTS Hot-water I'illei^ lroimioi.K>-Ts. l.ead IJuraers, .Sanilaiy 
Kiit^iiieets, Zinc Workers, Sic. n/mtnUci fy ovir 2000 fisroviH^s. lly 
P. J. Davies. Vol. I, royal Svo, clolh, -,s. dd. 

Pneumatic Transmission of Ah'ssagcs and Parcels 

bct..cci, rati! n;d London, viS C.dais and Dover. By J. B. Beri.ieH, 
C.E. Small folio, sewe<l, 6./. 

List of Tests {Reagents), arrantjed in alphabetical 

order, according to the names of tlic originators. Dcai^jned especially 
for llic convenient reference of Chemists, Pliarinacisls, and Scieiilists. 
By Hans M. Wilder. Crown Svo, cloth. 4J. 6./. 

Ten Years Experience in IForhs of Intermittent 

Dmi'iiward Fillta/io.,. By J. Baii.kV Denton, Meni. Inst. C.E, 
Second edition, with additions. Royal Svo, scued, 41. 

A Treatise on tJic Manufac/ure of Soap and Candles, 

Luhrkonts and Glymiii. By W. Lant Cari-KSTEK, B.A., B.Sc. (late 
of Mes.',rs. C. Tlionias and Brothers, Bristol). IVith i!!uslral,otts. Crown 
Svo, cloth, 10;. bd. 
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Tlie Stability of Ships explained simply, and calculated 

by a Htw Grapkit mdhod. By J. C. Spence, M.I.N-A- 410, sewed. 

Steam Making, or Boiler Practice. By Charles A. 
Smith, C.E. 8vo, cloih, loi. &/. 



1 and Mttime Bi 



the Propenks of _ ^ 

_.... ^.__. Slaliqn.ry BoilM— j. Inumilly Fired P 
■ - ■ of BoUtrs- 



luien. CoDiCTUcIioD, and Slrcneth .. 

ponuins of HcBliiig Surfii:e» Economic Ev&pomiaii^ EiplDBiocu-'A. MiscdLaneoi 
Choice of B^er Fiiiingi and Appurtenances. 

The Fireman s Guide ; a Handbook on the Care of 

Boilers. By Tekhousg, roreningen T. I. Stockholm. Translated from 
the third edition, and revised by Karl P. Dahlsteom, M.E. Second 
edition. Fcap. Svo, cloth, is. 

A Treatise on Modem Steam Engines and Boilers, 

incluiling Laod Locomotive, and Marine Engines and Boilers, for the 
use of Students. By FHEDERtCK Colver, M. Inst. C.E., Mem. Inst. M.E. 
With idplatts. 4to, cloth, z^s. 

COMIBHTS: 

1. ImrDduciios— 9. OHiinaL EDgitic!^— 3. Boilers— 4. High-Presiun 
Coral-U Beam Engioes— 6. HoriioDIal Engiao— ;. O^cillattDg ['Dgine 

Pressure Enfines— g. Specint Engines— lo. Poiuble Engioei— II. Loi^uuiuikc cdkiuo— 
11. Marine Eoginu. 

Steam Engine Management ; a Treatise on the 

Woiking and MaaBgement of Steam Boilers. By F. Colver, M. Inst 
C.E,, Mem. Inst. M.E. jSmo, doth, 2J. 

Land Surveying on the Meridian and Perpendicular 

Syslim. By WiLLlAM PENMAN, C.E, Svo, cloth, 81. kd. 

The Topographer, his Instruments and Methods, 

designed for the use of Students, Amateur Fbotc^raphers, Surveyors, 
Engineers, and all persoDB interested in the location and construction of 
works based upon Topography, Illuslralal milk numeroui plalet, mapi, 
aiui enp-avingi. By Lewis M. Hauft, A.M. Svo, cloth, l8j. 

A Text-Book of Tanning, embracing the Preparation 

of all kinds of Leather. By Harry R. Proctor, K.C.S-, of Low Lights 
Tanneiies. Wilh illuuralioai. Crown Svo, doth, ion. 6rf. 
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A SUPPLEMENT 



SPONS' DICTIONARY OF ENGINEERING. 



KiJiTEi) BY ERNEST SPON, Memb. Soc. Engim«brs, 

Abacus, Counters, Speedl Coal Milling. I Ligbthonses, Booys, and 

Inrlicatots, nail Slide! Coal Cutting Machines. Bcacom. 

Rule, ' Coke Oveas. Copper, Macliine Tools. 

Doclia. Drainnjje. , Miteriab of ConslTUC- 

Dredipoe Machinery. [ion. 

Dynamo • Elecliic and . Meiers. 
■ I Magneto-Electric Ma- 1 Ores, Machinery and 
chines. | Processes emiiloyed to 

Dynamometers. | Dress. 



Agricultural Implements 
and Maci^inery. 

Animal Charcoal Mi- 
ch iiiery. 

AkIcs and Ax1c-1jm. 

Barn Machinery. 

Belts and Helling. 

Blasting. Boilers. 

Brakes. 

Brick Machinery. 



Electrical Engineering. 
Telegraphy, Llccliic ; : 
Lighting and it-^ pr.ic 
I i caldotai 1 s.Ttlci >hon es 



Engii 
l£.vplosiv 



i, Var 



■^of. 



Fans 



and Ruad Lticoniotiv 
1; uf ' Kock Drilli. 
' Rolling .Stock. 



C-irpcntry. 

Cenitnt, Concrete, 
Limes, aiicl Mortar, 

Chimney Shafts. 

Coal Cleansing ai 
Washing. 



other I'owcr. 
Heal, Horse Fo 
Hydraulics. 
I lydro-gculogy. 
Indicators. Iron 

tors. 
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SPONS' ENCYCLOPAEDIA 



OPTHB 



INDUSTRIAL ARTS, MANUFACTURES, AND COMMERCIAL 

PRODUCTS. 

Edited by C. G. WARNFORD LOCK, F.L.S. 

Among the more important of the subjects treated of, are the 
following ;— 



fags. 



Acids, 207 pp. 220 figs. 
Alcohol, 23 pp. 16 ngs. 
Alcoholic Liquors, 13 pp. 
Alkalies, 89 pp. 78 figs. 
Alloys. Alum. 

Asphalt. Assajdng. 
Beverages, 89 pp. 29 figs. 
Blacks. 

Bleaching Powder, 15 
Bleaching, 51 pp. 48 
Candles, 18 pp. 9 figs. 
Carhon Bisulphide. 
Celluloid, 9 pp. 
Cements. Clay. 
Coal-tar Products, 44 pp. 

14 figs- 
Cocoa, 8 pp. 

Coffee, 32 pp. 13 figs. 

Cork, 8 pp. 17 figs. 

Cotton Manufactures, 62 

PP- 57 figs. 
Drugs, 38 pp. 

Dyeing and Calico 

Printing, 28 pp. 9 figs. 
Dyestuffs, 16 pp. 
Electro-Metallurgy, 13 

pp. 
Explosives, 22 pp. 33 figs. 
Feathers. 
Fibrous Substances, 92 

pp. 79 figs. 
Floor-cloth, 16 pp. 21 

figs. 
Food Preservation, 8 pp. 
Fruit, 8 pp. 



Fur, 5 pp. 

Gas, Coal, 8 pp. 

Gems. 

Glass, 45 pp. 77 figs. 

Graphite, 7 pp. 

Hair, 7 pp. 

Hair Manufactures. 

Hats, 26 pp. 26 figs. 

Honey. Hops. 

Horn. 

Ice, 10 pp. 14 figs. 

Indiarubber Mannfac- 
tures, 23 pp. 17 figs. 

Ink, 17 pp. 

Ivory. 

Jute Manufactures, 1 1 
pp., II figs. 

Knitted Fabrics — 
Hosiery, 15 pp. 13 figs. 

Lace, 13 pp. 9 fags. 

Leather, 20 pp. 31 figs. 

Linen Manufactures, 16 
pp. 6 figs. 

Manures, 21 pp. 30 figs. 

Matches, 17 pp. 38 figs. 

Mordants, 13 pp. 

Narcotics, 47 pp. 

Nuts, 10 pp. 

Oils and Fatty Sub- 
stances, 125 pp. 

Paint 

Paper, 26 pp. 23 figs. 

Paraffin, 8 pp. 6 figs. 

Pearl and Coral, 8 pp. 

PerfiMnes, 10 pp. 



Photography, 13 pp. 20 

figs. 
Pigments, 9 pp. 6 figs. 
Pottery, 46 pp. 57 figs. 
Printing ana Engraving, 

20 pp. 8 figs. 
Rags. 
Resinous and Gummy 

Substances, 75 pp. 16 

figs. 
Rope, 16 pp. 17 figs. 
Salt, 31 pp. 23 figs. 
Silk, 8 pp. 
Silk Manufactures, 9 pp. 

II figs. 
Skins, 5 pp. 
Small Wares, 4 pp. 
Soap and Glycerine, 39 

pp. 45 figs. 
Spices, ID pp. 
Sponge, 5 pp. 
Starch, 9 pp. 10 figs. 
Sugar, 155 pp. 134 

fags. 
Sulphur. 
Tannin, 18 pp. 
Tea, 12 pp. 
Timber, 13 pp. 
Varnish, 15 pp. 
Vinegar, 5 pp. 
Wax, 5 pp. 
Wool, 2 pp. 
Woollen Manufactures, 

58 pp. 39 figs. 
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Synopsis of Contents. 



Bookbinding. 

Bronzes and Bronzing. 

Candles. 

Cement. 

Cleaning. 

Colourwashing. 

Concretes. 

Dipping Acids. 

Drawing Office Details. 

Drying Oils. 

Dynamite. 

Electro • Metallurgy — 
(Cleaning, Dipping, 
Scratch-brushing, Bat- 
teries, Baths, and 
Deposits of every 
description). 

Enamels. 

Engraving on Wood, 
Copper, Gold, Silver, 
Steel, and Stone. 

Etching and Aqua Tint. 

Firework Making — 
(Rockets, Stars, Rains, 
Gerbes, Jets, Tour- 
billons, Candles, Fires, 
Lances,Lights, Wheels, 
Fire-balloons, and 
minor Fireworks). 

Fluxes. 

Foundry Mixtures. 



Freezing. 
Fulminates. 

Furniture Creams, Oils, 
Polishes, Lacquers, 
and Pastes. 
Gilding. 

Glass Cutting, Cleaning, 
Frosting, Drilling, 
Darkening, Bending, ! 
StAining, and Paint- 
ing- 
Glass Making. | 

Glues. I 

Gold. 

Graining. 

Gums. 

Gun Cotton. 

Gunpowder. 

Horn Working. 

Indiarubber. 

Japans, Japanning, and 

kindred processes. 
Lacquers. 
Lathing. 
Lubricants. 
Marble Working. 
Matches. 
Mortars. 
Nitro-Glycerine. 
Oils. 



Besides Receipts relating to the lesser Technolo^ 
such as the manufacture and use of Stencil Plates, 
Putty, Wax, Si/e, Alloys, Cati^ut, Tunl)ri(lL;c ^ 
Arcliilcclural M()uKlint;s, C\)iiii)o.s, Ca^lo«)■^, aiu 



Crown 8vo, cloth, 485 pages, with illustrations, 5^. 

WORKSHOP RECEIPTS, 

SECOND SERIES. 

By ROBERT HALDANE. 



Acidimetry and Alkali- 
metry. 
Albumen. 
Alcohol . 
Alkaloids. 
Bak ing-powders. 
Bitters. 
Bleaching. 
Boiler Incrustations. 
Cements and Lutes. 
Cleansing. 
Confectionery. 
Copying. 



Synopsis of Contents. 

Disinfectants. ! 

Dyeing, Staining, and 

Colouring. 
Essences. 
Extracts. 
Fireproofing. 
Gelatine, Glue, and Size. 
Glycerine. 
Gut 

Hydrogen peroxide. 
Ink. 
Iodine. 
Iodoform. 



Isinglass. 

Ivory substitutes. 

Leather. 

Luminous bodies. 

Magnesia. 

Matches. 

Paper. 

Parchment. 

Perchloric acid. 

Potassium oxalate. 

Preserving.* 



Figments, Faint, and Fainting : embracing the preparation of 
Pigmtnts^ including alumina lakes, blacks (animal, bone, Frankfort, ivory, 
lamp, sight, soot), blues (antimony, Antwerp, cobalt, cseruleum, Egyptian, 
manganate, Paris, Peligot, Prussian, smalt, ultramarine), browns (bistre, 
hinau, sepia, sienna, umber, Vandyke), greens (baryta, Brighton, Brunswick, 
chrome, cobalt, Douglas, emerald, manganese, mitis, moimtain, Prussian, 
sap, Scheele^s, Schweinfurth, titanium, verdigris, zinc), reds (Brazilwood lake, 
carminated lake, carmine, Cassius purple, cobalt pink, cochineal lake, colco- 
thar, Indian red, madder lake, red chalk, red leaa, vermilion), whites (alum, 
baryta, Chinese, lead sulphate, white lead — by American, Dutch, French, 
German, Kremnitz, and Pattinson processes, precautions in making, and 
composition of commercial samples — whiting, Wilkinson's white, zinc white), 
yellows (chrome, gamboge, Naples, orpiment, realgar, yellow lakes) ; Paint 
(vehicles, testing oils, driers, grinding, storing, applying, priming, drying, 
filling, coats, brushes, surface, water-colours, removing smell, discoloration ; 
miscdlaneous paints — cement paint for carton-pierre, copper paint, gold paint, 
iron paint, lime paints, silicated paints, steatite paint, transparent paints, 
tungsten paints, window paint, zinc paints) ; Painting (general instructions, 
proportions of ingredients, measuring paint work ; carriage painting — priming 
paint, best putty, finishing colour, cause of cracking, mixing the paints, oils, 
driers, and colours, varnishing, importance of washing vehicles, re-vamishing, 
how to dry paint ; woodwork painting). 
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WORKSHOP RECEIPTS, 

THIRD SERIES. 



Bv C. G. WARNFORD LOCK. 
Uniform witli the First and Second Series. 



Synopsis op Contents. 




1 Indium. 


Rubidium. 


Iridium. 




1 Iron and StecL 


Selenium. 


I.acqucrsniull.acquorinj;, 


Silver. 


Limlh.-muni. 


Pins. 



I 



Ct-num 


1 Mangnnese. 


■ Thnlliuni 


Clmii.iuni 


Mercury. 


Thorium. 


Cobill 


Mici. 


, Till. 


CopiKr 


Molybileiiuni. 


TlUnium, 


Didymmm 


Nickel. 


; Tuus.lcn 
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WORKSHOP RECEIPTS, 

FOURTH SERIES, 

DEVOTED MAINLY TO HANDICRAFTS & MECHANICAL SUBJECTS. 
By C. G. WARNFORD LOCK. 

250 HloitratioiiB, with Compote Index, and a General Index to the 

Fonr Series, 5t. 



Waterproofing — rubber goods, cuprammonium processes, miscellaneous 
preparations. 

Packing and Storing articles of delicate odour or colour, of a deliquescent 
character, liable to ignition, apt to suffer from insects or damp, or easily 
broken. 

Embalming and Preserving anatomical specimens. 

Leather Polishes. 

Cooling Air and Water, producing low temperatures, making ice, cooling 
syrups and solutions, and separating salts from liquors by refrigeration. 

Pumps and Siphons, embracing every useful contrivance for raising and 
supplying water on a moderate scale, and moving corrosive, tenacious, 
and other liquids. 

Desiccating — air- and water-ovens, and other appliances for drying natural 
and artificial products. 

Distilling — water, tinctures, extracts, pharmaceutical preparations, essences, 
perfumes, and alcoholic liquids. 

Emulsifying as required by pharmacists and photographers. 

Evaporating — saline and other solutions, and liquids demanding special 
precautions. 

Filtering — water, and solutions of various kinds. 

Percolating and Macerating. 

Electrotyping. 

Stereotyping by both plaster and paper processes. 

Bookbinding in all its details. 

Straw Plaiting and the fabrication of baskets, matting, etc 

Musical Instruments — the preservation, tuning, and repair of pianos, 
harmoniums, musical boxes, etc 

Clock and Watch Mending — adapted for intelligent amateurs. 

Photography — recent development in rapid processes, handy apparatus, 
numerous recipes for sensitizing and developing solutions, and applica- 
tions to modem illustrative purposes. 
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SPONS' 
MECHANICS' OWN BOOK; 

* MANUAL FOB HANDICBAFTSMEN AND AMATEURS, 

Contents. 

NTtcliarit-al Dravm^—Casting and Founding in Iron, Bras^ Bronie, 

and uilitr Alloys — Forging and Finishing Iran^ShccEnietal Working 
— Siildiring, Brazing, and Burning — Carpentry and Joinery, embracing 
(Icsirripiions of snmc 400 Woods, over 200 IlhistrAlioiis of Tools and 
their uses, Dxplauaticms (iviih Diagrams) of 1 16 joints and hinges, and 
I)i.tail5 of Construction of Workshop appli.inccs, rnu^li furniture. 
Gardt-n ,ind Yard Erccli.ins. and llon^^c liiiilding— CaMnet-Making 
and Vcni'cring — CaiTing and rrLicutting — UjihoUliry — rainlins, 
(ir.iining, and Marbling— Siainiiig Furniture, WoocU. Floors, and 
riilings— Crilding, dead and bright, on v.irions grounds — I'olishing 
Marble, Metala, and Wood— Varnishing— Mei.hanic:il movement?, 
illustrating contrivances for tr.insmitling motion— Turning in Wood 
and Metals— Masonn-, cmbr.icing .Stonework, lirickworl;, Terracott.i, 
and Concrete- Roofuig with Thalch, Tiles, Sblcs, Felt. Zinc, &c.~ 
niaxing with and without putty, anr! had gla/in^— rlaslering .ind 
Wliiteua^hing— r.ii>er-han:;in!;-(;.is.rnting— liell-hat^'^in-. ordinary 
and electric System?— Li-hlin- — Warmin- — Ventilating — Ko.uls, 
ravenicnt^. and Ilrid-O'^ — Hedges DitHie-, and 1 'rains — Water 
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